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Abstract

Systems reliability can be improved by adding redundant components or increasing the reli-

ability levels of subsystems. Determination of the optimal amount of redundancy and reliabil-

ity levels among various subsystems under limited resource constraints leads to a mixed-integer

nonlinear programming problem. The continuous relaxation of this problem is a nonconvex non-

separable optimization problem with certain monotone properties. In this paper a convexification

method is proposed for solving this class of continuous relaxation problems. Combined with a

branch-and-bound method, our solution scheme provides an efficient way to find an exact optimal

solution for reliability optimization in complex systems.
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1 Introduction

Reliability optimization plays an important role in the planning and design of modern technological

systems ([19][20]). System models in reliability optimization can be classified into two categories:

simple systems and complex systems. The subsystems and the components in each subsystem of a

simple system are connected in series or in parallel, while some subsystems of a complex system are

connected in a non-series and non-parallel way. In many reliability optimization problems arising

in the design of complex systems, some of the decision variables are constrained to integer values

that represent the number of redundant components in the parallel subsystems, while others can take

real values that represent the reliability levels of the general subsystems. Maximizing the overall

reliability of the complex system subject to certain resource constraints leads to a mixed-integer non-

linear programming problem. The nonlinearity and nonseparability involved in the overall reliability

function of a complex system makes the optimization problem a great challenge.

Solution methods in the literature for reliability optimization in complex systems are mainly

heuristic. The greedy-type methods ([4][10][15][16]) are based on the idea of placing redundant

components at each iteration to the subsystem which maximizes the increment in the ratio of objec-

tive function to constraint function. In general, heuristic methods end up with an approximate optimal

solution. Furthermore, the greedy-type methods are not applicable to problems where continuous de-

cision variables are involved. Exact methods for reliability problems include the branch-and-bound

method ([14][19]), dynamic programming ([18][20]) and implicit enumeration ([13]). The branch-

and-bound method is based on a solution scheme of successively subdividing the feasible region and

estimating the bounds on the optimal value by solving the continuous relaxed subproblems. Ob-

viously, if the relaxed subproblem is nonconvex, the global solution may not be found by a local

nonlinear programming method. The applicability of dynamic programming is confined to problems

with a separable structure and a few number of constraints. This rules out the conventional dynamic

programming for reliability optimization in complex systems, which have nonconvex and nonsepara-

ble objective functions. A multilevel dynamic programming method is developed in [11] to overcome

the nonseparability in continuous reliability optimization for complex systems. A multilevel decom-

position method is also developed in [12] to tackle large-scale continuous reliability optimization

problems in complex systems.

In modeling the problem, we need the following notation:

xj : total number of parallel components in thej-th subsystem,j = 1, . . . ,q, q≤ n;
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yj : reliability level of the(q+ j)-th subsystem, 0< yj < 1, j = 1, . . . ,n−q;

r j : reliability of each component in thej-th parallel subsystem,r j ∈ (0,1), j = 1, . . . ,q;

Rj(xj) : reliability of the j-th parallel subsystem,Rj(xj) = 1− (1− r j)xj , j = 1, . . . ,q;

T(x,y) : overall reliability of the system;

Ci(x,y) : amount of thei-th resource consumed,i = 1, . . . ,m;

ci : total amount of thei-th resource available.

The reliability optimization problem in complex system can be formulated as a mixed-integer

nonlinear programming problem:

max T(x,y) = f (R1(x1), . . . ,Rq(xq),y1, . . . ,yn−q) (1.1)

s.t. Ci(x,y) ≤ ci , i = 1, . . . ,m,

x∈Ωx = {x∈ Rq | aj ≤ xj ≤ bj , j = 1, . . . ,q},x integer,

y∈Ωy = {y∈ Rn−q | α j ≤ yj ≤ β j , j = 1, . . . ,n−q}.

whereaj andbj are positive integer withaj < bj and 0< α j < β j < 1.

An inherent property about problem (1.1) is that functionsf andCi are strictly increasing function

of each variable. SinceRj(xj) is a strictly increasing function ofxj , the overall reliabilityT(x,y) is

therefore a strictly increasing function of each variable.

In this paper a convexification method is proposed for solving the mixed-integer nonlinear pro-

gramming problem (1.1). First, we show that a monotone function can be converted into a convex

function via certain variable transformation. This transformation makes it possible to convert the

continuous relaxation of (1.1) or its subproblems into an equivalent better-structured concave min-

imization problem. A global optimal solution of the relaxation problem is then obtained by using

an existing global optimization method, the Hoffman’s outer approximation method. Combined with

a branch-and-bound technique, the convexification method provides an efficient way to find the ex-

act solution of (1.1). Convergence of the branch-and-bound method can be greatly accelerated by

exploiting the monotonicity and other prominent properties of the problem.
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2 Convexification transformation

We discuss in this section the relationship between monotonicity and convexity of a real function

under a variable transformation. Let

X =
n

∏
j=1

[λ j ,µj ] = [λ1,µ1]× [λ2,µ2]×·· ·× [λn,µn],

where 0< λ j < µj for each j. A function h(x) defined onX is called strictly increasing function if it

is a strictly increasing function of eachxi . We introduce the following transformation of functionh:

hp(y) = h

(
1
p

ln

(
1− 1

y

))
, (2.1)

wherep> 0 is a parameter, and ln(1− 1
y) = (ln(1− 1

y1
), . . . , ln(1− 1

yn
)). It is clear that the domain of

hp(y) is

Yp =
n

∏
j=1

[
1

1−exp(pλ j)
,

1
1−exp(pµj )

]
.

We have the following theorem.

THEOREM 2.1 Assume that h is a twice continuously differentiable and strictly increasing function

on X. Then there exists a finite p0≥ 0 such that hp(y) is a convex function on Yp when p> p0.

PROOF. Due to the twice continuous differentiability, it suffices to prove that the Hessian ofhp(y) is

a positive definite matrix onYp. For anyy∈Yp, let x = 1
p ln(1− 1

y). Thenx∈X. ¿From (2.1), we have

∂hp

∂yi
=

1
p

1
yi(yi−1)

∂h
∂xi
, i = 1, . . . ,n.

Thus

∂2hp

∂y2
i

=
1
p

1

y2
i (yi−1)2

(
(1−2yi)

∂h
∂xi

+
1
p

∂2h

∂x2
i

)
, i = 1, . . . ,n, (2.2)

∂2hp

∂yi∂yj
=

1
p2

1
yi(yi−1)

1
yj(yj −1)

∂2h
∂xi∂xj

, i 6= j. (2.3)

Combining (2.2) with (2.3) gives

∇2hp(y) =
1
p

A(y)[
1
p

∇2h(x)+ B(x)]A(y), (2.4)
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where

A(y) = diag

(
1

y1(y1−1)
, . . . ,

1
yn(yn−1)

)
,

B(x) = diag

(
(1−2y1)

∂h
∂x1

, . . . ,(1−2yn)
∂h
∂xn

)
= diag

(
(1+

2
exp(px1)−1

)
∂h
∂x1

, . . . ,(1+
2

exp(pxn)−1
)

∂h
∂xn

)
.

Let C(x) = 1
p∇2h(x) + B(x). From (2.4), it is clear that ifC(x) is a positive definite matrix for all

x∈ X, then∇2hp(y) is a positive definite matrix for ally∈Yp. Let Sn = {d ∈Rn | ‖d‖2 = 1}, the unit

sphere inRn. Let

σ = min{dT∇2h(x)d | x∈ X, d ∈ Sn}.

¿From the twice continuous differentiability ofh, it follows thatσ is a finite number. Also, from the

continuity of the first derivatives ofh and the compactness ofX,

η = min{ ∂h
∂xj
| x∈ X, j = 1, . . .n},

is achieved, and sinceh is a strictly increasing function onX, we haveη> 0.

Now, for anyd ∈ Sn, we have

dTC(x)d =
1
p

dT∇2h(x)d + dTB(x)d

≥ 1
p

σ +
n

∑
j=1

(
1+

2
exp(pxj)−1

)
∂h
∂xj

d2
j

≥ σ
p

+ η, (2.5)

where the last inequality is due to the fact thatxj > 0 for anyx∈ X andd ∈ Sn. Let

p0 = max{0,−σ
η
}. (2.6)

¿From (2.5), ifp> p0, thenC(x) is a positive definite matrix for allx∈ X. Therefore∇2hp(y) is a

positive definite matrix for ally∈Yp whenp> p0. 2

Similarly, if h(x) is a strictly decreasing function onX thenh(x) can be converted into a convex

function in the following form:

h̃p(y) = h

(
1
p

ln(1+ y)
)
, y∈ Ỹp,
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where

Ỹp =
n

∏
j=1

[exp(pλ j)−1,exp(pµj)−1].

The above results reveal that a real strictly monotone function can possess convexity in a trans-

formed space. Because the variable transformation in (2.1) is a 1-1 monotone and continuous map-

ping, no minima or maxima ofh on X will be lost in the new transformed setYp and no new minima

or maxima will be created inYp.

3 Concave minimization

In this section, we apply the convexification transformation derived in the previous section to problem

(1.1). It turns out that the continuous relaxed subproblems of (1.1) with the rectangular constraint set

being Ωx×Ωy or a rectangular subset ofΩx×Ωy can be transformed into concave minimization

problems under the variable transformation in (2.1).

Let

D =
q

∏
j=1

[ãj , b̃j ]×Ωy⊆Ωx×Ωy,

whereãi andb̃i are positive integers,ai ≤ ãj ≤ b̃j ≤ bi , j = 1, . . . ,q. Consider the following problem:

max T(z) (3.1)

s.t. Ci(z)≤ ci , i = 1, . . . ,m,

z= (x,y) ∈D.

By the assumption of the problem,T(z) andCi(z) are strictly increasing functions onD. Consider the

following transformation of problem (3.1):

max φ(w) = T

(
1
p

ln

(
1− 1

w

))
(3.2)

s.t. ψi(w) = Ci

(
1
p

ln

(
1− 1

w

))
≤ ci , i = 1, . . . ,m,

w∈ Dp,

where

Dp =
q

∏
j=1

[
1

1−exp(pãj)
,

1

1−exp(pb̃j)

]
×

n−q

∏
j=1

[
1

1−exp(pα j)
,

1
1−exp(pβ j)

]
.
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Since the variable transformationw↔ z= 1
p ln(1− 1

w) is a 1-1 and continuous mapping betweenDp

andD, the transformed problem (3.2) is equivalent to (3.1). By Theorem 2.1, whenp is greater than

certain threshold value, functionsφ(w) andψi(w) in (3.2) are convex onDp. Thus, (3.2) is a problem

of maximizing a convex function over a general convex set, which is equivalent to what is referred to

in the literature of global optimization [17] as aconcave minimizationproblem.

It is well-known that a convex function always achieves its maximum over a polyhedron at one of

its vertices. Ranking the function values at all vertices of the polyhedron gives an optimal solution.

For a convex maximization (or concave minimization) problem with a general convex feasible set,

Hoffman[6] proposed an outer approximation algorithm. The convex objective function is succes-

sively maximized on a sequence of enclosing polyhedra of the feasible region. At each iteration the

current enclosing polyhedron is refined by adding a cutting plane tangential to the feasible region at a

boundary point. The algorithm generates a nonincreasing sequence of upper bounds for the optimal

value of (3.2) and terminates when the current feasible solution is within a given tolerance of the

optimal solution. LetSp denotes the feasible region of (3.2),

Sp = {w∈ Dp | ψi(w)≤ ci , i = 1, . . . ,n}.

An outline of the outer approximation scheme for (3.2) can be described as follows:

(i) Choose an initial polyhedronP0⊃ Dp with vertex setV0, k = 0.

(ii) Computevk andφk such thatφk = φ(vk) = maxv∈Vk φ(v), i.e.,vk is the best vertex in the current

enclosing polyhedron.

(iii) Find a feasible pointwk on the boundary ofSp and form a new polyhedronPk+1 by adding a

cutting plane inequality:gT
k (w−wk)≤ 0, wheregk is a subgradient of the binding constraint.

(iv) Calculate the vertex setVk+1 of Pk+1, k =: k+ 1, return to (ii).

It is shown in [6] that the above method converges to a global optimal solution of (3.2). There are

many ways to generate the feasible pointwk in step (iii). A simple method proposed in [6] is to find

the (relative) boundary point ofSp on the line connectingvk and a fixed (relative) interior point of

Sp. Horst and Tuy [8] suggested projectingvk onto the boundary ofSp and choosingwk to be the

projected point. Finding vertices ofPk+1 is the major computational burden in Hoffman’s method.

After adding a cutting plane{w | gT
k (w−wk) = 0}, the new vertices can be generated by computing

the intersection point of each edge ofPk with the cutting plane. Further discussions about finding new

vertices in an outer approximation method can be found in [3][9].

7



Let ej denote thej-th unit vector inRn. Define the noninferior set ofSp:

Fp = {w∈ Sp |w+ εej 6∈ Sp, ∀ε> 0 and 1≤ j ≤ n}.

Note thatψi(w), i = 1, . . . ,n, are strictly increasing functions. SoFp is a section of the boundary of

Sp. Since the objective functionφ(w) is also a strictly increasing function onDp, we deduce that

Fp must contain all the optimal solutions of (3.2). Choose the smallest simplex enclosingDp as the

initial polyhedronP0. The maximum vertexvk and thus the new vertices generated in each iteration

of the outer approximation method will fall in the area betweenFp and planes:

wj =
1

1−exp(pb̃j)
, j = 1, . . . ,q, wq+ j =

1
1−exp(pβ j)

, j = 1, . . . ,n−q.

It follows that the outer approximation method will focus from the first iteration on searching a small

area outside the global optimal solution of (3.2). This property will greatly speed the convergence of

the outer approximation.

4 Branch-and-bound method

Branch-and-bound is a basic strategy for discrete optimization. For branch-and-bound method to

work correctly for mixed-integer nonlinear programming, the method used to solve the continuous

relaxed subproblems must be able to find the global optima. Experiments with branch-and-bound

method for convex integer programming are reported in [5], where the continuous relaxed subprob-

lems are convex and solved by the generalized reduced gradient method.

The convexification method developed in Section 2 combined with the outer approximation de-

scribed in Section 3 provides an exact method for globally solving (3.2), the continuous relaxed

subproblem of (1.1). Thus the branch-and-bound method can be adopted to find the optimal solution

of (1.1).

The branch-and-bound algorithm starts by finding a global optimal solutionz∗ = (x∗,y∗) of the

continuous relaxation of (1.1), i.e., problem (3.1) withD = Ωx×Ωy. If x∗ = (x∗1, . . . ,x
∗
q) is integral

thenz∗ is an optimal solution to (1.1). Otherwise a fractional variable, sayx∗j , is chosen and subprob-

lems are generated by adding an additional bound constraintxj ≤ bx∗j c or xj ≥ bx∗j c+ 1 to D, where

bx∗j c denotes the integral part ofx∗j . One of the generated subproblems is chosen to be solved next. If

its optimal solution has integralx components and its objective value is better than that of the current

incumbent, then it becomes the new incumbent. Otherwise the subproblem is divided again, and the
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process is repeated until no subproblem remains to be solved. A subproblem (node) is fathomed (i.e.,

eliminated from the node tree) if one of the following three conditions holds: (i) its optimal solution

has allx components integral, (ii) the optimal value of the subproblem is less than or equal to the

current incumbent’s objective value, or (iii) it is infeasible.

In the following we describe some special properties of (1.1) that can be exploited to improve the

efficiency of the branch-and-bound method.

Firstly, when solving the remaining relaxed subproblems, the current incumbent provides an extra

criterion to stop the outer approximation method before the normal stopping rule is satisfied. In fact,

suppose the current incumbent isφ. If the conditionφ(vk)≤ φ holds at thek-th iteration of the outer

approximation method, then it is impossible for this subproblem to produce a feasible solution with

function value greater thanφ.

Secondly, the vertex information generated by the outer approximation method in solving a sub-

problem can be used to form a tight initial enclosing polyhedron for all its descendant subproblems.

Suppose that the final polyhedron in solving a transformed relaxed subproblem in the form of (3.2) is

P and that its optimal solution isw∗ = (s∗, t∗). Let

z∗ = (x∗,y∗) =
1
p

ln

(
1− 1

w∗

)
.

Thenz∗ is an optimal solution to the relaxed subproblem (3.1). Suppose thatx∗j (1≤ j ≤ q) is the

branching variable. Then the initial enclosing polyhedron for the two transformed child subproblems

of (3.1) can be chosen as:

P− = P∩
{

w = (s, t) | sj ≤
1

1−exp(pbx∗j c)

}
,

and

P+ = P∩
{

w = (s, t) | sj ≥
1

1−exp(p(bx∗j c+ 1))

}
.

The new vertices ofP− or P+ can be easily obtained by computing the intersection points of the edges

of P with the branching plane.

Thirdly, applying convexification transformation (2.1) and the outer approximation method is

only necessary to subproblems for which the rectangular constraint set intersects with the boundary

of the feasible region of (1.1),

S= {z= (x,y) ∈Ωx×Ωy |Ci(z)≤ ci , i = 1, . . . ,m}.
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In fact, if the rectangular constraint setD of a continuous relaxed subproblem in the form of (3.1) has

a feasible right upper corner point, that is if

z= (b̃1, . . . , b̃q,β1, . . . ,βn−q) ∈ S,

thenz is optimal for (3.1). Moreover, if the left lower corner point

z= (ã1, . . . , ãq,α1, . . . ,αn−q) 6∈ S,

then we conclude that (3.1) is infeasible.

5 Numerical tests

In this section we report numerical results obtained when solving 4 typical complex reliability using

the proposed convexification method.

The expressions for the reliability functions used in the tests are obtained using the disjoint prod-

uct method [1]. The constraint functionsCi(x,y), i = 1, . . . ,m, are chosen to be linear inx and expo-

nential iny:

Ci(x,y) =
q

∑
j=1

ai j xj +
n−q

∑
j=1

ai, j+qexp

(
ρi j

1−yj

)
, i = 1, . . . ,m.

For simplicity, we denoteR = (R1(x1), . . . ,Rq(xq),y1, . . . ,yn−q). ThusT(x,y) = f (R). Denote

also A = (ai j ), c = (c1, . . . ,cm), B = (ρi j ), a = (a1, . . . ,aq), b = (b1, . . . ,bq), α = (α1, . . . ,αn−q),

β = (β1, . . . ,βn−q), r = (r1, . . . , rq), Qj = 1−Rj , j = 1, . . . ,n.

Problem 1. 5-link Bridge system (n = 5, q = 3), see Figure 1.

f (R) = R1R2 + Q2R3R4 + Q1R2R3R4 + R1Q2Q3R4R5 + Q1R2R3Q4R5,

A =


2.5 3.5 4 1 6

1.5 1 2 4 5

5 5 4 7 3.5

 ,
c = (34,39,49),

B =


0.03 0.06

0.04 0.03

0.05 0.07

 ,
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2

IN OUT

1

5

43

Figure 1: A bridge system from [13],n = 5

a = (1,1,1), b = (6,6,6),α = (0.8,0.80), β = (0.95,0.95),

r = (0.90,0.85,0.80).

IN OUT
53

2

1

6

7

4

Figure 2: An ARPA system from [13],n = 7

Problem 2. 7-link ARPA system (n = 7, q = 5), see Figure 2.

f (R) = R6R7 + R1R2R3(Q6 + R6Q7)+ R1R4R7Q6(Q2 + R2Q3),

A =


5 4.5 3 2 6 5 3

1 1.5 3 1 3 6 5

2 1 7 3.5 5.5 4 4.5

 ,
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IN OUT

1

2

3

4 5

6

7

8

Figure 3: A double bridge system from [10],n = 8

c = (65,39,64),

B =


0.03 0.03

0.04 0.05

0.05 0.05

 ,
a = (1,1,1,1,1), b = (5,5,5,5,5),α = (0.8,0.8), β = (0.96,0.96),

r = (0.75,0.90,0.80,0.85,0.80).

Problem 3. 8-link double bridge network (n = 8, q = 5), see Figure 3.

f (R) = R1R2R3 + (Q1 + R1Q2 + R1R2Q3)R6R7R8 + Q3 + Q2R3)R1R4Q6R7R8

+(Q7 + Q4Q6R7)R1R2Q3R5R8 + (Q8 + Q7R8)Q1R2R3R4R6

+R1Q2 + Q1Q2 + Q1R2Q4)R3R5R6R7Q8 + R1Q2R3R4R5Q6R7Q8

+Q1R2Q3R4R5R6Q7R8,

A =


3 2 1.5 5 3 1 4 3

1 1 2.5 2 5 2 2 3

4 2 1 6 6 3.5 4.5 3.5

 ,
c = (59,52,77)

B =


0.04 0.08 0.04

0.04 0.07 0.08

0.07 0.06 0.05

 ,
a = (1,1,1,1,1), b = (5,5,5,5,5),α = (0.5,0.5,0.5), β = (0.95,0.95,0.95),
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r = (0.70,0.90,0.80,0.65,0.70).

Problem 4. 12-link complex bridge system (n = 12,q = 8), see Figure 4.

f (R) =

R10R11R12+ R1R3R4R8(Q10+ R10Q11+ R10R11Q12)+ (Q1Q10+ R1Q3Q10

+Q1R10Q12+ R1Q3R10Q12)R4R6R8R11+ (Q1 + R1Q4 + R1R4Q8)R2R3R10Q11R12

+(Q10+ Q2R10Q11+ R2R10Q11Q12+ R10R11Q12)R1R3Q4R5R7R8

+Q1R2R3R4R6R8Q11(Q10+ R10Q12)+ (Q4Q7Q10+ Q4R7Q8Q10

+R4Q8Q10+ Q2Q4Q7R10Q11+ Q2Q4R7Q8R10Q11+ Q2R4Q8R10Q11)R1R3R5R9R12

+(Q1Q4 + Q1R4Q6 + R1Q3Q4 + R1Q3R4Q6 + R1R3Q4Q5)R7R8R9R10R11Q12

+(Q1Q4 + Q1R4Q8 + R1Q3Q4 + R1Q3R4Q8)R5R6R9Q10R11R12+ (Q4Q5

+Q4R5Q7Q9 + Q4R5R7Q8Q9 + R4Q5Q8 + R4R5Q8Q9)R1Q2R3R6R10Q11R12

+(Q10+ Q7R10Q12+ Q7Q9R10Q12)R1R2Q3R4Q6R8R11

+(Q1Q9Q10+ Q1R9Q10Q12+ R1Q3Q9Q10+ R1Q3R9Q10Q12+ Q1Q9R10Q12

+R1Q3Q9R10Q12)Q4R5R6R7R8R11+ (R1Q3Q6Q10R11+ R1Q3Q6Q9R10R11Q12

+Q1R3R6Q9Q10Q11+ Q1R3R6R9Q10Q11+ Q1R3R6R10Q11Q12)R2Q4R5R7R8

+(Q10+ Q2Q6R10Q11)R1R3R4Q5R7Q8R9R12

+(Q1 + R1Q2Q3)R4R5Q6Q7R8R9R10R11Q12

+R1R2Q3R5Q6R9Q10R11R12(Q4Q7 + Q4R7Q8 + R4Q8)

+(Q1 + R1Q3)R4Q5R6R7Q8R9Q10R11R12

+(Q1Q4Q5 + Q1Q4R5Q6 + Q1R4Q6 + R1Q4Q5)R2R3R7R8R9R10Q11Q12

+(Q4Q7 + Q4R7Q8 + R4Q8)Q1R2R3R5R6R9Q10Q11R12

+R1R2Q3R4Q5Q6R7Q8R9Q10R11R12+ Q1R2R3R4R5Q6Q7R8R9R10Q11Q12

+Q1R2R3R4Q5R6R7Q8R9Q10Q11R12R1Q2R3Q4Q5R6R7R8R9R10Q11Q12,

A =


5.0 6.0 2.5 2.0 4.5 5.0 3.0 1.0 4.5 2.0 5.0 8.0

2.0 3.0 2.5 1.0 5.0 1.0 2.5 4.0 3.0 9.0 7.0 5.0

5.0 4.0 4.0 2.0 1.5 5.5 1.0 6.0 1.0 3.5 3.0 3.0

3.0 3.0 2.5 0.5 4.0 6.0 8.0 1.5 4.0 2.5 5.5 2.0

 ,
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c = (136,137,138,129),

B =


0.03 0.02 0.03 0.05

0.02 0.03 0.01 0.04

0.05 0.02 0.01 0.06

0.02 0.01 0.03 0.03

 ,
a = (1,1,1,1,1,1,1,1), b = (5,5,5,5,5,5,5,5),

α = (0.6,0.6,0.6,0.6), β = (0.95,0.95,0.95,0.95),

r = (0.95,0.90,0.70,0.75,0.85,0.85,0.85,0.90)

IN OUT

1

2

3

4

56

8

9

7

12

10

11

Figure 4: A complex system from [1],n = 12

In our implementation of the branch-and-bound method, the most fractional variable is chosen

for branching. Depth-first node search following the left branch is used with backtracking to the best

node each time an feasible solution is found. The conditionφ(vk)−φ(wk)≤ 10−6 is used to terminate

the outer approximation method when solving the transformed relaxed subproblems.

The method has been coded using FORTRAN 90 and tested on a SUN Enterprise 450. The

computational results for Problems 1-4 are shown in Table 1, wherep is the convexification parameter

used in the outer approximation method,x∗ the optimal solution obtained,R∗ the optimal systems

reliability, and the CPU times are measured in seconds.
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Table 1: Numerical results for Example 1-Example 4

Problem p x∗ R∗ CPU Times

Problem 1 1.0 (2,3,1,0.9244,0.8850) 0.997604 0.23

Problem 2 1.0 (4,3,4,1,1,0.8652,0.8029) 0.999074 26.24

Problem 3 1.0 (5,4,5,2,1,0.9420,0.8987,0.9104) 0.999772 54.06

Problem 4 1.2 (4,1,5,5,3,3,4,5,0.95,0.95,0.95,0.95) 0.999877 491.27
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