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x1. Introduction.

In this paper we describe an e�ective method of regularization of �nite subgroups of
birational automorphisms of algebraic surfaces and 3-folds. We apply the result obtained
to the double cover of the quadric 3-fold and del Pezzo surfaces of degree 2 and 3 over an
algebraically non-closed �eld. In particular, we answer a question of Yu.I.Manin posed in
book [1].

Consider the following well known result.

Theorem 1.1. Let X and Y be varieties with canonical singularities and ample cano-

nical divisors. Then every birational map between X and Y is actually biregular.

In particular Theorem 1.1 implies the following corollary.

Corollary 1.2. Suppose that the singularities of a variety X are canonical and the

divisor KX is ample. Then every birational automorphism of X is biregular.

Now the Minimal Model Program (see [2]) implies the following result.

Theorem 1.3. Let X be a surface or 3-fold of general type. Then there is a birational

transformation  : X 9 9 KV , such that  ÆBir(X) Æ �1 = Aut(V ).

Unfortunately the statement of Theorem 1.3 fails for varieties which are not varieties of
general type.

De�nition 1.4. For a given variety X a subset S of the group Bir(X) is said to be
regularized on V by the birational map  : X 9 9 KV if  Æ S Æ �1 � Aut(V ). In addition
we will say that the map  is a regularization of the set S � Bir(X).

Note that every regularizable subset of the group of birational automorphisms generates
an regularizable subgroup. Therefore from now on we will consider regularizable subgroups
rather than subsets.

Note also that regularization of birational automorphisms is not uniquely de�ned and
there are birational automorphisms without any regularization at all. I.Dolgachev proved
the following result.
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Statement 1.5. SuÆciently general standard quadratic transformations of the projec-

tive plane are not regularizable.

Proof. Let T be some suÆciently general standard quadratic transformations of the
projective plane P2. We may assume that T has in�nite order and has three fundamental
points. Consider a regularization f : X ! P 2 of T and the biregular automorphism

g = f�1 Æ T Æ f:

Suppose that x1; : : : ; xn are fundamental points of f�1, such that they are not
fundamental points of T , and such that the points T (x1); : : : ; T (xn) are not fundamental
points of the birational map T�1. Consider the corresponding exceptional curves Ei.

The curve g(Ei) is blown down to a point yi = T (xi) by the morphism f and must also
be blown down to a point xj by f , because by assumption yi is not a fundamental point
of T�1. Therefore g permutes the curves Ei and some power gN of g acts trivially on the
curves Ei. So we can blow down the curves Ei to get a regularization

h : S ! P2

of the birational automorphism TN , such that h has fewer than 6 fundamental points:
three for the map T and three for the map T�1.

Note that by construction the biregular automorphism

h�1 Æ TN Æ h

has in�nite order. On the other hand the automorphism group of any surface obtained by
blowing up 4 � n � 8 points on P2 is �nite. Thus h is a blow up of 3 points or fewer and the
fundamental points of T and T�1 coincide. However, a general quadratic transformation
does not satisfy this property. �

Note that the group Bir(P2) is generated by projective automorphisms of P2 and
Cremona involutions which are all regularizable.

Corollary 1.6. Regularizable elements of the group of birational automorphisms do not
necessarily form a subgroup.

So it is natural to try to describe regularizable subgroups of the group of birational
automorphisms of a given variety together with their regularizations. In general such a
problem seems to be very hard, but the following result is well known.

Theorem 1.7. Let X be an arbitrary algebraic variety and G be some �nite subgroup

of Bir(X). Then the group G is regularizable.

Proof. Let K(X) be a �eld of rational function on X, Y be any normal projective
model of the �eld K(X)G and V be a normalization of Y in K(X). Then V is birationally
equivalent to the variety X and the group G acts biregularly on V . �

However, the proof of Theorem 1.7 is not e�ective { for a given �nite subgroup of the
group of birational automorphisms one can only �nd its regularization with great diÆculty
using this proof.
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Remark 1.8. The main purpose of this paper is to give a new and e�ective way of
regularization of �nite groups of birational automorphisms of surfaces and 3-folds.

In chapter 6 we will apply our method to obtain regularizations of birational involutions
of the double cover of the 3-fold quadric.

Application of the equivariant resolution of singularities and the Minimal Model Program
gives the following generalization of Theorem 1.7.

Theorem 1.9. Let X be a variety of dimension not greater than 3 and G be a �nite

subgroup of Bir(X). Then there is a birational map  : X 9 9 KY , such that Y has terminal

possibly non-Q -factorial singularities and either the canonical divisor KY is nef or Y has

the structure of a  ÆG Æ �1-invariant Fano �bration.

Later we will apply e�ective regularization to birational automorphisms of so-called
birationally rigid Fano varieties.

De�nition 1.10. A Fano variety X is said to be birationally rigid if it has Q -factorial
terminal singularities, Pic(X) = Z and X is not birationally equivalent to any Mori
�brations except X itself.

Note that Theorem 1.9 implies the following corollary.

Theorem 1.11. Let X be a birationally rigid del Pezzo surface or Fano 3-fold and G

be a �nite subgroup in Bir(X). Then there is a birational map  : X 9 9 KY , such that Y

is a Fano variety with terminal singularities and  ÆG Æ �1 � Aut(Y ).

Therefore Theorem 1.11 gives us a way to classify all �nite subgroups of the group of
a birational automorphisms of birationally rigid del Pezzo surface or Fano 3-fold. We will
apply Theorem 1.11 to the double cover of the 3-fold quadric in chapter 6, to the singular
quartic 3-fold in chapter 7 and to the cubic surface in P3 and the double cover of P2 in
chapter 4.

Now we consider some open questions related to the regularization of birational auto-
morphisms.

Conjecture 1.12. The group of birational automorphisms is generated by regularizable

automorphisms.

Note that the subgroup of the group of birational automorphisms generated by regula-
rizable birational automorphisms is normal.

Remark 1.13. Conjecture 1.12 holds for a variety X if Bir(X) is simple.

Note that Bir(P2) and Bir(P3) are conjectured to be simple.

Conjecture 1.14. For a given variety X there is a set of generators of the group

Bir(X) which are regularizable on varieties lying in the �nite number of families.

It is well known that Conjectures 1.12 and 1.14 hold for surfaces and for every Fano
3-fold which has been proved to be birationally rigid (see [3] and [4]).
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x2. Movable log pairs.

Now we will consider some properties of special log pairs which were originally introduced
by V.Alexeev in [5]. Results of this chapter will play a crucial role in the construction of
the regularization algorithm in the next chapter.

De�nition 2.1. A movable log pair

(X;MX) = (X;
nX
i=1

biMi)

is a varietyX together with a formal �nite linear combination of linear systemsMi without
�xed components, such that all bi are non-negative rational numbers.

Note that every movable log pair can be considered as a usual log pair. So for a given
movable log pair (X;MX) we will say that KX +MX is a log canonical divisor and MX is
a boundary of this movable log pair.

Remark 2.2. The strict transform of a boundary of any movable log pair is naturally
de�ned for any birational map.

In the case where the log canonical divisor of a movable log pair is a Q -Cartier divisor
we can de�ne discrepancies, terminality and canonicity for movable log pairs in the same
way as for usual log pairs.

De�nition 2.3. The movable log pairs (X;MX) and (Y;MY ) are birationally equivalent
if there is a birational map � : X 9 9 KY , such that MY = �(MX).

Note that every movable log pair is birationally equivalent to a movable log pair with
canonical singularities.

De�nition 2.4. Given a movable log pair (X;MX), consider a birationally equivalent
movable log pair (W;MW ) with canonical singularities and choose n � 0, such that the
divisor

D = n(KW +MW )

is Cartier. Then the Iitaka dimension of the pair (X;D) is called the Kodaira dimension
�(X;MX) of the movable log pair (X;MX).

One can show that the Kodaira dimension of a movable log pair is well de�ned. Morever,
Kodaira dimensions of birationally equivalent movable log pairs are equal.

Remark 2.5. The Kodaira dimension of a movable log pair is a non-decreasing function
of the coeÆcients of the boundary.

The following de�nition coincides with the classical one when the movable boundary is
empty.

De�nition 2.6. A movable log pair (V;MV ) is said to be a minimal model of the movable
log pair (X;MX) if they are birationally equivalent, the divisorKV +MV is nef and (V;MV )
has terminal Q -factorial singularities.

4



Note that a minimal model may not exist and may not be unique. Nevertheless, minimal
models are important due to the following conjecture.

Conjecture 2.7. Let (X;MX) be an arbitrary movable log pair. Then either the

Kodaira dimension of (X;MX) is non-negative and (X;MX) is birationally equivalent to

minimal model, or �(X;MX) = �1 and the movable log pair (X;MX) is birationally

equivalent to a movable log pair (Y;MY ) with terminal Q -factorial singularities, such that

the variety Y has the structure of a Mori �bration f : Y ! Z and the divisor �(KY +MY )
is f -ample.

Note that the regular Log Minimal Model Program (see [2]) implies Conjecture 2.7 in
dimensions two and three.

Statement 2.8. Conjecture 2.7 holds for surfaces and 3-folds.

Now we will consider a morphism related with the minimal model of a movable log pair.

De�nition 2.9. Suppose that the movable log pair (X;MX) is a minimal model. Then
a morphism I(X;MX) : X ! Z is called the Iitaka morphism of the movable log pair
(X;MX) if for some ample Q -Cartier divisor L on the variety Z

KX +MX �Q I(X;MX)
�(L)

and I(X;MX)�(OX) = OZ .

What can be said about the existence of Iitaka morphisms?

Conjecture 2.10. The Iitaka morphism of a minimal model of a movable log pair

exists.

Note that the regular Log Abundance Conjecture (see [2]) implies Conjecture 2.9. There-
fore Conjecture 2.9 holds for all surfaces and 3-folds (see for example [6]).

Statement 2.11. Let X be an algebraic surface or 3-fold and (X;MX) be a movable

log pair. Then the Iitaka morphism of the minimal model of the movable log pair (X;MX)
exists.

The minimal model of a movable log pair may not be unique. Nevertheless, the following
rational map is unique.

De�nition 2.12. Suppose that the movable log pair (X;MX) is birationally equivalent
to the minimal model (V;MV ) by means of a birational map � : X 9 9 KV and that the
Iitaka map of the movable log pair (V;MV ) exists. Then the map

I(X;MX) = I(V;MV ) Æ �

is called the Iitaka map of the movable log pair (X;MX).

One can show that in De�nition 2.12 the Iitaka map of a movable log pair does not
depend on the choice of minimal model.

The following model is a straightforward generalization of the classical canonical model.
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De�nition 2.13. A movable log pair (V;MV ) is said to be a canonical model of the
movable log pair (X;MX) if they are birationally equivalent, the divisor KV + MV is
ample and the singularities of (V;MV ) are canonical.

The next result follows from a similar statement for regular log pairs (see [6]).

Theorem 2.14. The canonical model of a movable log pair is unique if it exists.

Note that Theorem 2.14 implies the following important result.

Corollary 2.15. Suppose that (X;MX) is a canonical model. Then every birational
automorphism of X preserving the movable log pair (X;MX) is biregular.

The existence of a canonical model of the movable log pair (X;MX) implies that
�(X;MX) equals the dimension of X. Moreover up to Conjecture 2.7 the converse is
also true (see [2]).

x3. Effective regularization.

In this chapter we will explicitly describe an algorithm to �nding a regularization of a
�nite group of birational automorphisms.

Let X be a 3-fold or surface and G be a �nite subgroup of Bir(X). Fix some very ample
divisor H on X together with a non-negative rational number � and put

(X;H�
X) = (X;

X
g2G

�g(jHj)):

Note that the movable log pair (X;H�
X) is G-invariant.

Lemma 3.1. �(X;H�
X) = dim(X) for �� 0.

Proof. The Kodaira dimension of a movable log pair is a non-decreasing function of the
coeÆcients of the boundary. Thus

�(X;H�
X) � �(X;�jHj):

On the other hand ampleness of H leads to �(X;�jHj) = dim(X) for m� 0. �

Now �(X;H�
X) = dim(X) for suÆciently large � by Lemma 3.1. Therefore Statements

2.8 and 2.11 gives us a birational map � : X 9 9 KV , such that the movable log pair

(V;H�
V ) = (�(X); �(H�

X))

is the canonical model of the movable log pair (X;H�
X).

Lemma 3.2. � is a regularization of G.

Proof. The movable log pair (V;H�
V ) is � ÆGÆ�

�1-invariant canonical model. Therefore
the claim follows from Corollary 2.15. �

So we have e�ectively constructed the regularization of the group G. In particular, we
got an effective proof of Theorem 1.7 for surfaces and 3-folds. Together with G-invariant
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resolution of singularities and the Log Minimal Model Program this will give an e�ective
way of regularization of G which satis�es all the conditions of Theorem 1.9.

Now we will show that the singularities of V are canonical.

Lemma 3.3. The singularities of V are canonical.

Proof. The Second Main Theorem of [6] implies that for some rational number Æ > �

the canonical model of the movable log pair (X;HÆ
X) is (V;H

Æ
V ). In particular, both of the

log canonical divisors
KV +H

�
V and KV +HÆ

V

are Q -Cartier divisors. Therefore the canonical divisor

KV �Q (KV +H
�
V )�

�

Æ � �
[(KV +HÆ

V )� (KV +H
�
V )]

is Q -Cartier.
Note that the movable log pair (V;H�

V ) is a canonical model. In particular, singularities
of the movable log pair (V;H�

V ) are canonical. On the other hand the canonicity of V
follows from the canonicity of movable log pair (V;H�

V ) and the fact that KV is Q -Cartier
divisor. �

x4. Del Pezzo Surfaces.

In this chapter we will consider del Pezzo surfaces over an algebraically non-closed �eld
in the framework of regularization of birational automorphisms.

Fix a smooth del Pezzo surface X with Pic(X) = Z and K2
X equal to 2 or 3. Note that

the condition Pic(X) = Z implies that the base �eld F is not algebraically closed.

Remark 4.1. It is well known that

X �=

(
double cover of P2 rami�ed in a smooth quartic curve if K2

X = 2;

cubic in P3 if K2
X = 3:

Let us �rst recall the construction of Bertini and Geizer involutions of X. Consider a
birational morphism f : W ! X, such that the surface W is smooth and K2

W > 0. From
the condition Pic(X) = Z it follows that the anticanonical divisor �KW is nef and big.
Thus the linear system j�nKW j is free for n� 0 and gives a birational morphism to some
normal del Pezzo surface V of degree 1 or 2 having canonical singularities.

De�nition 4.2. We will say that the birational map �j�nKW j Æ f
�1 is a standard

transformation of the del Pezzo surface X into the del Pezzo surface V .

Actually one can show that

V �=

(
double cover of quadric cone in P3 rami�ed in a quartic if K2

V = 1;

double cover of P2 rami�ed in a quartic if K2
V = 2;
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Thus the del Pezzo surface V has a canonical biregular involution which induces some
birational involution � of the del Pezzo surface X. In the case that V is a smooth the
involution � is not biregular and � is called a Bertini involution when K2

V = 1 or a Geizer
involution when K2

V = 2. For classical and more geometric de�nitions of Bertini and Geizer
involutions see [7] and [8].

Remark 4.3. The surface V is smooth if and only if V �=W .

The importance of these Bertini and Geizer involutions is explained by the following
classical result of Yu.I.Manin (see [7] and [8]).

Theorem 4.4. The surface X is birationally rigid and the group Bir(X) is the

semidirect product of Aut(X) and the group generated by all Bertini and Geizer involutions

of X.

In [9] the following statement was proved.

Theorem 4.5. Suppose Y is a del Pezzo surface with canonical singularities, such

that the surface Y is birationally equivalent to X. Then Y can be obtained by a standard

transformation of the surface X.

Note that Theorem 4.5 and Theorem 1.11 imply the following.

Statement 4.6. Every �nite subgroup of Bir(X) is either a subgroup of Aut(X), or
a subgroup of Aut(V ), where V is a smooth del Pezzo surface obtained by a standard

transformation of the surface X.

x5. Question of Yu.I.Manin.

In this chapter we will answer a question of Yu.I.Manin.
Let X be a smooth cubic surface in P3 with Pic(X) = Z over an arbitrary algebraically

non-closed �eld F and let G be a group of birational automorphisms of the cubic X
generated by all Bertini and Geizer involutions of X.

Remark 5.1. Note that the construction of Bertini and Geizer involutions implies that
G is a normal subgroup in Bir(X).

The following result is a special case of Theorem 4.4.

Theorem 5.2. The cubic surface X is birationally rigid and group Bir(X) is the

semidirect product of G and Aut(X).

Yu.I.Manin asked in [1] which elements of groups G and Bir(X) have �nite order. Note
that the biregular automorphisms of cubic surface X, Bertini and Geizer involutions have
�nite order as well as all elements in Bir(X) conjugated to them.

Remark 5.3. Let � be a biregular automorphism of a cubic X and � be either a Bertini
or Geizer involution of X, such that � Æ � = � Æ �. Then � Æ � has �nite order.

Later D.Kanevsky described in [10] elements of G having �nite order. Note that his
method is purely group-theoretical and based on the relations in the group G described in
paper [8].
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Theorem 5.4. Every �nite order birational automorphism of a cubic surface X is

conjugate to one of the following birational automorphisms: a biregular automorphism of a

cubic surface X; a Bertini involution; a Geizer involution; the composition of a commuting

biregular automorphism of the cubic surface X and either a Bertini or a Geizer involution.

Note that Theorems 5.2 and 5.4 imply the following corollary.

Corollary 5.5. The �nite order elements in G are conjugate to Bertini or Geizer

involutions.

Proof of Theorem 5.4. Let � be an element of �nite order in Bir(X). We need
to prove that birational automorphism � is conjugate to one of the following birational
automorphisms: a biregular automorphism of X; a Bertini involution; a Geizer involution;
the composition of a commuting biregular automorphism of X and either a Bertini or a
Geizer involution.

The birational rigidity of the cubic surface X and Theorem 1.11 imply that the birational
automorphism � can be regularized on some smooth del Pezzo surface Y . Therefore there
is birational map  : X 9 9 KY , such that

 Æ � Æ �1 2 Aut(Y ):

On the other hand Theorem 4.5 implies that Y is biregular either to the cubic surface X
or to the blow up of X. The former case implies that the birational automorphism � is
conjugate to some biregular automorphism of the cubic surface X. Thus we may assume
that there is a blow down f : Y ! X and K2

Y = 1 or 2.
Suppose that K2

Y = 2. Then

Pic(Y ) = ZKY � ZE;

where E is an exceptional divisor of f .
Note that the action of  Æ � Æ �1 on Pic(Y ) should preserve KY . Moreover if

 Æ � Æ �1(E) � E;

then f Æ  Æ � Æ �1 Æ f�1 is biregular. Therefore we can assume that  Æ � Æ �1 does not
preserve the curve E. Then explicit calculations give

( Æ � Æ �1)�(KX) � 2f�(KX) + 3E and ( Æ � Æ �1)�(E) � �f�(KX)� 2E:

Now from the construction of Geizer involutions it follows that for some Geizer involution
� of cubic surface X the action of

 Æ � Æ �1 Æ f�1 Æ � Æ f

on Pic(Y ) is trivial. So f Æ  Æ � Æ �1 Æ f�1 Æ � is a biregular automorphism of the cubic
X preserving the point f(E). The latter implies that f Æ  Æ � Æ �1 Æ f�1 Æ � commutes
with �.
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Suppose now that K2
Y = 1 and

Pic(Y ) = ZKY � ZE;

where E is an exceptional divisor of birational morphism f .
I can assume that the action of  Æ � Æ �1 on Pic(Y ) is not trivial, because otherwise

the birational automorphism f Æ  Æ � Æ �1 Æ f�1 is biregular. So one can calculate that

( Æ � Æ �1)�(KX) � 5f�(KX) + 6E and ( Æ � Æ �1)�(E) � �4f�(KX)� 5E:

From the construction of Bertini involutions it follows that for some Bertini involution �
of the cubic surface X the composition f Æ Æ � Æ�1 Æ f�1 Æ� is a biregular automorphism
of the cubic X preserving f(E). Therefore f Æ  Æ � Æ �1 Æ f�1 Æ � commutes with �.

Now we will consider the remaining case: K2
Y = 1 and

Pic(Y ) = ZKY � ZE1 � ZE2;

where E1 and E2 are exceptional curves of the morphism f .
As in the two previous cases we can assume that the action of  Æ � Æ �1 on Pic(Y ) is

not trivial. Moreover the same arguments allow me to assume that

 Æ � Æ �1(E1 [ E2) 6= E1 [E2:

Suppose that the curve E1 is  Æ � Æ 
�1-invariant. Let g : Y ! V be a contraction of

the curve E1. Then g Æ  Æ � Æ 
�1 Æ g�1 is a biregular automorphism of V . On the other

hand the surface V is a smooth del Pezzo surface with K2
V = 2 and from the case K2

Y = 2
it follows that the birational automorphism f Æ  Æ � Æ �1 Æ f�1 is the composition of a
Geizer involution of X and some commuting biregular automorphism of cubic X.

We can assume that neither E1 nor E2 is  Æ � Æ 
�1-invariant. Then

( Æ � Æ �1)�(KX) � 5f�(KX) + 6E1 + 6E2;

(Æ� Æ�1)�(E1) � �2f
�(KX)�2E1�3E2 and (Æ� Æ

�1)�(E2) � �2f
�(KX)�3E1�2E2:

The construction of the Bertini involution implies that fÆÆ� Æ�1Æf�1 is a composition
of a commuting Bertini involution of the cubic X and a biregular automorphism. �

x6. Double cover of quadric.

In this chapter we will apply the regularization algorithm obtained in chapter 3.
Fix a double cover

� : X ! Q � P4

of a smooth 3-fold quadric Q rami�ed in a smooth octic S � Q. Note that X is a smooth
Fano 3-fold with Pic(X) �= Z and �K3

X = 4. Moreover the 3-fold X is known to be
birationally rigid (see [3]).

De�nition 6.1. A curve C � X is called a line on X if �KX � C = 1.
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It is well known that 3-fold X has a one-dimensional family of lines if F = C . Every line
C on the 3-fold X induces a birational involution �C in Bir(X), such that involution �C is
not biregular when the line �(C) is not contained in the octic S (see [3]). The importance
of birational involutions �C is explained by the following result of V.A.Iskovskikh (see [3]).

Theorem 6.2. Birational involutions �C and biregular automorphisms of 3-fold X ge-

nerate the whole group Bir(X).

The involutions �C are regularizable due to Theorem 1.7. Therefore Theorem 6.2 implies
that Conjectures 1.12 and 1.14 hold for 3-fold X.

Fix some line C on the 3-fold X, such that �(C) is not contained in octic S. Then the
birational involution �C is not biregular and Theorem 1.11 implies existence of a birational
transformation  : X 9 9 KXC , such that XC is a Fano 3-fold with terminal singularities
and

 Æ �C Æ 
�1 2 Aut(XC):

Now we will show how to construct explicitly the birational map  using our algorithm.
For some rational � > 0 consider the movable log pair

(X;H�
X) = (X;�j �KX j+ ��C(j �KX j)):

Lemma 6.3. The singularities of movable log pair (X;H�
X) are terminal for � < 1

10 ,

canonical for � = 1
10 and not canonical for � > 1

10 . Moreover

�(X;H�
X) =

8>>>>><
>>>>>:

�1 for � <
1

10
;

0 for � =
1

10
;

3 for � >
1

10
:

Proof. All statements of the claim are easy calculations based on the explicit construction
of the birational involution �C given in paper [3]. �

Therefore due to Corollary 2.15 the map I(X;H�
X) is a regularization of the birational

involution �C for � > 1
10 .

Now we will give an explicit construction of the Iitaka map I(X;H�
X) for � >

1
10 .

Consider the blow up f : W ! X of the line C and denote by Z the unique base
curve of the complete linear system j �KW j. Then blow up g : V ! W the curve Z, put
G = g�1(Z) and consider the movable log pair

(V;H�
V ) = (V; (f Æ g)�1(H�

X)):

Remark 6.4. The singularities of the movable log pair (V;H�
V ) are terminal for all � > 0.
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So we can apply the Log Minimal Model Program to (V;H�
V ) to obtain for � > 1

10 a
birational map � : V 9 9 KY , such that the movable log pair

(Y;H�
Y ) = (Y; �(H�

V ))

has terminal Q -factorial singularities and the divisor KY +H
�
Y is nef and big.

Remark 6.5. An explicit construction of � is given in [9], where it was shown that the
birational map � is a composition of a op in some curve T contained in the divisor G and
a contraction of a proper transform of the divisor G into a cyclic quotient singular point
of type 1

2(1; 1; 1).

Note that for � = 1
10 the birational morphism f : W ! X is crepant with respect to

the movable log pair (X;H�
X). Thus for � = 1

10

KY +H
�
Y �Q 0:

Therefore the anticanonical divisor �KY is nef and big.
Now we can apply Statement 2.11 to the movable log pair (Y;H�

Y ) for � >
1
10

and get
a birational morphism

I(Y;H�
Y ) =  j�n(KY +H�Y )j for some n� 0:

By construction XC = I(Y;H�
Y )(Y ) is a Fano 3-fold with canonical singularities. Moreover

one can easily check that the birational morphism I(Y;H�
Y ) does not contract any divisors

on the 3-fold Y . Therefore the singularities of the 3-fold XC are terminal, but one can
show that they are non-Q -factorial. So for � > 1

10 the birational map

 = I(Y;H�
Y ) Æ � Æ (f Æ g)

�1

is the desired regularization of the birational involution �C .

Remark 6.6. The construction of  implies �K3
XC

= 1
2 .

Note that in [9] the following result was proved.

Theorem 6.7. For any Fano 3-fold Y with canonical singularities which is birationally

equivalent to X

Y �=

�
X;

XC for some line C on X:

Thus Theorem 1.11 implies the following result.

Statement 6.8. Every �nite subgroup of Bir(X) is either a subgroup of Aut(X), or a
subgroup of Aut(XC) for some line C on X.

For every line C onX the group Aut(XC) canonically contains the group Z2 that induces
the birational involution �C of the 3-fold X. Moreover one can show that for suÆciently
general X

Aut(X) �= Aut(XC) �= Z2:
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Corollary 6.9. For general double quadric X all �nite subgroups of Bir(X) are

isomorphic to Z2 and coincide with conjugate classes of groups generated by involutions �C
or the involution induced by the double cover �.

x7. Singular quartic 3-fold.

In this chapter we will apply Theorem 1.11 to a singular quartic 3-fold.
Let X be a general enough quartic 3-fold in P4 having one singular point O, such that O

is locally isomorphic to a simple double point. Note thatX is a Fano 3-fold with Q -factorial
terminal singularities and that Pic(X) = Z.

Remark 7.1. The quartic X contains exactly 24 di�erent lines passing through the point
O and the group Aut(X) is trivial.

In [9] the following result was proved.

Theorem 7.2. For the point O and every line C on X passing through point O there

are birational maps

 O : X 9 9 KXO and  C : X 9 9 KXC ;

such that both XO and XC are Fano 3-folds with canonical singularities and �K3
XO

= 2

and �K3
XC

= 1
2 . For any Fano 3-fold Y having canonical singularities which is birationally

equivalent to X,

Y �=

8><
>:
X;

XO;

XC for some line C on X passing through the point O:

Note that the birational rigidity of X was proved by A.V.Pukhlikov in [4] together with
the following result.

Theorem 7.3. The point O and every line C on the quartic X passing through the

point O induce birational involutions �O and �C of the quartic X respectively. Moreover

the birational involutions �O and �C generate the group Bir(X).

The involutions �O and �C are regularizable and Conjectures 1.12 and 1.14 hold for X.
From Theorem 1.11 and Theorem 7.2 it follows that the birational involutions �O and

�C are regularized either on the 3-fold XO or on the 3-fold XC . The following was proved
in paper [9].

Statement 7.4. The birational maps  O and  C are regularizations of the birational

involutions �O and �C respectively.

Note that we can obtain the birational maps  O and  C in the same fashion as we
got regularizations of birational involutions on the double cover of a quadric 3-fold in the
previous chapter.

One can check that generality of X implies

Aut(XC) �= Aut(X0) �= Z2:

13



Corollary 7.5. All �nite subgroups of Bir(X) are isomorphic to Z2 and coincide with
conjugate classes of groups generated by the involutions �C and �O.
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