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�.�.�¥«ìæ®¢

�¥«ì íâ®© à ¡®âë á®áâ®¨â ¢ ¨áá«¥¤®¢ ¨¨ ¡¨à æ¨® «ì®© áâàãªâãàë £« ¤ª¨å £¨¯®-
¢¥àå®áâ¥© áâ¥¯¥¨ N ¢ PN ¯®áà¥¤áâ¢®¬ ¨§ãç¥¨ï á¢®©áâ¢ ¯®¤¢¨¦ëå «®£ ¯ à   ¨å.

�á¥ à áá¬ âà¨¢ ¥¬ë¥ ¬®£®®¡à §¨ï, ¥á«¨ ¥ ®£®¢®à¥® ¨ ç¥, ¯à®¥ªâ¨¢ë ¨ ®¯à¥-
¤¥«¥ë  ¤ ¯®«¥¬ C . �á®¢ë¥ ®¯à¥¤¥«¥¨ï, ¯®ïâ¨ï ¨ ®¡®§ ç¥¨ï á®¤¥à¦ âáï ¢
à ¡®â¥ [KaMaMa].

�¢â®à ¡« £®¤ à¥ �.�.�áª®¢áª¨å, �.�.Ǳãå«¨ª®¢ã ¨ �.�.�®ªãà®¢ã §  ¨â¥à¥áë¥
¨ ¯«®¤®â¢®àë¥ ®¡áã¦¤¥¨ï. � áâ®ïé ï à ¡®â  ¡ë«   ¯¨á   ¯à¨ ç áâ¨ç®© ¯®¤-
¤¥à¦ª¥ NSF £à â  DMS-9800807.

x1. �¢¥¤¥¨¥.

Ǳ®¤ ¯®¤¢¨¦®© «®£ ¯ à®©

(X;MX) = (X;
nX
i=1

biMi)

¬ë ¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì ¬®£®®¡à §¨¥ X ¢ á®¢®ªã¯®áâ¨ á ä®à¬ «ì®© ª®¥ç®©
«¨¥©®© ª®¬¡¨ æ¨¥© «¨¥©ëå á¨áâ¥¬ Mi ¡¥§ ¥¯®¤¢¨¦ëå ª®¬¯®¥â, â ª®© çâ®
¢á¥ bi 2 Q�0 .

�ë ¡ã¤¥¬ áç¨â âì, çâ® «®£ ª ®¨ç¥áª¨¥ ¤¨¢¨§®àë ¢á¥å à áá¬ âà¨¢ ¥¬ëå «®£ ¯ à
ï¢«ïîâáï Q -� àâì¥ ¤¨¢¨§®à ¬¨.

�¨áªà¥¯ â®áâì, â¥à¬¨ «ì®áâì, ª ®¨ç®áâì, ®â®¡à ¦¥¨¥ �¨â ª¨ I(X;MX)
¨ à §¬¥à®áâì �®¤ ¨àë �(X;MX) ¤«ï ¯®¤¢¨¦®© «®£ ¯ àë (X;MX) ®¯à¥¤¥«ïîâáï
  «®£¨ç® á®®â¢¥âáâ¢ãîé¨¬ ¯®ïâ¨ï¬ ¤«ï ®¡ëçëå «®£ ¯ à (á¬. [KaMaMa] ¨ [�¥]).

�ë ¡ã¤¥¬  §ë¢ âì ¥¯à¨¢®¤¨¬®¥ ¯®¤¬®£®®¡à §¨¥ Y � X æ¥âà®¬ ª ®¨ç¥áª¨å
®á®¡¥®áâ¥© ¯®¤¢¨¦®© «®£ ¯ àë (X;MX), ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¡¨à æ¨® «ìë©
¬®àä¨§¬ f :W ! X ¨ f -¨áª«îç¨â¥«ìë© ¤¨¢¨§®à E �W , çâ®

a(X;MX ; E) � 0 ¨ f(E) = Y:

�®¦¥áâ¢® ¢á¥å æ¥âà®¢ ª ®¨ç¥áª¨å ®á®¡¥®áâ¥© ¯®¤¢¨¦®© «®£ ¯ àë (X;MX)
¡ã¤¥â ®¡®§ ç âìáï CS(X;MX).

� ¤ «ì¥©è¥¬ ¯®¤¢¨¦ë¥ «®£ ¯ àë ¬ë ¡ã¤¥¬ ¤«ï ªà âª®áâ¨  §ë¢ âì ¯à®áâ® «®£
¯ à ¬¨.
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� íâ®£® ¬®¬¥â  X ¡ã¤¥â ®¡®§ ç âì ¤®áâ â®ç® ®¡éãî £« ¤ªãî £¨¯¥à¯®¢¥àå®áâì
áâ¥¯¥¨ N ¢ PN ¤«ï N � 5. � ¬¥â¨¬, çâ® â®£¤ 

Pic(X) = �ZKX ¨�KX � OPN(1)jX :

� áá¬®âà¨¬ � 2 Q>0 [ f+1g, â ª®¥ çâ® ¢ë¯®«¥® á®®â®è¥¨¥

KX + �MX �Q 0;

¯à¨ç¥¬ � = +1 ¤«ï MX = ;.
�á®¢®© à¥§ã«ìâ â ¤ ®© à ¡®âë á®áâ®¨â ¢ á«¥¤ãîé¥© â¥®à¥¬¥.
�¥®à¥¬  1.1. Ǳãáâì � = 1. �®£¤  «®£ ¯ à  (X;MX) ª ®¨ç , �(X;MX) = 0 ¨

CS(X;MX) =

�
;;

X \H ¤«ï «¨¥©®£® ¯à®áâà áâ¢  H à §¬¥à®áâ¨ N � 2:

�ë ¤®ª ¦¥¬ �¥®à¥¬ã 1.1 ¢ ¯ à £à ä å 3 ¨ 4,   ¢ ¯ à £à ä¥ 5 ¬ë ¢ë¢¥¤¥¬ ¨§ ¥�¥
á«¥¤ãîé¨© ¢ ¦ë© à¥§ã«ìâ â, ª®â®àë© ãâ®çï¥â �¥®à¥¬ã 1.1.
�¥®à¥¬  1.2. Ǳãáâì � = 1 ¨ CS(X;MX) 6= ;. �®£¤  £à ¨æ  MX ¯®¤¨¬ ¥âáï á

P1 ¯®áà¥¤áâ¢®¬ à æ¨® «ì®£® ®â®¡à ¦¥¨ï �P ¤«ï ¥ª®â®à®£® ¯ãçª  P ¢ j �KX j,
â ª®£® çâ®

CS(X;MX) = fBs(P)g:

� ¯®¬®éìî �¥®à¥¬ 1.1 ¨ 1.2 ¬ë ¤®ª ¦¥¬ ¢ ¯ à £à ä¥ 6 á«¥¤ãîé¨¥ ¤¢¥ â¥®à¥¬ë,
¢ ª®â®àëå à áá¬ âà¨¢ îâáï «®£ ¯ àë á � 6= 1.
�¥®à¥¬  1.3. Ǳãáâì � < 1 ¨ �(X;MX) 6= N � 1. �®£¤  «®£ ¯ à  (X;MX) ¥

ª ®¨ç , �(X;MX) = 1 ¨ áãé¥áâ¢ã¥â ¯ãç®ª P ¢ «¨¥©®© á¨áâ¥¬¥ j�KX j, â ª®©
çâ® £à ¨æ  MX ¯®¤¨¬ ¥âáï á P1 ¯®áà¥¤áâ¢®¬ à æ¨® «ì®£® ®â®¡à ¦¥¨ï �P ,

ª®â®à®¥ á®¢¯ ¤ ¥â á I(X;MX).
�¥®à¥¬  1.4. �á«¨ � > 1, â® �(X;MX) = �1 ¨ «®£ ¯ à  (X;MX) â¥à¬¨ «ì .
�á®¢ë¥ ¯à¨¬¥¥¨ï �¥®à¥¬ 1.1, 1.2, 1.3 ¨ 1.4 ¡ã¤ãâ ¤ ë ¢ ¯ à £à ä¥ 2.

x2. �¨à æ¨® «ì ï £¥®¬¥âà¨ï £¨¯¥à¯®¢¥àå®áâ¨ X.

� íâ®¬ ¯ à £à ä¥ ¬ë ®¯¨è¥¬ ®á®¢ë¥ ¯à¨¬¥¥¨ï �¥®à¥¬ 1.2, 1.3 ¨ 1.4.
Ǳãáâì X ï¢«ï¥âáï ¤®áâ â®ç® ®¡é¥© £« ¤ª®© £¨¯¥à¯®¢¥àå®áâìî áâ¥¯¥¨ N ¢ PN

¤«ï N � 5.
�¥®à¥¬  2.1. X ¡¨à æ¨® «ì® ¥ ¨§®¬®àä® à áá«®¥¨î1   ¬®£®®¡à §¨ï á

à §¬¥à®áâìî �®¤ ¨àë �1.

�®ª § â¥«ìáâ¢®. Ǳà¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¡¨à æ¨® «ì ï ¯¥à¥áâà®©ª  �
£¨¯¥à¯®¢¥àå®áâ¨ X ¢ â ª®¥ à áá«®¥¨¥ � : Y ! Z, çâ® à §¬¥à®áâì �®¤ ¨àë ¥£®
®¡é¥£® á«®ï à ¢  �1. Ǳ®«®¦¨¬

H = j��(H)j

1�ë ¡ã¤¥¬ áç¨â âì, çâ® ¢á¥ à áá«®¥¨ï ¨¬¥îâ á¢ï§ë¥ á«®¨, ¥ ¡¨à æ¨® «ìë ¨ ¡ §  à áá«®¥¨ï
¥ ï¢«ï¥âáï â®çª®©.
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¤«ï \¤®áâ â®ç® ¡®«ìè®£®" ®ç¥ì ®¡¨«ì®£® ¤¨¢¨§®à H   ¬®£®®¡à §¨¨ Z. �®§ì¬�¥¬
â ª®¥ � 2 Q>0 , çâ® ¤«ï «®£ ¯ àë

(X;MX) = (X;���1(H))

¢ë¯®«¥® á®®â®è¥¨¥
KX +MX �Q 0:

Ǳ®áâà®¥ ï «®£ ¯ à  (X;MX) ¥ â¥à¬¨ «ì , ¯®áª®«ìªã ¢ ¯à®â¨¢®¬ á«ãç ¥ ¤«ï
¥¡®«ìè¨å � 2 Q>0 ¢ë¯®«¥® à ¢¥áâ¢®

N � 1 = �(X; (1 + �)MX) = �1:

�¥®¡å®¤¨¬®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â â¥¯¥àì ¨§ �¥®à¥¬ë 1.2. �

�¥®à¥¬  2.2. X ¡¨à æ¨® «ì® ¥ ¨§®¬®àä® ¨ª ª®¬ã ¬®£®®¡à §¨î � ® á

ª ®¨ç¥áª¨¬¨ ®á®¡¥®áâï¬¨ ®â«¨ç®¬ã ®â á¥¡ï á ¬®£® ¨ Bir(X) = Aut(X).
�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â â ª®¥ ¡¨à æ¨® «ì®¥ ®â®¡à ¦¥¨¥

� : X 9 9 KY , çâ® Y ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ � ® á ª ®¨ç¥áª¨¬¨ ®á®¡¥®áâï¬¨.
Ǳ®ª ¦¥¬, çâ® â®£¤  � ¥áâì ¨§®¬®àä¨§¬.

�«ï n 2 Z�0 à áá¬®âà¨¬ «®£ ¯ àã

(Y;MY ) = (Y;
1

n
j � nKY j):

Ǳãáâì MX = ��1(MY ). �®£¤ 
�(X;MX) = 0:

� áá¬®âà¨¬ � 2 Q \ (0; 1], â ª®¥ çâ® ¢ë¯®«¥® á®®â®è¥¨¥

KX + �MX �Q 0:

�§ �¥®à¥¬ë 1.2 áà §ã á«¥¤ã¥â â¥à¬¨ «ì®áâì «®£ ¯ àë (X;�MX).
Ǳà¥¤¯®«®¦¨¬, çâ® � < 1. � áá¬®âà¨¬ Æ 2 Q \ (�; 1), â ª®¥ çâ® «®£ ¯ à  (X; ÆMX)

â¥à¬¨ «ì . �®£¤ 

N � 1 = �(X; ÆMX) � �(X;MX) = 0:

� ª¨¬ ®¡à §®¬, � = 1.
�ãé¥áâ¢ã¥â � 2 Q>1 , â ª®¥ çâ® ®¡¥ «®£ ¯ àë (X; �MX) ¨ (Y; �MY ) ¡ã¤ãâ ª ®¨ç¥-

áª¨¬¨ ¬®¤¥«ï¬¨. � ¢¨¤ã â®£®, çâ® ª ®¨ç¥áª ï ¬®¤¥«ì ¥¤¨áâ¢¥ , ¬ë ¯®«ãç ¥¬,
çâ® ®â®¡à ¦¥¨¥ � ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬. �

�¥®à¥¬  2.3. �á¥ ¡¨à æ¨® «ì® ¨§®¬®àäë¥ X à áá«®¥¨ï   ¬®£®®¡à §¨ï á

à §¬¥à®áâìî �®¤ ¨àë 0 ¡¨à æ¨® «ì® íª¢¨¢ «¥âë à áá«®¥¨¥   £¨¯¥à¯®¢¥àå-

®áâ¨ áâ¥¯¥¨ N ¢ PN�1, § ¤ ®¥ ¯ãçª®¬ £¨¯¥à¯«®áª¨å á¥ç¥¨© X.

�®ª § â¥«ìáâ¢®. Ǳãáâì áãé¥áâ¢ã¥â ¡¨à æ¨® «ì ï ¯¥à¥áâà®©ª  � £¨¯¥à¯®¢¥àå-
®áâ¨ X ¢ â ª®¥ à áá«®¥¨¥ � : Y ! Z, çâ® à §¬¥à®áâì �®¤ ¨àë ¥£® ®¡é¥£® á«®ï
à ¢  0. � ¬ ã¦® ¯®ª § âì, çâ® � Æ � = �P ¤«ï ¥ª®â®à®£® ¯ãçª  P ¢ j �KX j.
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�«ï \¤®áâ â®ç® ¡®«ìè®£®" ®ç¥ì ®¡¨«ì®£® ¤¨¢¨§®à  H   ¬®£®®¡à §¨¨ Z à á-
á¬®âà¨¬ ¯®«ãî «¨¥©ãî á¨áâ¥¬ã

H = j��(H)j:

�®£¤  ¤«ï «®£ ¯ àë
(X;MX) = (X; ��1(H))

¢ë¯®«¥® à ¢¥áâ¢®
�(X;MX) = dim(Z):

�áâ «®áì â®«ìª® ¯à¨¬¥¨âì à¥§ã«ìâ âë �¥®à¥¬ 1.2, 1.3 ¨ 1.4. �

x3. �®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.1, ç áâì I.

�®á¯®«ì§ã¥¬áï ®¡®§ ç¥¨ï¬¨ ¯ à £à ä  1 ¨ ¡ã¤¥¬ áç¨â âì, çâ® � = 1. �á®¢®©
à¥§ã«ìâ â íâ®£® ¯ à £à ä  á®áâ®¨â ¢ á«¥¤ãîé¥© â¥®à¥¬¥.
�¥®à¥¬  3.1. CS(X;MX) ¥ á®¤¥à¦¨â â®ç¥ª.

Ǳà¥¤¯®«®¦¨¬, çâ® CS(X;MX) á®¤¥à¦¨â £« ¤ªãî â®çªã O.
�ë ®âáâã¯¨¬ ®â  è¥£® á®£« è¥¨ï   ¯à¥¤¯®« £ ¥¬ãî ¯®¤¢¨¦®áâì à áá¬ âà¨-

¢ ¥¬ëå «®£ ¯ à. �ë  ¤¥¥¬áï, çâ® íâ® ¥ ¢¥á�¥â ¬®£® ¯ãâ ¨æë, ¯®áª®«ìªã ¡ã¤¥â
¨ â ª ¯®ïâ® ¯®¤¢¨¦  «®£ ¯ à  ¨«¨ ¥â.

� ¬ ¯® ¤®¡¨âìáï ®¤¨ ¢ à¨ â �¥®à¥¬ë 3.1 à ¡®âë [Co].
�¥¬¬  3.2. Ǳãáâì ¯®¤¢¨¦ ï «®£ ¯ à  (H;MH) ¥ «®£ ª ®¨ç  ¢ £« ¤ª®©

â®çª¥ O   ¯®¢¥àå®áâ¨. �®£¤ 

multP (M
2

H) > 4:

�«¥¤ãîé¨© à¥§ã«ìâ â ¯à¨ïâ®  §ë¢ âì ¥à ¢¥áâ¢®¬ �áª®¢áª¨å-Ǳãå«¨ª®¢ .
�¥¬¬  3.3. �ë¯®«¥® ¥à ¢¥áâ¢®

multO(M
2

X) > 4:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¤®áâ â®ç® ®¡é¨© ®ç¥ì ®¡¨«ìë© ¤¨¢¨§®à H  
¬®£®®¡à §¨¨ X, á®¤¥à¦ é¨© â®çªã O. �®£¤ 

multO(M
2

X) = multO((MX jH)
2)

¨
O 2 LCS(X;H +MX);

£¤¥ LCS ®¡®§ ç ¥â ¬®¦¥áâ¢® æ¥âà®¢ «®£ ª ®¨ç¥áª¨å ®á®¡¥®áâ¥© (á¬. [Co]).
�§ â¥®à¥¬ë �.�.�®ªãà®¢  ® á¢ï§®áâ¨ (á¬. [Co]) á«¥¤ã¥â, çâ®

O 2 LCS(H;MXjH):

Ǳ®¢â®àïï ®¯¨á ãî ª®áâàãªæ¨î, ¬ë ¬®¦¥¬ áç¨â âì, çâ® X ¤¢ã¬¥à® ¨ «®£ ¯ à 
(X;MX) ¥ «®£ ª ®¨ç  ¢ â®çª¥ O. �¥¯¥àì ãâ¢¥à¦¥¨¥ á«¥¤ã¥â ¨§ �¥¬¬ë 3.2. �

�®ª § â¥«ìáâ¢® �¥®à¥¬ë 3.1. �«¥¤áâ¢¨¥ à ¡®âë [Ǳã2] ¨ �¥¬¬ë 3.3. �
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x4. �®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.1, ç áâì II.

� íâ®¬ ¯ à £à ä¥ ¬ë § ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.1. �®á¯®«ì§ã¥¬áï ®¡®-
§ ç¥¨ï¬¨ ¯ à £à ä  1 ¨ ¯à¥¤¯®«®¦¨¬, çâ® � = 1.

� á¨«ã ¯à¥¤ë¤ãé¥£® ¯ à £à ä , ¬ë ¬®¦¥¬ áç¨â âì, çâ® CS(X;MX) á®¤¥à¦¨â
¬®£®®¡à §¨¥ S ¥ã«¥¢®© à §¬¥à®áâ¨. �§ à ¡®âë [Ǳã1] á«¥¤ã¥â, çâ®

multS(MX) = 1

¨, ¢ ç áâ®áâ¨, «®£ ¯ à  (X;MX) ª ®¨ç .
�¥¬¬  4.1. �ë¯®«¥® à ¢¥áâ¢® dim(S) = N � 3.
�®ª § â¥«ìáâ¢®. Ǳãáâì f : W ! X { à §¤ãâ¨¥ ®¡é¥© â®çª¨2 ¬®£®®¡à §¨ï S.

�®£¤ 
a(X;MX ; E) = N � 2� dim(S)�multS(MX) = N � 3� dim(S):

�á«¨ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¥ ¢ë¯®«¥®, â® áãé¥áâ¢ã¥â ¬®£®®¡à §¨¥ T � E, â ª®¥
çâ® ¬®àä¨§¬ f jT : T ! S áîàê¥ªâ¨¢¥ ¨

T 2 CS(W; f�1(MX)� a(X;MX ; E)E)

¨, ¢ ç áâ®áâ¨,
multS(MX) � multT (f

�1(MX)) > 1:

�

� ª¨¬ ®¡à §®¬, ¬ë ¬®¦¥¬ áç¨â âì, çâ® dim(S) = N � 3.
�¥¬¬  4.2. deg(S) � N .

�®ª § â¥«ìáâ¢®. N = (�KX)
N�3 �M2

X � multS(M
2

X)deg(S). �

�®¦® áç¨â âì, çâ® deg(S) 6= 1. �«¥¤ãîé ï «¥¬¬  á®áâ ¢«ï¥â ®á®¢ãî â¥å¨ç¥-
áªãî âàã¤®áâì ¤ ®£® ¯ à £à ä .
�¥¬¬  4.4. S á®¤¥à¦¨âáï ¢ «¨¥©®¬ ¯à®áâà áâ¢¥ à §¬¥à®áâ¨ N � 2.
�®ª § â¥«ìáâ¢®. � áá¬ âà¨¢ ï ¯¥à¥á¥ç¥¨ï á ¤®áâ â®ç® ®¡é¨¬¨ £¨¯¥à¯«®áª¨-

¬¨ á¥ç¥¨ï¬¨, ¬®¦® áç¨â âì, çâ® X ¥áâì £¨¯¥à¯®¢¥àå®áâì áâ¥¯¥¨ N ¢ P4, á®¤¥à-
¦ é ï ªà¨¢ãî S. � ¬ ã¦® ¯®ª § âì, çâ® ªà¨¢ ï S á®¤¥à¦¨âáï ¢ ¯«®áª®áâ¨.

Ǳà¥¤¯®«®¦¨¬ ®¡à â®¥ ¨ ¯®«ãç¨¬ ¯à®â¨¢®à¥ç¨¥, ¢®á¯®«ì§®¢ ¢è¨áì ¯à¨�¥¬®¬ à -
¡®âë [Ǳã1].

� áá¬®âà¨¬ ¤®áâ â®ç® ®¡é¨© ª®ãá RS  ¤ ªà¨¢®© S. �®£¤ 

RS \X = S [ ~S

¨
deg( ~S) = (N � 1)deg(S):

Ǳãáâì
Z = Supp([ni=1Bs(Mi)):

2�ë ¬®¦¥¬ áç¨â âì ¬®£®®¡à §¨¥ W ª¢ §¨¯à®¥ªâ¨¢ë¬.
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�®£¤  S � Z, ® ¨§ ®¡é®áâ¨ ª®ãá  RS á«¥¤ã¥â, çâ® ~S 6� Z. �®«¥¥ â®£®, ªà¨¢ë¥ S ¨
~S ¯¥à¥á¥ª îâáï ¢ (N � 1)deg(S) à §«¨çëå â®çª å (á¬. [Ǳã1]).
� ¤àã£®© áâ®à®ë,

(N � 1)deg(S) = deg( ~S) = deg(MX j ~S) � (N � 1)deg(S)multS(MX) = (N � 1)deg(S):

�«¥¤®¢ â¥«ì®, ªà¨¢ ï ~S ¯¥à¥á¥ª ¥âáï á £à ¨æ¥© MX â®«ìª® ¢ â®çª å S \ ~S.
� ¬¥â¨¬, çâ® ®¡é ï á¥ªãé ï ªà¨¢®© S ¯¥à¥á¥ª ¥â X à®¢® ¢ N â®çª å, ¯®áª®«ìªã

¢ ¯à®â¨¢®¬ á«ãç ¥ ®  á®¤¥à¦¨âáï ¢ X ¨ ¤®«¦  ¡ëâì ª®¬¯®¥â®© Z.
� áá¬®âà¨¬ ¤¨¢¨§®à

D =
nX
i=1

biMi;

£¤¥ Mi íâ® ¤®áâ â®ç® ®¡é¨© ¤¨¢¨§®à ¨§ «¨¥©®© á¨áâ¥¬ë Mi. Ǳ® ¯à¥¤¯®«®¦¥¨î

multS(D) = 1:

�®§ì¬�¥¬ ¤¢¥ ¤®áâ â®ç® ®¡é¨¥ â®çª¨ PS ¨ PD   ªà¨¢®© S ¨ ¤¨¢¨§®à¥ D á®®â-
¢¥âáâ¢¥®. � áá¬®âà¨¬ ¯àï¬ãî L, ¯à®å®¤ïéãî ç¥à¥§ â®çª¨ PS ¨ PD, ¨ ¤®áâ â®ç®
®¡éãî â®çªã P   ¥©. Ǳãáâì RS;P { ª®ãá  ¤ ªà¨¢®© S á ¢¥àè¨®© ¢ â®çª¥ P ¨

RS;P \X = S [ ~SP :

�ë ¯®ª § «¨ à ¥¥ ªà¨¢ ï ~SP «¨¡® á®¤¥à¦¨âáï ¢ ¤¨¢¨§®à¥ D, «¨¡® ¯¥à¥á¥ª ¥âáï
á ¨¬ â®«ìª® ¢ â®çª å S \ ~SP .

Ǳ® ¯®áâà®¥¨î

PD 2 ~SP \D ¨ PD 62 S:

�«¥¤®¢ â¥«ì®,
~SP � D

¨, ¢ ç áâ®áâ¨,

L \X � D:

Ǳ®áª®«ìªã ¯®á«¥¤¥¥ ãá«®¢¨¥ § ¬ªãâ®¥, â® ¬ë ¬®¦¥¬ áç¨â âì, çâ® â®çª  PD ¯à¨-
 ¤«¥¦¨â ªà¨¢®© S, ® ¥ á®¢¯ ¤ ¥â á â®çª®© PS . �âªã¤  á«¥¤ã¥â, çâ® ®¡é ï á¥ªãé ï
ªà¨¢®© S ¯¥à¥á¥ª ¥â Z ¢ N à §«¨çëå â®çª å.

� ¤àã£®© áâ®à®ë, ª ¦¤®¥ ¯®¤¬®¦¥áâ¢® A ¯¥à¥á¥ç¥¨ï Z á ®¡é¨¬ £¨¯¥à¯«®áª¨¬
á¥ç¥¨¥¬, ª®â®à®¥ á®áâ®¨â ¨§ âà�¥å ª®««¨¥ àëå â®ç¥ª, ¤®«¦® á®¤¥à¦âáï ¢ ¯«®áª®©
ª®¬¯®¥â¥ íâ®£® Z. �

�®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.1. � ¢¨¤ã �¥®à¥¬ë 3.1 ¨ �¥¬¬ 4.1 ¨ 4.3 ¬ë ¬®¦¥¬
áç¨â âì, çâ® ®¡ê¥¤¨¥¨¥ ¢á¥å æ¥âà®¢ CS(X;MX) ¥áâì ¬®£®®¡à §¨¥ S à §¬¥à®áâ¨
N � 3, á®¤¥à¦ é¥¥áï ¢ «¨¥©®¬ ¯à®áâà áâ¢¥ T à §¬¥à®áâ¨ N � 2. � á¨«ã �¥¬¬ë
4.2 ¨ ®¡é®áâ¨ £¨¯¥à¯®¢¥àå®áâ¨ X ¬ë ¬®¦¥¬ áç¨â âì, çâ® deg(S) 2 (1; N).
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� áá¬®âà¨¬ ¯ãç®ª HT   £¨¯¥à¯®¢¥àå®áâ¨ X, á®áâ®ïé¨© ¨§ ¬®£®®¡à §¨©, ¢ëá¥-
ª ¥¬ëå £¨¯¥à¯«®áª®áâï¬¨, ª®â®àë¥ á®¤¥à¦ â «¨¥©®¥ ¯à®áâà áâ¢® T . �®£¤ 

X \ T = S [
rX
i=1

Si;

£¤¥ Si íâ® ¥¯à¨¢®¤¨¬ë¥ ¨ ¯à¨¢¥¤�¥ë¥ ¬®£®®¡à §¨ï   £¨¯¥à¯®¢¥àå®áâ¨ X. � ¬
¤®áâ â®ç® ¯®ª § âì, çâ® ¢á¥ Si á®¤¥à¦ âìáï ¢ CS(X;MX).

� ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ �¥¬¬ë 4.3, à áá¬ âà¨¢ ï ¯¥à¥á¥ç¥¨ï á ¤®áâ â®ç® ®¡é¨-
¬¨ £¨¯¥à¯«®áª¨¬¨ á¥ç¥¨ï¬¨, ¬®¦® áç¨â âì, çâ®

dim(X) = 3; deg(X) = N; dim(T ) = 2 ¨ dim(S) = dim(Si) = 1 ¤«ï i = 1; : : : ; r:

� íâ¨å ¯à¥¤¯®«®¦¥¨ïå,  ¬ ¤®áâ â®ç® ¯®ª § âì, çâ® ¤«ï ¢á¥å Si

multSi(MX) � 1:

� áá¬®âà¨¬ £« ¤ªãî ¯®¢¥àå®áâì D ¨§ ¯ãçª  HT . �®ª ¦¥¬, çâ®   ¥© ä®à¬ 
¯¥à¥á¥ç¥¨ï ªà¨¢ëå Si ®âà¨æ â¥«ì® ®¯à¥¤¥«¥ . �®-¯¥à¢ëå,   ¯®¢¥àå®áâ¨ D

(
rX
i=1

Si) � Sj = (DjD � S) � Sj = deg(Sj)� S � Sj :

�®-¢â®àëå,   ¯«®áª®áâ¨ T

deg(Sj)� S � Sj = deg(Sj)� deg(S)deg(Sj) < 0:

�-âà¥âì¨å,
(S � Sj)D = (S � Sj)T ;

¯®áª®«ìªã ¢á¥ ªà¨¢ë¥ Sj ®â«¨çë ®â ªà¨¢®© S ¨ ¯®¢¥àå®áâì D £« ¤ª ï. �§ à ¡®âë
[Ar] á«¥¤ã¥â ®âà¨æ â¥«ì®áâì ä®à¬ë ¯¥à¥á¥ç¥¨ï ªà¨¢ëå Si   ¯®¢¥àå®áâ¨ D.

�¨¢¨§®à

MX jD � S �
rX
i=1

multSi(MX)Si

ç¨á«¥® íää¥ªâ¨¢¥   ¯®¢¥àå®áâ¨ D. � ¤àã£®© áâ®à®ë

MX jD � S �
rX
i=1

multSi(MX)Si �Q

rX
i=1

(1�multSi(MX))Si

¨   ¯®¢¥àå®áâ¨ D

rX
i=1

(1�multSi(MX))Si � Sj � 0 ¤«ï j = 1; : : : ; r:

�§ ®âà¨æ â¥«ì®áâi ä®à¬ë ¯¥à¥á¥ç¥¨ï ªà¨¢ëå Si   ¯®¢¥àå®áâ¨ D á«¥¤ã¥â, çâ® ¢á¥

multSi(MX) � 1:

�
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x5. �®£ ¯ àë á à §¬¥à®áâìî �®¤ ¨àë 0.

� íâ®¬ ¯ à £à ä¥ ¬ë ¯®ª ¦¥¬, ª ª �¥®à¥¬  1.2 ¢ë¢®¤¨âáï ¨§ �¥®à¥¬ë 1.1.
�®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.2. Ǳãáâì ¬®£®®¡à §¨¥ S ¥áâì ®¡ì¥¤¨¥¨¥ ¢á¥å

í«¥¬¥â®¢ CS(X;MX). �§ �¥®à¥¬ë 1.1 á«¥¤ã¥â, çâ® à §¬¥à®áâì S à ¢  N � 3 ¨ S
á®¤¥à¦¨âáï ¢ «¨¥©®¬ ¯à®áâà áâ¢¥ T à §¬¥à®áâ¨ N � 2.

� áá¬®âà¨¬ ¯ãç®ªHT   £¨¯¥à¯®¢¥àå®áâ¨ X, á®áâ®ïé¨© ¨§ £¨¯¥à¯«®áª¨å á¥ç¥¨©
X, ª®â®àë¥ á®¤¥à¦ â ¬®£®®¡à §¨¥ S. � §à¥è¨¬ ¥®¯à¥¤¥«�¥®áâ¨ à æ¨® «ì®£®
®â®¡à ¦¥¨ï �HT

¯®áà¥¤áâ¢®¬ ¬®àä¨§¬  f : W ! X, â ª®£® çâ® ¬®£®®¡à §¨¥ W
£« ¤ª®¥,  ¤ ®¡é¥© â®çª®© ª ¦¤®© ¥¯à¨¢®¤¨¬®© ª®¬¯®¥âë ¬®£®®¡à §¨ï S «¥¦¨â
à®¢® ®¤¨ ¤¨¢¨§®à ¨ f { ¨§®¬®àä¨§¬ ¢¥ S. Ǳ®«®¦¨¬

g = �HT
Æ f ¨ E = f�1(S):

� áá¬®âà¨¬ ®¡é¨© á«®© D ¬®àä¨§¬  g. �®£¤ 

D � f�(�KX)� E �
kX
i=1

aiFi;

£¤¥ ¢á¥ ai 2 N ¨ ¤«ï ¢á¥å ¤¨¢¨§®à®¢ Fi

dim(f(Fi)) � N � 4:

�ë¯®«¥® á®®â®è¥¨¥

f�1(MX)jD �Q

kX
i=1

ciFijD;

£¤¥ ¢á¥ ci 2 Q . �âªã¤  á«¥¤ã¥â, çâ® f�1(MX) «¥¦¨â ¢ á«®ïå ¬®àä¨§¬  g. �

x6. �®£ ¯ àë á ¥ã«¥¢®© à §¬¥à®áâìî �®¤ ¨àë.

� íâ®¬ ¯ à £à ä¥ ¬ë ¢ë¢¥¤¥¬ �¥®à¥¬ë 1.3 ¨ 1.4 ¨§ �¥®à¥¬ 1.1 ¨ 1.2.
�®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.3. �ã¤¥¬ áç¨â âì, çâ® �(X;MX) 6= N�1. �§ �¥®à¥-

¬ë 1.1 ¢ëâ¥ª ¥â, çâ® «®£ ¯ à  (X;�MX) ª ®¨ç  ¨ �(X;�MX) = 0. �«¥¤®¢ â¥«ì®

�(X;MX) � �(X;�MX) � 0:

Ǳà¥¤¯®«®¦¨¬, çâ® «®£ ¯ à  (X;�MX) â¥à¬¨ «ì . �®§ì¬�¥¬ Æ 2 Q \ (�; 1), â ª®¥
çâ® «®£ ¯ à  (X; ÆMX) â ª¦¥ â¥à¬¨ «ì . �®£¤ 

N � 1 = �(X; ÆMX) � �(X;MX) < N � 1:

�«¥¤®¢ â¥«ì®, CS(X;�MX) 6= ; ¨ ¥®¡å®¤¨¬ë© à¥§ã«ìâ â ¥á«®¦® á«¥¤ã¥â ¨§ �¥-
®à¥¬ 1.1 ¨ 1.2. �

�®ª § â¥«ìáâ¢® �¥®à¥¬ë 1.4. Ǳ® �¥®à¥¬¥ 1.1 «®£ ¯ à  (X;�MX) ª ®¨ç .
�«¥¤®¢ â¥«ì®, «®£ ¯ à  (X;MX) â¥à¬¨ «ì  ¨ �(X;MX) = �1. �
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