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1. Introduction

The problem of finding nice resolutions of quotient singularities by finite sub-
groups ofSL(3,C) arose from marhematical phyics. In the superstring theory,
the space-time is 10-dimensional, four of its dimensions corresponding to the
space-time observable in the everyday life, and the six remaining ones compact-
ified on a Calabi–Yau spaceM . From the point of view of algebraic geometry,
the Calabi–Yau space is a three-dimensional complex projective variaty which is
irreducible Bogomolov [Bo]. That is, its canonical bundle is trivial (ωM ' OM ),
andM has finite fundamental group (|π1(M )| <∞).

There is no classification of such varieties, but many thousands of examples
are known (see, e.g., [CLS], [KS], [M], [MOP]). The most attractive for physicists
is the orbifold construction: starting from a varietyM0 with ωM0 ' OM0 (but not
necessarily Bogomolov, that isπ1(M0) may be infinite) possessing a finite group
G of automorphisms that act trivially onωM0, find a resolution of singularities
M = M̃1 of the quotient variety (or orbifold)M1 = M0/G with trivial canonical
bundle. If the stabilisers of points of the non-free locus of the action ofG in M0

kill enough elements ofπ1, thenM will be irreducible Bogomolov. The attraction
to this construction is due to the fact that, starting from a simple varieityM0,
like a complex torusT3 ' C3/L, one can build an equivariant superstring theory
on M0 whose physical fields are easily understood. In case of a torus, they are
just functions onC3 with certain quasi-periodicity conditions with respect to
the affine group generated byL and G. Making G to act on the gauge degrees
of freedom, one can get realistic symmetry breaking patterns, and moreover,
compute all the fields and the numerical data of the theory. The main conjecture
is that such an equivariant superstring theory onC3 is isomorphic to the ordinary
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superstring theory on the resolutionM of C3/L/G. As the number of generations
of particles in the superstring theory is half the modulus of the Euler number
χ(M ), this correspondence predicts the Euler number ofM :

Conjecture (Dixon–Harvey–Vafa–Witten, [DHVW-1] ). In the above notation,
a resolution of singularitiesM = M̃1 with ωM ' OM always exists, and

χ(M ) =
1
|G|

∑
[g,h]=1

χ(M g,h
0 ),

where
M g,h

0 = {x ∈ M0|x = g(x) = h(x)},
and the sum is extended over all the pairs of commuting elements ofG.

This conjecture follows easily from its local form:

Conjecture (local form). Let G ⊂ SL(3,C) be a finite subgroup. Then there
exists a resolution of singularitiesσ : X −→ C3/G with ωX ' OX and

χ(X) =

{
Number of conjugacy

classes inG

}
.

At present, the Conjecture is completely proved. For abelian groupsG, it was
proved in my Appendix to [MOP] and independently by Roan – Yau in [RY],
see also [R-1]. The first non-abelian examples where handled in [BM]: these are
WA+

3,WB+
3 ,WC+

3 and their subgroups, whereWX+ denotes the unimodular part
of the Weyl groupWX of a root systemX. Next, I constructed a crepant (that
is, with trivial canonical bundle) resolution ofC3/H168 in the preprint version
of the present paper (Technion preprint, 1993), whereH168 is Klein’s simple
group of order 168. The case of the icosahedron groupI60, the other simple
finite subgroup ofSL(3,C), was resolved by Roan in [R-3]. Ito [I-1], [I-2], [I-
3] constructed crepant resolutions of the quotients ofC3 by the trihedral and
monomial subgroups ofSL(3,C). These are two cases in the Miller–Blichfeldt–
Dickson classification of finite subgroups ofSL(3,C) [MBD], equally with the
cases cited above: abelian and two simple groups. Roan [R-4] made a concluding
effort to finish with the other cases.

There are a few papers studying cyclic actions on 3-dimensional complex
tori ([DHVW-2], [MOP], [R-2], [EK]). Their results imply that in the case when
M0 = T3 is a complex torus,G is either a solvable group of order 2k3l , or
G ⊂ H168. Thus, when working with only torus orbifolds, one needs to know
to resolve quotients by certain solvable groups, and by the only one simple
group, that of Klein. This was a reason why I looked at the Klein group first.
The technique for constructing a crepant resolution was one and the same in
the cases considered in [BM], in that of the Klein group (the present paper), as
well as in that of the icosahedron group considered by Roan: one blows up (a
reduced ideal of) a curve of cDV singularities, as many times as one can find
such a curve. The point is to compute this sequence of blow ups and check that
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its upper level is a non-singular variety. Then the sequence of blow ups is a
resolution of singularities, and the fact that it is crepant follows from M.Reid’s
observation [Reid] that non-isolated cDV singularities are locally analytically
equivalent in a generic point toA1× (DV singularity), and hence the blow up of
a cDV curve is crepant, since that of a DV point is. The only essential difference
of the Klein case from the remaining ones is that one has to blow up a singular
curve as the first step (see the subsection ‘1st blow up’ of Sect. 3 below). On the
other hand, the total number of blow ups which one has to make for the Klein
group is small: it is 4. From this point of view, the structure of the resolution in
the Klein case is rather simple; to compare, note that for the complexified affine

Weyl groupW̃B3
+
, one of the solvable cases of [BM], one has to make 19 blow

ups.
In all the cases above, the explicit construction of the resolution permits

to calculate its Euler number, and it naturally coincides with the number of
conjugacy classes inG.The formula for the Euler number has got an independent
general proof: it follows from the generalisation of the McKay correspondence
to dimension three by Ito–Reid [IR]. However, the existence part has only a
case-by-case proof; it is an interesting problem to find a general one which does
not use the classification of finite subgroups ofSL(3,C).

It is a natural question, whether the DHVW Conjecture extends to an arbitrary
dimension. In dimension 2, the quotientsC2/G, G ⊂ SL(2,C), are Klein (or Du
Val) singularities; their resolutions are well-known (see, e.g., [Br]), and they
satisfy the DHVW formula foχ. In dimensionn ≥ 4 the conjecture is not true.
The easiest counter-example isC4/{±1}: from [MS] and [F] it follows that this
quotient does not have a resolution with trivial canonical bundle. Nevertheless,
the conjecture holds for some special group actions; see, e.g. [HH] for a resolution
of the symmetric powers ofC2.

2. Representation of Klein’s group in C3

We will briefly describe the irreducible representation ofH168 in C3 following
[We] and [Kl]. Let y1, y2, y3 be coordinates inC3. The groupH168 is generated
by 3 elementsτ, χ, ω of orders 7, 3, 2 respectively, and the representation is
defined by

τ =

 ε 0
ε2

0 ε4

 , ε = exp
(

2πi
7

)
,

χ =

 0 0 1
1 0 0
0 1 0

 , ω =

 α β γ
β γ α
γ α β

 ,

α = −2 sin 8π
7√

7
, β = −2 sin 4π

7√
7

, γ = −2 sin 2π
7√

7
,
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The non-free locus of the induced action onC3 consists of 21 lines fixed by
elements of order 2 and 28 lines fixed by elements of order 3. The 21 lines fixed
by elements of order 2 are permuted in one orbit under the action ofH168; each
of them is invariant under a subgroup of order 8 isomorphic to the dihedral group
D4, and is fixed under the action of the cyclic subgroup of order 4 inD4. We
can choose the fixed line ofω

L = {(y1 : y2 : y3) = (α + 1 : β : γ)},
as a representative of this orbit. The 28 lines fixed by elements of order 3 form
one orbit of the fixed line ofχ

L′ = {y1 = y2 = y3}
with stabiliserD3 ' S3, the 3rd symmetric group. Thus, in the quotientX =
C3/H168, we have two singular curves:C1 and C2, which are the images ofL′

andL respectively. The singularity ofX at the generic point ofC1 (resp.C2) is
locally analytically isomorphic toC × A2 (resp.C × A3), whereAk−1 denotes
Klein’s singularity

Ak−1 = C2/ < εk >, εk : (z1, z2) 7→ (e
2πi

k z1, e
− 2πi

k z2).

The following four functions form a system of generators for the invariants
of H168:

f = y3
1y3 + y3

2y1 + y3
3y2,

∆ =
1
54

Hess (f ),

C =
1
9

∣∣∣∣∣∣∣∣
f ′′y1y1

f ′′y1y2
f ′′y1y3

∆′
y1

f ′′y2y1
f ′′y2y2

f ′′y2y3
∆′

y2

f ′′y3y1
f ′′y3y2

f ′′y3y3
∆′

y3

∆′
y1

∆′
y2

∆′
y3

0

∣∣∣∣∣∣∣∣ ,

K =
1
14

∣∣∣∣∣∣
f ′y1

∆′
y1

C ′
y1

f ′y2
∆′

y2
C ′

y2

f ′y3
∆′

y3
C ′

y3

∣∣∣∣∣∣ .
There is only one relation between them, which can be thought of as the

equation ofX in C4 with coordinates (K , f , ∆,C):

K 2 = C3 + 1728∆7 + 1008C∆4f − 88C2∆f 2 − 60032∆5f 3

+ 1088C∆2f 4 + 22016∆3f 6 − 256Cf 7 − 2048∆f 9. (1)

Parametrising the linesL, L′ and applying the above formulas for the basic in-
variants, we obtain parametrisations of the curvesC1,C2:

C1 = {K = 0, f = 3t2, ∆ = 2t3, C = −48t7},
C2 = {K = 0, f = −t2, ∆ = 2t3, C = 144t7}.
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They have cusps with common tangent at the origin. So, there is no a non-singular
curve to blow up as the first step of the resolution of singularities ofX: one has
to blow up eitherC1, or C2.

3. Construction of a crepant resolution

1st blow up

It is not essential , by which curve,C1 or C2, to start; takeC1. So, the first step
of our construction is the blow up of the reduced ideal ofC1,

IC1 = (K , g1, g2), g1 = 3C + 8∆f 2, g2 = 27∆2 − 4f 3.

To perform this blow up, we will rewrite the equation (1) in terms of generators
of IC1:

27K 2 + 32∆(3f g1 − 22∆g2)2 − g3
1 + 144f g1g

2
2 − 576∆g3

2 = 0. (2)

The equation (2) looks much simpler than (1), and this is right the form in
which it should be treated: the blow up is reduced to substituting the routine
blow up formulas. Denote the blow up mapσ1 : X1 −→ X. ThenX1 is covered
by three affine chartsUi , i = 1, 2, 3, such that thei -th generator ofIC1 defines a
principal ideal when lifted toUi . For example,

U2 = {(u0, g1, u2, g2,K , ∆, f ,C) ∈ C8 | K = g1u0,

g2 = g1u2, g1 = 3C + 8∆f 2, g2 = 27∆2 − 4f 3, (3)

27u2
0 + 32∆(3f − 22∆u2)2 − g1(1− 144fu2

2 + 576∆u3
2) = 0 }.

One can eliminateK ,C , g2 by the 1st, 3rd and 4th equations, soU2 ⊂ X1

becomes a complete intersection inC5. By the Jacobian criterion, one can find
all the singular points ofU2 on the exceptional divisor: they form the curve
{u0 = g1 = ∆ = f = 0}.

In U3, one can eliminate all the variables butu0, u1, ∆, f , so U3 is a hyper-
surface inC4 defined by one equation:

U3 = {(u0, u1, ∆, f ) ∈ C4 | 27u2
0 + 32∆(3fu1 − 22∆)2

− (27∆2 − 4f 3)(u3
1 − 144fu1 + 576∆) = 0}

Applying again the Jacobian criterion, one finds: SingU3 ∩ σ−1
1 (C1) = {u0 =

∆ = f = 0}. Outside the exceptional divisor,σ1 is an isomorphism, hence the
singular locus ofX1 \σ−1

1 (C1) is formed by the proper transform̃C2 of the curve
C2 ⊂ X. Omitting further details, we state the following description of SingX1:

SingX1 = C̃2 ∪ C3 ,

where
C3 = σ−1

1 (0), 0 = {K = C = ∆ = f = 0} ∈ X .
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The curves̃C2 andC3 are non-singular and mutually tangent at the pointP ∈ U3,
whereP = {u0 = u1 = ∆ = f = 0}. The curveC3 is a locally trivial family of
singularities of typeA2 outside two pointsP and Q ∈ U2,Q = {g1 = ∆ = f =
u0 = u2 = 0}. The curveC̃2 is a locally trivial family of singularities of typeA3

outsideP.

2nd blow up

This is the blow upσ2 : X2 −→ X1 with centerC3. Despite the fact that the
local triviality of the singularities alongC3 ∩ U2 breaks atQ, the single blow
up suffices to resolve the singularities overC3 ∩ U2. First, look at the chartU2.
Eliminating K ,C , g2 from (3) as indicated above, we obtain:{

27∆2 − 4f 3 − g1u2 = 0
27u2

0 + 32∆(3f − 22∆u2)2 − g1(1− 144fu2
2 + 576∆u3

2) = 0
(4)

The blow up ofC3 ∩ U2 = {u0 = g1 = ∆ = f = 0} is covered by 4 charts
U2j , j = 0, 1, 2, 3. One has to write down equations ofX2 in the neighbourhood
of the exceptional locus in these charts and see that it is non-singular. We will
not explicitise all of these routine calculations, and show only how to do it in
one chartU20.

Substitute the blow up formulasu0 → u0, g1 → u0g1, ∆ → u0∆, f → u0f
into (4) and cancel by the biggest power ofu0:{

u0(27∆2 − 4u0f 3)− g1u2 = 0
27u0 + 32∆u2

0(3f − 22∆u2)2 − g1(1− 144u0fu2
2 + 576u0∆u3

2) = 0
(5)

As the singularities may occur only on the exceptional divisoru0 = 0, we can
localise in it, in particular, we may considerα0 = 1− 144u0fu2

2 + 576u0∆u3
2 as

an invertible function. So, the 2nd equation of (5) yields

g1 = α−1
0 (27u0 + 32∆u2

0(3f − 22∆u2)2).

Substituting this into the 1st one and cancelling one more factoru0, we obtain:

27∆2 − 4u0f 3 − α−1
0 (27 + 32∆u0(3f − 22∆u2)2)u2 = 0. (6)

As α0 ≡ 1(u0), ∂α0/∂u2 ≡ 0(u0), we have∂F0/∂u2|u0=0 = −27 /= 0, whereF0

denotes the l. h. s. of (6), so{F0 = 0} is non-singular in the neighbourhood of
{u0 = 0}. This implies thatX2 is non-singular everywhere inU20.

We omit the remaining verifications forU2 and pass further toU3. In U3, we
have:IC3 = (u0, ∆, f ). As in the first blow up,σ−1

2 (U3) is covered by three affine
charts, sayVi , i = 1, 2, 3. Calculations show that Singσ−1

2 (U3) is contained in
the proper transformC2 of C̃2. Along C2, we have a locally trivial family of
A3 singularities outside the pointR ∈ V3, at which C2 touches the exceptional
divisor of σ2. In formulas,
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V3 = {(v0, u1, v1, f ) ∈ C4 | 27v2
0 + 32f v1(3u1 − 22v1)2

− (27v2
1 − 4f )(u3

1 − 144fu1 + 576f v1) = 0}, (7)

{f = 0}, the exceptional divisor,

R = {v0 = u1 = v1 = f = 0},
u0 = f v0, ∆ = f v1, the formulas of the blow up

3rd blow up

σ3 : X3 −→ X2 is that of IC2
. From the above considerations, it follows that we

have to investigate onlyσ−1
3 (V3), asC2 represents a locally trivial family ofA3

singularities in other charts, and hence it is resolved by two subsequent blow
ups. InV3, we first change coordinates:

(v0, u1, v1, f ) −→ (v0, r1 = u1 + 2v1, v1, r2 = v2
1 + 4f ) .

The equation (7) ofV3 acquires the following form in the new coordinates:

V3 = {(v0, r1, v1, r2) ∈ C4 | 27v2
0 + 24v1(2r1v1 − 3r2)2

− 2r1(2r1v1 − 3r2)(7r1v1 − 6r2) + r 3
1 r2 = 0}.

The ideal to blow up is
IC2

= (v0, r1, r2) .

The blow up produces a new curve of singularitiesC4 ⊂ σ−1
3 (C2), which is a

locally trivial family of A1 singularities outside the pointS ∈ W2, where the
affine chartW2 is defined by

W2 = {(w0, v1, r1, w2) ∈ C4 | 27w2
0 + 24v1(2v1 − 3w2)2

− 2r1(2v1 − 3w2)(7v1 − 6w2) + r 2
1w2 = 0}, (8)

C4 = {2v1 − 3w2 = w0 = r1 = 0}, (9)

{r1 = 0}, the exceptional divisor,

S = {w0 = v1 = r1 = w2 = 0},
v0 = r1w0, r2 = r1w2, the formulas of the blow up.

4th blow up

σ4 : X4 −→ X3 is that of IC4. The only chart where the local triviality of sin-
gularities alongC4 is broken, isW2, so we have to investigate onlyσ−1

4 (W2).
Introduce new coordinate ˜v1 = 2v1 − 3w2, then (8) and (9) yield:

W2 = {(w0, ṽ1, r1, w2) ∈ C4 | 27w2
0 + 12ṽ2

1(ṽ1 + 3w2)

− r1ṽ1(7ṽ+9w2) + r 2
1w2 = 0},

IC4 = (w0, ṽ1, r1).

An easy calculation shows that the blow up ofIC4 is everywhere non-singular.
Hence,σ = σ4 ◦ σ3 ◦ σ2 ◦ σ1 : X4 −→ X is a resolution of singularities. It is
crepant, since it blows up only curves of Du Val singularities.
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4. Qualitative structure of the resolution

From our direct computation of the resolutionσ : X4 −→ X, one can extract
information on its qualitative structure, in particular, calculate the Euler number
χ(X4) = χ(σ−1(0)) and see that it is 6, which is exactly the number of conjugacy
classes inH168. In fact, the topology of the exceptional fibreE2 = σ−1(0) is
the following (see the picture of the componentE2 of the exceptional locus
on Fig. 1). It is a fibre bundle overP1 with generic fibreP1 ∨ P1 having two
degenerate fibres: one isP1, denoted byD21 on Fig. 1, (with multiplicity 2,
cycle-theoretically), and the other is a chain of threeP1’s D22∪D3∪D4 meeting
transversely. So, the Euler number ofE2 is

χ(E2) = χ(P1 \ {2 points})χ(P1 ∨ P1) + χ(D21) + χ(D22∪ D3 ∪ D4) = 6.

Here are some other consequences of the computation: the resolution has 4
exceptional divisors (one for each of the four blow ups).E1 (Fig. 1) is the proper
transform of the exceptional divisor of the 1st blow up; it is a fibre bundle over
the curveC1 of cA2 singularities inX whose generic fibre is a chain of twoP1’s,
that is a tree ofP1’s with dual graphA2 (this is what one should expect without
computing the resolution). Similarly, the union of the exceptional divisors of the
third and of the fourth blow ups,E3 ∪ E4, is fibred over thecA3 curve C2 in X
whose generic fibre is a tree with dual graphA3, oneP1 coming fromE4, and the
remaining two fromE3. Figure 1 shows the combinatorics of the intersections of
the exceptional divisors.Di or Dij denotes (the proper transforms of) the curves
that appeared at thei -th blow up.D1 is the curve of the nodes of the fibres ofE1

overC1; D20 is the curve of the nodes of the fibres of the fibre map ofE2 ontoP1

discussed in the previous paragraph, andD21,D22∪D3∪D4 its degenerate fibres.
Remark, that this is only topology of the exceptional locus that is represented by
Fig. 1; for example, in spite of the way in whichD21 is shown on the picture,E2

is non-singular alongD21 out of the pointD21∩D20, andD22 is a curve of cusp
singularities ofE2. On the contrary, the appearance ofD20 as a curve of cusps
of E1 complies with the truth.

Now we will interprete the structure of the exceptional locus ofσ from the
point of view of the generalised McKay correspondence of Ito – Reid [IR]. This
is a one-to-one correspondence between the set of conjugacy classes in a finite
subgroupG ⊂ SL(3,C) and the elements of a particular basis of the group of
algebraic cycles of a crepant resolutionX̃ of X = C3/G. I am going to describe
it briefly after Ito – Reid, loc. cit. They introduce theagegrading on the set of
conjugacy classes ofG by the following formula:

age(g) =
1
r

(a1 + a2 + a3) (g ∈ G),

where r is the order ofg, (εa1, εa2, εa3) is the spectrum ofg, 0 ≤ ai < r , i =
0, 1, 2, ε = exp2πi

r . Then the McKay correspondence sends conjugacy classes of
agei onto a basis of the cohomology groupH 2i (X̃) formed by algebraic cycles.
The unique class of age 0 is the identity, and it is mapped to the fundamental
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Fig. 1. The structure of the exceptional locus ofσ. Here are some incidence relations that are not
clearly seen on the picture:E1∩E2 = D20∪D3∪D4, E1∩E3 = E2∩E3 = D3, E1∩E4 = E2∩E4 =
D4 6⊂ E3

class [̃X] ∈ H 0(X̃). The classes of age 1 are mapped to the classes of exceptional
divisors in X̃ by the following rule: letg ∈ G, and Γ =< g > the cyclic
subgroup generated byg, then there is a unique exceptional divisorE[g] in X̃
such that the corresponding discrete valuationv of the function fieldk(X) =
k(C3)G is the one which has a lift ˜v to the fieldk(C3) with ramification group
Ram(ṽ/v) = Γ . In fact, v = 1

|Γ | ṽ|k(X) is uniquely determined by ˜v, and the latter

is the valuation defined on the monomialsxm ∈ k(C3) by ṽ(xm) =< α,m >,
whereα = (a1, a2, a3), and the coordinatesx1, x2, x3 on C3 are chosen in such a
way thatg = diag(εa1, εa2, εa3). Geometrically, ˜v can be realised as the valuation

associated to the exceptional divisorEα of the weighted blow upσα : C̃3
α → C3.

In particular, this implies that the centre of ˜v in C3 is the fixed locus Fix(Γ ).
Hence the image ofE[g] in X is the image of Fix(Γ ) under the quotient map
C3 → C3/G, which is either one point (the origin), or a curve. The classes [g]
of age 2 possess the following properties: 1) no one of theai is 0 (i=1,2,3);
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2) age (g−1) = 1; 3) according to the age 1 case,Γ =< g >=< g−1 > is the
ramification group of (the valuation, which is a lift of the one associated to) the
exceptional divisorE = E[g−1] . The property 1) can be interpreted as follows: the
image ofE[g−1] in X is the origin. Or else, the class ofE[g−1] is with compact
support, that is an element ofH 2

c (X̃,Q). One associates to it the algebraic cycle
[E[g−1] ]∗ in H 4(X̃,Q) by duality H 2

c (X̃,Q)∗ = H 4(X̃,Q).
The correspondence described above is explicitised for the case ofG = H168

in Table 1, which lists the orders, cardinalities, weight vectorsα = (a1, a2, a3),
ages and the corresponding algebraic cycles for all 6 conjugacy classes ofG.

Table 1. The McKay correspondence for Klein’s group

Order of [g] 1 3 2 4 7 7

card [g] 1 28 21 42 24 24

Weightα (0,0,0) (1,2,0) (1,1,0) (1,3,0) (1,2,4) (6,5,3)

age ([g]) 0 1 1 1 1 2

Cohomology class
associated to [g]

[X̃] [E1] [E4] [E3] [E2] [E2]∗
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