JAMES COOK MATHEMATICAL NOTES

Issue number 6, in November 1976
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Captain Cook's two ships, HMS Resolution and HMS Discovery
at Kerguelen Land (48° 30'S, 69° 40'E) on Christmas Day 1776.
(After a drawing by William BEllis)
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On behalf of all readers a big thank you to Ren Potts who
took over editing and publishing of the previous two issues.

THE AIRFORT WAITING ROOM (‘rom JOMN 3)

No response has come in to this question. "Can a function in L2 and
its Fourier transform both vanish in an interval?" The substance of what
L. Schwartz said to me is as follows.

Iet £(x) be an even function whose graph is a smooth hump on & smallish
base, say from - 1/4 to 1/4, and let g(x) be the function that has similar
humps repeated with unit period. Iet their Fourier transiorms be F and G,
the latter is a row of delta functions at integer spacing (we use the now
popular convention of defining the transform with 2x in the index, that is
f(x) = [F(y) exp 2ixy dy) Then the convolution £*G and its Fourier
transform Ig are the required functions, both vanish in the middle half of
each unit interval. They are in L2 because the smoothness of the hump makes
F sufficiently small at infinity.




MORE ON SUTITAND'S TIBORI.

—~

The cuesticr asked in our thiri issue was as folliovws.
Suppose that A, B and C are 3 x 23 matrices and ABC = I and hwoth i
and B have all diagonal elements zero and all oshers now.zero, T4
1s requ’red to chow that if “w: of the diagonszl elements o C arc
zaro then sc is the third.

Jd.B. Parker's solution invokes the cid of Zeometry, ie.reseat
any vriengle XYZ of the projective plane by a matrix M that hos tle
coordinaies of e¢ach vertex as a columi, the First column being ine
coordinates of X. ete., Then any non-singular ratrix S car e voeo
os a transformation of triangles, mepping X¥Z into XiY'Z' -vhicr is
represented by th2 matrix product MS, Witk this representaiion -
zern on the diagonal of S has a simple geowmetricsl interrretuiion,

If the ton 10t hand elcment of S is zero tiaen the fivst colwun of
tho procunt M3 is a linear combination cf %ie second and thir

colauns of M, that 1s X° is cn YZ, Uhe ceavures ‘s brae iF L ig
acn-singular (that is if the trianple XVYZ ig 1one ‘ezenccate), ir

N

&' ig or Y2 *hen s = 0,

11
Having set up our machinery we ~an stackle the problem. Tis
umit matrix I corresponds to the triengle oo reTerence, denLte oo
Ly PQR because the *raditiocnal letters ABC alread:r nave otiier ear-
ingse Let A represent the triangzle 2'Q'R', ziwn the diasrons
‘elemonts are zero, P' is orn the sidoe OR (the Tins x - D) ol tihe
triangle of referenze, and similarir ' on PR und X' o PQ Now
the matrix AB reprisents a triargle PPQ'R" wvhic~ is 1he nneuse
under B of P'Q'R', and becaize.l has diagonal eleuents zero it
follows that P" is on Q'R ete.

It is @iven that ABC = T, taaw 1o e Image o0 PUQURY gy
V' igs PQR. Now supnose that two of ine diegorzl clexment.s I (! nre
gere, without loss of generality we way tece theon Sc hro vhe T4 =t
and seccad. Then P is om Q"2 and Q is on Erit. Thisz gives thne
figure belcw.

This is the figure or the uiec. s cUOTiayiaw, PR

P'Q'R" are straight lines, and the three IrCSS- 30l o1

QR" meeting Q'k' at PV
. . . PR" meeting P'R' at Q"
and PQ' meeting P'Q at R

<he theorem of Pappus tells ue that the Crosg~joins 4re colliiaar,

that is R is on P"Q" and so the third diagonal element o +tne
aatrix C is zero, which proves Guinand's theorcua,
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DAME MARY CARTWRIGHT'S ANECDOTE (from JCOMN 5)

After discussing the matter with K. Stewartson your cditor has attempied
to reconstruct the examination question as rollows.
By considering the irtegral of z/sinhz over sn indented rectangular

contour or otherwise shew that

o
JQ x/sinhx dx = xe/h.
The examiners' intention was that the candidates should integraie round
the rectangle with sides x = +R, y =0 =ad ¥ = 5, with & semicircular indruvation
to exclude the simple pole at z = ix. As R tends to inrinity and the radius
of the indentation to zero the contributions from the vertical sides tend to zerc
und from the horizontal sides to four times the required integral. The small
semicircle round the simple pole gives ng, which leads to the required result.
Examiners in those days would put in the phrase "or otherwise” becauc= they
thought it more important for the candidate t.o solve the problem than to follow ti-o
method that suggested itself to the exgminer. If you are in any danger orf heving
a genius in your class this 48 a wise precaution.

Another way to evaluate the integral is to put
x/sinhx = 2x (exp~Xx + exp-3X 4 ...)

and then integration term by term gives 2(1 4 1 /32 + 1 /52 +..) but how can tchis
be done with contours and residues?

Back in Townsville I showed & Tirst drait of the note above to B.B. Newman
who was sceptical and suggested a different epproach. Ferhar: the question was:i~
Evaluate the integral of z-ata.nz alcng the path illustrated below (cutting ihe real
exis at 2z = +1) g /

/

B

W

If you meke a closed contour by adding a large circular arc at the top then you
find inside only one pole which has residue 1, but doing it the harder way with e
circuler arc coming round the bottom of the picture you find infinitely many wol-s,
with residues -(h/ne) (en-1 )-2 for all integer n.

FUNCTIONS OF TWO VARIABIED

Construct a function f(x, y) differentiable in the plane and suca that
fy(x, 0) has & jump discontinuity at x = O. (Here differentiability means
fx+h, y+k)~£lx, y) = R _(x, ¥) + kfy(x, y) o+ o(/h24-k2) as b, k -»0)

G.R. Morris
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100 STAT MENTS (from JOMN 5)

John Hickman from ANU, Canberra writes:
If each statement "k of these statements are incorrect" means
"Exactly k of these statements are incorrect" then it is obvious
that exactly one of the 100 statements listed is correct, namely
the 99th one,

If, however, each is interpreted to mean "At least k of theue
statements are incorrect" and if furthermore the number 100 is
replaced by an arbitrary positive integer n, then the situation
becomes more interesting. If such matters as the logical signif-
icance of self-referential statements are ignored, it turns out
that if n is even then the first % statements are correct and the
rest incorrect, whilst if n is odd then the n statements form an
internally inconsistent system (thus generalizing the classical
case of n = 1), :

-

- OBJECTIVE TESTING

In our embryonic first issue of late 1975 there was reproduced
a gquestion put out by the Australian Council for Educational Rezecrch,
as follows:

The T-shaped figure has an srea
of 5 square units, A straight line is f
drawn through P so as to divide the '
figure into two parts of equal area.
In how many ways can this be done?
(a) 1 (¢) 3
(B) 2 (D) It is not nossible

Your editor's original comment was that by suitably cioosing
the proportions of the T the number of ways can be made equal to
1, 2 or 3. More recently it has been pointed out to me by A, Browm
that the number can also be made infinite,

If a=b = t, number is 1 i T
If a = 2t and b = 3t number is 2 | ’é
If a = 2t and b = 4t number is 3 — e
If a=1% and b = 3t number is infinite. [ e
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NE! THEORRI (from JCMN 4)

"Almost every convex polyhedron is a tetrahedron". No
proof or disproof has yet been sent in; please do not send the
editor boxes ofassorted wooden blocks, for we do not find that
sort of evidence convincing. Answer promised for JCOMN 7,

GEOMETRY WITHOUT COMPASSES (from JCMN 3)

The surprising result is that a ruler with parallel
sides is a very good substitute for the compasses of the traditional
geometer, it enables you to mske any Buclidean construction excert
actually drawing circles. This can be shown in six steps. Each
except the last is almost obvious using the ones before.

1. You can erect a perpendicular from a given point on
a given line. i

2. You can double a given length, that is on PQ find R
so that RP = PQ.

3. You can draw a parallel from a given point P to a
given line,

4, You can bisect an angle.

5. - You can cut off a given length from a given point
along a given line. A

6. Finding the intersection of a given line and the

circle with given centre C and radius r.

R

Given Iine

Q T

Draw CQ perpendicular and CR parallel to the given
line, with CR = r, Make CP equal to the ruler width w and PS
parallel to QR. Put your ruler with one edge on S and the other
on C (possible in two ways, one shown above) and draw CT meeting
the given line in T, the point required.
Proof sina= w/CS = CQ/r
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THE CENTRE OF AUSTRALIA

In "Wildlife" for September there is a letter to the editor on this subject

saying:-

"I venture to siate that the geographic centre is really the ceniroid of
she erea. Thils is the point on the area where g line in any direction through
It, bui on the same plane as the area, will bisect this area... However by
finding the centre of gravity of a thin card, of uniform thickness, in the
shape of a glven area we can find its centroid” On e picture is shown how the
writer finds the centroid to be at Lilla Creek just north of the S.A. - N.T.

border.

This method seems to ignore Magnetic Island (charted by James Cook in June
1770) and other offshore islands, but let that pass. The writer's ideas about
centrolds give us a problem - How many ways are there of bisecting Australia by
a line through the centroid? And as so often'happens the epplied mathematical
problem suggests one in pure - for what numbers n can you find a plane set
bisected in Just n ways by-lines through the centroid?

NEW _QUESTION (from JCMN 5)

If £'(x) is bounded then is (f'(x))2 a derivative? G.R. Morris answers
0. His proof depends on the fact that any derivative has the intermediate
value property = in an interval it takes all values between those at the end
points. (This is clear if you sketch & greph of a function with positive
derivative at one point and negative at another.)

Put £(x) = x° sin 1/x (x £0) and
g(x) = x° sin 2/xv (x £ 0) ana

0(x = 0)
A(x = 0)

i

These functions are both differeniiasble and the function

g' ()% + (£ (x))2 = % = (3/2)x sin 2/x + bx® sin® 1/x  (x £ O)
= 0 if x=0
does not have the intermediate value property and 8o is not & derivative.
Therefore (f')2 is not a derivative.

A merry Christmas to everybody. Your editor would like to hear from you anything
connected with mathematics or with James Coock.

Prof. B.C. Rennie, Mathematics Department,
James Cook University of North Queensland
Post Office James Cook University, Q. 4811 Australia.




