
The Common Curve of Quadrics Sharing a Self-Polar Simplex (*). 

W. L. EDGE (Edinburgh,  Gran Bretagna)  

S u m m a r y .  - When n - -  1 quadrics in  projective space [n] of n dimensions have a common self- 
polar simplex their common curve I ~ admits a group of 2 ~' self-projectivities. The co~tsequent 
properties of F are investigated, and further speeialisations are imposed which amplify the 
the group and endow 1" with further properties. There is some reference to the osculating spaces 
and principal chords of 1", and some properties of particular cu~ves in  four and five dimensions 
are described. 

I. - P r i n c i p a l  proper t i e s  o f  t h e  c u r v e .  

1. - A s implex S in a projec t ive  space [n] of n dimensions provides n ÷ 1 invo- 
lu tory  project ivi t ies  t h a t  are mu tua l ly  c o m m u t a t i v e  and have  for p roduc t  the iden- 
t i t y  p ro jee t iv i ty :  namely  the  harmonic  inversions in the vert ices and opposi te  bound-  

ing pr imes of S. When  S is t aken  as s implex of reference for a sys tem of homogeneous 
coordinates xa then  ha, associated with  the ve r t ex  Xa and the  opposite bounding 

pr ime xa ~ 0, mult ipl ies  the  single coordinate x~ by  - -  1 and leaves the o ther  n co- 
ordinates  unchanged.  Tha t  ha is an involution, tha t  the  different ha commute ,  and 

t h a t  

ho hi ... h~ := I 

are clear f rom the representa t ion  of the hj as diagonal matrices.  These h~ generate  
an e l emen ta ry  abel ian group E of 2 ~ projectivit ies.  The [ s -  1] spanned by  any  s 
vert ices of S and the  [ n - - s ]  spanned b y  the  other  n 4 - 1 -  s vert ices are a pair  

of f undamen ta l  spaces, or axes, of one of the  2 ~ -  1 involutions in E. 
Any  quadr ic  Y2 for which S is self-polar is invar ian t  under  E;  each point  of Y2 

t h a t  is not  in any  face of S, i.e. for which no xa is zero, is one of a ba t ch  B of 2 ~ 
points  of Y2 t h a t  is invar ian t  under  E.  The same is t rue  of the  manifold  common 
to  any  set of such quadrics. I f  there  are n -  1 quadrics in the  set this manifold  is, 
in general,  an  irreducible curve F .  of order 2 ~-1. Since i t  is the  complete  intersect ion 

of n -  1 pr imals  its genus :z~ is deducible f rom the  known fac t  t h a t  the  canonical 
series is cut  on F .  b y  pr imals  of order  2 ( n -  1 ) -  (n + 1 ) ~ - n - - 3 ,  so t h a t  

2 ~ - -  2 ~ 2~-~(n--  3) 

7~ --~ 2~-~(n ~ 3) + 1 . 

as s t a t ed  on p. 185 of [1]. 

(*) Entrata in Redazione il 23 giugno 1976. 
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2. - F~ is de termined by  n -  1 simultaneous equations 

(2.1) 

where summat ion is over  j and runs, unless otherwise stated,  f rom 0 to n. I t  is pre- 
stoned t ha t  (2.1), regarded as linear equations in x~, are hnear ly  independent ;  the  
ma t r ix  [~.'~)] has full  rank  n - -  1. This implies, since all (n - -  1) rowed determinants  
are non-zero, t ha t  F~ is skew to every  bounding In - -  2] of S: no two of the  n + 1 
coordinates can be zero simultaneously on I~ .  A point  o f / ' ~  in xj = 0 is invar iant  
under  hj and the  ba tch  determined by  i t  consists not  of 2 ~ bu t  of only 2 ~-~ points;  
they  compose the whole intersection of I'~ and xj ~- 0 and m a y  be called a critical 
ba tch  Bj .  

There is a linear combination of the  n - -  1 equations (2.1) f rom which any n - -  2 
of the squares x~ are absent,  bu t  it is not  possible so to el iminate n -  1 of the 
n + 1 squares. Among the  quadrics through 1~ are cones whose vertices are the 
bounding [ n -  3]'s opposite to the  plane faces of S, bu t  F~ does not  lie on any cone 
wi th  an [ n - - 2 ]  for ver tex.  

The invariance of F ,  under  the h~. discloses the  special character  of the points in 
the  n + 1 critical batches. 

The tangents  of F,, at  all the  points in B~ concur at  Xj.  I f  P P j  is a chord 
of F .  through Xj and P tends along 1~ to a point  in B* then  P j ,  on the line X~P, 
tends simultaneously to this same point;  the  osculating plane there  has ~-point inter- 
section wi th  F . .  ICepetition of the argument  proves tha t  the  osculating Is] has 
2s-point intersection for s ~ 1, 2, ..., n -- 1. These points, 2 "-~ in each of the  n + 1 
bounding primes of S, may  be appropria te ly  called stalls of F . .  The branch centred 
at  a stall is character ized by  the  integers 

For  a definition of such integers see [13], p. 28 where they  are designated as ~, ~', 
v", ...; or [8], p. 246 where Segrc's i~ is %-~ ~ 1 + - - - - / ~ -  

The 2- points of a ba tch  are in perspect ive f rom each of the  n +  1 vertices of S. 
The chords of /~, th rough Xj  generate a two-dimensional cone of order 2~-~; all 
points on these chords satisfy n -  3 l inearly independent  equations obtained by  eli- 

2 being absent,  are equations, one less in number,  minuting x~ from (2.1). Bu t  these, xj 

of the same form and involving one coordinate less: the chords of F~ through X~ 
meet  x j =  0 in a curve F~_~. There is a (2, 1) correspondence between F~ and this 
projection,  branching at  the  2 "-~ points of B*. An application of Zeuthen 's  formula 
([12], p. 152, [13], p. 223, [8] p. 83, [10] p. 211) allows ~ to be calculated by  recur- 
rence, the  initial condition being ~a ~- 1 for the  elliptic quartic,  or even ~ ~ 0 for 
a conic. The calculation yields the same v~lue for ~ us in § 1, and has already been 
used on p. 338 of [6]. 
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3. - There  is a representa t ion of F~ t h a t  proves to be convenient  when investigat-  
ing the geometry  of the curve. 

Regard the  coefficients ~(k) as the homogeneous coordinates y(k) of n - f -1  points 
A~ in a project ive  space [n - -  2]. Through these points there passes a unique rat ional  
normal  curve C. Choose a coordinate system in I n -  2] so tha t  C has the  s tandard  
parametr ic  form y(k)= t e (k = 0, 1, ..., n - - 2 ) ;  the points A~. will have for thei r  para- 
meters  r~ + 1 unequal  numbers  aj. In  order to avoid an infinite value, and so ensure 
tha t  every  Aj has its first coordinate y(O) non-zero, one has only to arrange tha t  the 
contact  of C with its osculating [ n - - 3 ]  y(0)= 0 is not  at  any  of the Aj. Then,  
A t being (1, a~, a~, ..., a~-2), F~ is given b y  

(3.1) 9 ~  ~ a ~ x ~ : =  0 (k -~ 0, 1, ..., n - - 2 )  

where k is now an actual  power and not  a mere superscript.  There is a pract ical  
i l lustrat ion of this circumstance when n = ~ in [3]. 

The equations (3.1) show tha t  F~ depends only on the  n - -  2 projective invariants  
of the  n -~- 1 numbers  a j; F~ h~s only n - -  2 moduti  whereas a general non-hyperel-  
liptic curve of genus z ,  has 3 ~ - - 3 =  2~-~(3n - -  9). The speeialisation is due to 
the invariance under  E.  Since F .  is projected f rom a bounding [s] of S onto the op- 
posite [ n - - s -  1] into a F._~_~ covered 2 s+~ times it  is in multiple correspondence 
wi th  curves of lower genera. I f  n = 4, say~ Fa is a special canonical curve of genus 5 
with only 2 moduli  whereas the  general curve of genus 5 has 12 moduli. F4 is projected 
from each of the 5 vert ices of S into an elliptic quartie,  covered twice, with eight 
branch points;  it  is projected from each of the ten  edges of S into a plane conic covered 

four times. 

4. - Wri te ,  now 

and 

n n + l  

f(o) =- l-I  ( O - a A  =- ~ ( - 1 ) ~ % 0  ~-~-~ 
~=~0 ~o=O 

= 0  

Then,  as is seen from the decom/position into par t ia l  fractions of 0k//(0), or otherwise, 

(4.1) 8o ~- 8 1 ~  . . . .  8n_1-~- 0 , 8n ~ 1  . 

So two solutions, and therefore  the  only two so far  as l inear dependence is concerned~ 
of {3.1) are 

(4.2) x~ - -  1/f(a~) , x~ = a~//'(aj) 

and the general solution is 

(4.3) x~ = (o + aj)//'(a~) j = o, 1, . . . ,  ~. 
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This is a pa rame t r i c  fo rm not,  of course, for F~ bu t  for a ba tch  B(O) on 1%; the  2" 

different points  of B(O) answer to the  different signing of the  n + 1 square roots of 
the  x~. The crit ical ba t ch  B* of stalls is B ( - - a j ) .  

The  value of s~ for £V ~ n can be found b y  using init ial  conditions (4.1) and  the  

recurrence re la t ion 

SZ~ - -  e I 8z¢_ t ~- ... + (--1) "+1 en+ a s~- ~_ 1 ~- 0 

so t ha t ,  to give the  s implest  example ,  s~+~= e~s~= e~. The x~, as paramet r i sed  in 

(4.3), thus  sat isfy 

D._~ =-- 1 ,  D .  = 0 + e i ,  

and B(O) is the  intersect ion of ~ wi th  the quadric  ~r2~ = (0 6~ c~)/2,_~. I t  will be  
found convenient  to refer  occasionally to  the quadrics ~9~ ~ 0 ~nd Y2~_~----0 which 

with  the  n -  1 quadrics (3.1), compose a l inearly independent  set  of n ÷ 1 linear 
combinat ions  of the  n + 1 squares x~. 

This pa ramet r i sa t ion  of batches  on 1% real ly  goes as far  back,  for n = 3, as 
S~LM0~ ([7], p. 195). The explicit fo rm (4.3) in In] is given b y  BAI;E~ ([1], p. 185) 

who exploits i t  to advan tage  for n ~ 4 in his account  of Segre's cyclide, and for 
n---- 5 in his geometr ical  t r e a t m e n t  of the  line geomet ry  oi K u m m e r ' s  surface ([1], 

pp. 218 et seq.). 

5 .  - I f  an algebraic curve F in In] has genus p, order m ~ t h e  n u m b e r  of its inter-  
sections wi th  a p r i m e - - a n d  class m ' - - t h e  number  of its osculating pr imes th rough  
a p o i n t - - t h e n  it  is known ([9], p. 86) to have  

½ ( m - - n ) ( m - - n - - 1 )  + ½ ( m ' - - n ) ( m ' - - n - - 1 ) - - n ( n  + 1)p 

principal chords, a chord being pr incipal  when it  lies in the  osculating pr imes  a t  
both its intersect ions w i t h / l  

As with  so m u c h  successful enumera t ive  work  the  procedure  b y  which the  n u m b e r  
is der ived g ives  no informat ion  abou t  how these chords m a y  be grouped,  or abou t  

the  geome t ry  wi th in  such a group or the  relat ions of such groups to one another .  
These m a t t e r s  are l ikely to  be re levan t  when F h~s special proper t ies :  for  example ,  
any- p ro jec t iv i ty  under  which F is invar ian t  mus t  p e r m u t e  the  principM chords among  
themselves .  

The order 2 ~-~ and  genus z~ o f / ' ~  have  been given Mready;  i ts  class 2~-~(2n - -  3) 
was found b y  elementa~ry methods  in '  [5] and  can also be  found in o ther  ways.  I t  
follows t h a t  the  n u m b e r  of pr incipal  chords of 1~ is 

(5.1) 2~"-"-(2n ~ - -  6n + 5) - -  2"-~(n ~ + 2n ~ - -  5n - -  2) .  
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This accords with the normal elliptic quartic having 24 principal chords; this fact 
is well known ~s a speciM case of the number for the normal elliptic curve of any 
order, and has also been established independently in [4] by reasoning allied to that  
to be used now. 

There will be two kinds of principal chords of F . :  such a chord m~y join points 
in the same batch, or it may not. If  it does it is inv~riant under that  involution in E 
which transposes these two points in the batch, and so meets a pair of opposite bound- 
ing spaces of S. For example: if n ~ 5 such a chord may 

(i) pass through a vertex Xj and meet x~ = 0, or 

(ii) meet an edge and opposite solid of S, or 

(iii) meet an opposite pMr of plane faces of S. 

In (i) the (( chord ~ is the tangent at a stall. This, in view of the high multipli- 
city 2n -- 2 of the intersection of F .  with its osculating prime at the stall, raises the 
question: what is the number #~ of times that  the tangent ut a stall is to be reckoned 
among the principal chords? 

There will also be principal chords joining points in different batches. Should 
the points be in batches B~ and B~ the osculating prime ~t any point of B~ contains 

point of B~ at which the osculating prime, in turn, contains the point of B~. Such 
(( tr~nsversM ~) principM chords occur in sets of 2". 

6 .  - The oscula£ing prime of F~ at x-= ~ is, by equation (3.1) oll p. 40 of [5], 

r n - - 2  2 n - - 3  ~. {1 (a~)} ~ Xj = 0 

or, alternatively, if ~ belongs to B(0), 

~ [ _  n - - 2  - -  • (0 a~) ~ x ~ - O  

If, then, ~ belongs to B(O) and ~/to B(~) the chord ~U is principal if, and only if, 

Both these equations are unchanged if the signs of %/(0 + a~) and ~¢/i~ + a~) are 
both changed; hence a chord ~ that  is principal is accompanied by other principal 
chords, one through each point of the batch to which ~ belongs. 

If  the intersections of F~, with a principal chord both belong to B(O) then, for 
some selection of signs, 

(6.1) ~ ~ (0 -[- aj)"-~/]'(aj) ~- O. 

Now this sum would be zero identically in 0 by (4.1) were M1 signs the same; hence 
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both sums of t e rms  tha t  are signed posi t ively and of t e rms  tha t  are signed negat ively,  
are zero: say, for convenience, 

(6.2) ~ (0 + a~)~-~/] ' (a j )  = 0 = (0 + a ~ ) ' - V ] ' ( a ~ )  • 
0 ~ + 1  

These two sums are negat ives of each other,  ~nd the  two equations have  the  same 
roots 0~, 02, ..., 0~_~ ~ o w  

w j ~ • 
0 0 

When 0 is assigned each ~j has ei ther  of two values, so t h a t  the  sum on the  r ight  is, 
for each root  0j, zero for 2~ points  ~ in x~+~----x~+~ . . . . .  x . =  0. Likewise there  

are 2 '~-p-1 in the  opposi te  [ n - - p - - 1 ]  spanned b y  the  ver t ices  X~+~, X~+~, ..., X~ 
of S. Thus each of the  n - -  1 roots 0j provides 2 ~-~ pr incipal  chords joining p~irs of 

points in B(O~). Take  p over  the  range 1 < p  < n - -  2 so t ha t  each such chord is included 
twice. The num ber  of pr incipal  chords so accounted for is 

(6.3) ~ (n - -  1). 2 ~'-~ ~- ~- ... + = 2~-~(n - 1)(2 ~ -  n - -  2). 
2 3 Ln- 1/j  

If,  in part icular ,  n = 3 one obtains 24 pr incipal  chords; each of the  three  pairs 
of opposi te  edges of the  t e t rahedron  S is associated wi th  two b~tches on F3, and each 
of these batches has its eight points joined in pairs b y  four principal  chords all t rans-  
versal  to the  pair  of opposite edges. These facts  agree wi th  the  findings in [4]. 

Incidental ly ,  as these are all the  principal  chords of F~, /~3 = 0. 
The preceding discussion provides 240 principal  chords of F4, 24 t ransversa l  to any  

edge and opposite plane face of the  s implex S. This edge and face are thus associated 
with  three  batches  B(O~), B(O~), B(03). Each  0, yields a pair  of points  on the  edge 
t ha t  are harmonic  to the  vert ices of S as well as four points  in the face forming a 
quadrangle with the vert ices of S for its t r iangle of diagonal points;  the  eight joins 

of the  two points  on the  edge to the  four points  in the  face are all pr incipal  chords 
of F4, and join points  of B(O~) in pairs.  

Fa has, b y  (5.1)~ 536 pr incipal  chords in all so t h a t  296 remain  to be accounted 
for. Bu t  296 is not  divisible by  2 ~ so t ha t  the  tangents  at  the  40 stalls of F~ mus t  
be included, and  t h a t  an odd number  of t imes;  #a is not  zero, and is odd. 

The n u m b e r  in (5.1) exceeds t h a t  in (6.3) b y  

2 ~ - 2  ( 2 n  ~ - -  8 n  -~  7)  - -  2 ~ - ' ~ ( n  a - -  7 n  ~-  2 )  . 

I f  one subtracts  f rom this the  number  of stalls counted ~ t imes the  residue is the  
num ber  of pr incipal  chords joining points, of different batches;  this has to be a mul t ip le  
of 2 ~. Bu t  the  residue is 

2~-~(2n~--  8n ~- 7 ) - -  2"-2{(n--  1)2(n + 2 ) - - 4 n }  - -  (n ~- 1) 2~-l/ t~.  
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This,  wha teve r  the  integer  #.~ is divisible b y  2" whenever  n is odd. If ,  however,  

n is even t hen  
# .  is even if n ~ 2 (rood 4 ) ,  

/+. is odd if n ~ : 0 ( m o d d ) .  

Quest ions of mul t ip l ic i ty  can present  awkward  problems,  and the  value of /z.~ 

is not  the  only one. Suppose, as does happen  upon occasion (see §§ 18, 21 below), 
t h a t  a pr incipal  chord ~V of F~ lies not  only in the  osculating pr imes a t  bo th  ~ and ~7 

bu t  also in the  osculat ing spaces of dimensions n - -  2, n - -  3, ..., n - -  s u t  bo th  points.  
How of ten  m u s t  such a chord be reckoned? For  how m a n y  prineipnl chords does 

i t  account?  

7. - There is a special si tuation,  instances of which are to be encountered later,  
in which principal  chords can be detec ted  joining points  in B(oo) and joining points  

in B(0). I t  occurs when n + 1 is composi te  and F ,  invar ian t  under  a regular  per-  
mu t a t i on  of the  coordinates;  say n + 1 - - g h  wi th  the  coordinates p e r m u t e d  in g 

cycles of h: 

( X  0 Xg *,, Xg(h__l) ) , , ,  (X~.__ 1 X2e~+ 1 , ,-  Xhg__l) * 

The reason why  B(cx~) and B(0) ob t rude  is t ha t  they  are bo th  invar ian t  under  the  

imposed pro jec t iv i ty  ~ whereas all o ther  batches  are pe rmu ted  in cycles of h. 

This s i tuat ion occurs if 

g ~ l  
8(h-- 1)kX2 ). 2 + + ...+ 

J = 0  

with  e a p r imi t ive  h-th root  of uni ty .  The effect of ~o is to  mul t ip ly  ~2~ by  e -~ and  

so leave each quadrie  Ql:~--0 invar iant .  Then  

](O)~(O~--a~)(O~-a,~). . .  ~0 ~ ah ~ -  

say so t h a t  ]'(0)== hO~-~f'(O h) whence it  follows t h a t  

(7.•) ]'(a~) :]'(ea~)"... : ] ' (J~- la j )  : 1 :e -1 :e-2 :... :el-h 

This shows t h a t  the  t e rms  of e i ther  sum obta ined  b y  tak ing  0 ....... c~ or 0 in 
(6.1) fall  into g sets of h, the  sum of any  set  being zero. For,  ~ being some constant ,  

h--1 h--1  

y l/]'(+%)-- ~ X ~ =  o ,  
¢ ~ 0  0 

und 

h--1 ( s r  a])gh.+2 h--1 1 h--1 

~=o i'(+~a~) o o 
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II.  - Curves  invar iant  under  addi t ional  se l f -projeet ivi f ies  o f  period 2 or 3. 

8. - F~ can be specialised to admit  ampler groups of self-projectivities than  E 

and so have still fewer moduli. 
I f  n = 2p + 1 is odd ~ specialisation saggests itself at  once; choose the 2p ÷ 2 

numbers  a¢ to be p -~- 1 pairs of an involut ion I (this is, of course, no spccialisation 
if p = 1). There is no loss of general i ty  in assigning parameters  0 and ~ to the  
loci of I ;  then  the parameters  of any  pair  of I sum to zero: say a~ _L aj+~+x= 0, and 
F" is the  common curve of the  2p quadrics 

I) 

(S.1) ~ = ~ ~ 2 -)~ 2 - a~{x~ + ( - - I  x~+~+li = 0 
i = 0  

k = 0 ,  l,...,2p--l. 

I t  is invariant  not  only under  /~ bu t  also under  the (p + 1)-fold transposition. 

(XoX~+~) (x~x~+~) ... (x~x~+~) 

of the 2p ÷ 2 coordinates in pairs; for this leaves ~Pk unchanged when k is even, 
changes zP~ into - -  ~%, if k is odd. The corresponding projec t iv i ty  is harmonic inver- 

sion J in the  skew pair of [p]'s. 

(8.2) 
X o _ _ X ~ + I ~ _ X l _ _ X ~ + 2  - - - X ~ - - 2 2 ~ + I ~ - O  , 

Xo-@X~+~=xl-~-X~+2-- - - x ~ - ~ x ~ + l = O  • 

Both  these [p]'s lie on the  p quadrics 

(8.3)  

indeed (8.3) all hold whenever  

(8A) x~ ~ 2 ~ 2 2 0 - - X ~ + I ~ -  X l - - Z ~ +  2 . . . .  - -  X ~ - - ~ 2 ~ + l  z , 

a set of p -- 1 equations represent ing 2 ~+1 [p]'s composed of 2~ skew pairs of op- 
posites of which (8.2) is bu t  one. Each  pair  affords a harmonic inversion leaving F ;  
invariant .  These skew pairs are of course obtainable f rom (8.2) by  using the h~. of § 1. 
Since the  2 2.+1 operations of E permute  the 2~ pairs among themselves one expects 
each pair  to be invar iant  under  a group of 2 ~+1 operations of E. For  example:  each 
member  of (8.2) is unchanged by  any of 

(8.5) hoh~+l, hlh~+2, ..., h~h~+l 
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which, commuting and having" product identi ty,  generate an elementary nbelian 
group of order 29; this is amplified to one of order 29+~ by adjoining 

h0 h i  . . .  h~ ~ h ~ +  1 h~+2 . . .  h2~+1 

transposing the two [p]'s of (8.2). 
I t  will not  have escaped notice tha t  just  as (8.3) hold in consequence of (8.4), so 

~ 0  ~ - 0  , 

hold in consequence of 

(s .~)  xo~+ ~ - x ~ +  "~ - - X ~ +  1 - -  X ~ +  2 . . . . .  x~ + x L + ~ =  o .  

This is a second set of 2~ skew pairs of opposite [p]'s, and each pair is invariant  under 
the same group of order 29+1 . 

Each of the 2 ~ pairs in (8.4) is associated with a pair in (8.6). To explain this 
geometrically take (8.2). The equations (~ a parameter) 

XO/X~+I=Xl/X~+ 2 . . . . . .  X~ /Z2$+I(=~  ) 

represent a singly-infinite set of [p]'s, all skew to one another, generating a locus V 
of dimension p ÷ 1, indeed the (( Segre product )) [p] × [1] mentioned on p. 174 of [8]. 
For  ~ =  =[= 1 one has the pair (8.2); for 2 =  ~ i  one has the pair 

(8.7) 
xo+ix~+l=xl@ixg+~ . . . . . .  x~4-ix~+l=O, 

of (8.6). The harmonic inversions in (8.2) and (8.7) commute, their product  being 
the inversion in those [p] on V having ~ :--0, co, i.e. in 

Xo - - -  X I - -  - -  X~ = 0 a n d  x 9 + 1  ~ x~+~  ~ . . .  ~ x2~+1 ~ 0 , 

so tha t  this product is just ho hi h2 ... hg. 

9. - After  observing tha t  any of the 2 9+1 skew pairs of [p]'s can be transformed 
into any  other by  a project ivi ty leaving F~' invariant  i t  is sluffieient to consider any 
one pair. 

Since both [p] lie on p of the 2p quadries defining F :  the 29 common points of the 
quadric (p --  1)-folds in which the remaining p quadrics meet either [p] are on F~'. 
How every point of F~ is paired with another in J ,  and the chords join!ng such pairs, 
all being transversal to both [p]'s, generate a scroll R, of order # say, meeting the 
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two [p] 's  in directr ix curves, of order m say (the curves have  the  same order since 
the  [p]'s, say the  pair  (8.2), in which they  lie are t ransformed into each other  by  har- 

monic inversion in the  pair  (8.7)). Among the  generators of/~ those through the inter-  
sections of F~' wi th  the  two [p] 's  are tangents  of F : .  

The genus ~ of R can be found at  once b y  applying Zeuthen ' s  formula.  For  every  

directr ix (say a pr ime section) of R is in (1, 2) correspondence with  F ; ,  the  coincidences 
on F ;  being its 2 ~+~ contacts  wi th  generators  of R;  hence the  formula  gives 

4(~--1) + 2~+~= 2 ( ~ - - 1 ) =  2~-~(2p- 2) 

:~ = 1 + ( p  - -  1 )  2 ~ - 2  - -  2 ~ - 1  , 

A pr ime  meets  F~' in 2 ~ points ;  if the  p r ime  contains ei ther  [p] these consist of 
the  2 * points of F :  in [p] and two on each of those m generators  of R t h a t  pass th rough  
the  m intersections of the  pr ime wi th  the  directr ix in the  opposite [p]; so 

2 ~ : 2v + 2m , 

m = 2 -~-1 - -  2 v-1 . 

And since the  pr ime meets  R in the direetrix of order m and m generators 

# : 2m : 2 ~ - 2 ~  . 

There  are 2~-~ such scrolls containing F j .  

10. - The discussion in § 7 shows, wi th  h - -  2 and g .... p + 1, that principal  chords 

o~/ '~  join points  in B(oo) as well ~s in B(0). Since ](0) is here an even, and  so fl(0) 
an odd, function., f l ( a j ) - - - - ] ' ( - - a j ) ;  thus  bo th  sums 

1/fl(a;) ÷ 1/]'(--a;) and a~//'(a~) + (--aj)2*/]'(--aj) 

are zero and the 2p ÷ 2 t e rms  in (6.1) fall  now, should 0 be ei ther  O or c~, into 
p ÷ 1 pairs wi th  each pair  summing  to zero. So one obtains,  in ei ther  batch,  2 ~ 

principal  chords t ransversa l  to an edge XjXg+~+I and opposi te  [ 2 p -  1] of 8, 2 ~" 
t ransversa l  to a solid XjXj+~+IXkX~+~+I and opposi te  [2p - - 3 ]  of S, and so on. Thus,  
among  the  joins of e i ther  B(oo) or B(0) there  are 

pr incipal  chords. Since there  are 22~+1 points  in a ba t ch  one expects  there  to be  
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principal chords through each; indeed both  B(0) and B(c~) are par t i t ioned into 2~+~ 
subsets of 2 ~ points,  the  join of any  two points in the  same subset being a principa] 
chord. Each  subset is an orbi t  under  the group~ of order 2p, generated b y  the  opera- 

t ions (8.5). 
One now proceeds to i l lustrate  these propert ies of F~+~ b y  describing the figure 

in [5]. 

11. - F~,  with p ---- 2, has order  16 and genus 17; i t  lies on eight scrolls of order 12 
each having two plane sextics of genus 7 for directriees. 

Fg is the  common curve of the  four quadrics 

2 x0 ~ + x~ + x~ + x~ + x~ + x~ = 0 ,  

a( .~-x~)  + b ( ~ - x ~ ) +  ~(x~- .~)=  0, 
(11.1) 

a~(x~+x~)+ ~ ~ x~) ~" b (x 1 + + + 0 ,  C ~ ( X 2  2 2 5 )  ~ -  

a ~ ( ~ -  x~) + b ° ( ~ -  x~) + c~(x~-  x~) = 0 .  

Any of the  eight planes 

(11.2) x~ 2 ~ 2 + x~ = x~ + x~ = x~ + x~ = 0 

meets F~ in the four points for which 

(11.3)  ax~o + bx~° + ex~-- a~Xo+~ b ~ x~ + c~x~ = 0 ;  

these 32 points will be shown to be B(c¢). Any of the  eight planes 

(11.4) 2 2 2 . = x t - -  x~ ~ ~ 0 X 0 - -  2 8 -~-  X 2 - -  2 5 

meets  F~ in the  four points for which 

(11.5) xg + x~ ~ 2 ~ 2 + x~ = a'Zx~) + + 0 ; ° b x 1 c x ~  = 

these 32 points compose B(0). 
Sinc% here~ 

](0) =~ (O'~--a~)(O2~b~)(O~--c~) ,  

it  follows tha t  

(b 2 -  e : ) f ' ( a ) /a  ...... (c ~ - -  a~)/ ' (b)/b = (a 2 -  b2)fl(c)/e 

and these relations, coupled with the fact of ]'(0) being an odd function, give the  
parametr ic  form for B(O)~ namely~ by  (4.3)~ 

~ = (b e -  e 2) (0 + a) /a , $~ = - -  (52 - -  c 2) (0 - -  a)/a 
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with the eqnations obtained from these by  imposing simultaneously the cyclic per- 
mutations (abe), (012), (345). So B(0) and B(c~) are as stated. 

The osculating [4] of Fg at a point ~ of B(c~) is, by (3.1) of [5], ~ ~ x ~ =  0; it 
clearly contains ~ itself by (11.2). But so do, for the same reason, the three [4]'s 

~oXo ÷ ~x~ = 0 ,  ~x~ ÷ ~x~ = 0 ,  

Hence the osculating [4] at any of the points 

~x~+~x~=0.  

of B(c~) contains all three others. The 32 points of B(c~) fall into 8 tetrahedra, the 
edges of the tetrahedra being principal chords. The vertices of a tetrahedron are 
obtained from any one of them by harmonic inversions in 

the edge XoX3  and opposite bounding solid of S, 

. . . . . . . .  X 1 X 4  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , 

. . . . . . . .  X ~ X 5  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  • 

The analogous situation holds with B(0); at a point ~ of this batch the osculat- 
ing [4], is, again by (3.1) of [5], 

and one now has the three [4]'s 

~oXo=$~x~, ~1x1= ~x~, ~x~= ~x~ 

att containing ~ by (11.4). 

1 2 .  - The chords of F~ which join pairs of points harmonic inverses of each other 
in the planes 

(12.1) x o ~ x 3 = : : x l - - x 4 = x 2 - - x 6 = O  and X o - ~ X 3 = X l + X 4 = X 2 + x s = O  

generate a scroll R with a directrix in each plane. The pairs on Fg are 

(12.2) (Xo,Xl ,X2,Xa,  X~,Xs) (x~,x4,  x s , x o , x ~ , x 2 )  
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with the  six coordinates subject to (11.1). The directrix in (12.1) is the locus of 

(xo + x3, xl + x4, x~ + xs, x~ + xo, x4 + xl,  x5 + x2) 

when the  points (12.2) t race F~. Bu t  then,  b y  (11.1), 

9 2 .  2 2 .  2 _ ~ X 5  ~ 2  a2.a2 52 + X 4 .X 2 b 2 __ C 2 :e 2 x ~ + x ~ . x  1 - -  . - -  , 

2 2 2 .  2 2 .  2 o 
- -  x 3 . x  1 - -  xa .x,  z - -  x~ ~ be(b 2 - -  ee ) : ea (c  2 - -  aU):ab(a  ° - -  b 2) 

so tha t  there  are constants/~,  ~) for which 

X o 2 = ( b 2  c 2 ) ( l ~ + v b c  ) ,  x ~ = ( b 2 - - c 2 ) ( , u - - v b c ) .  

T h u s  the  point  (~, ~, ~, ~, ~], $) on R in (12.1) is such t h a t  

= (b ~ -  W) ~ {(~ + vbc) ~ + ( # - -  vbc)~}, 

~ - -  (W - -  w) {#  + (#~ - ~,~ b~c~) ~} 

~ '  = ( W - -  w) ~ {2#- ' --~,~b~c ~ + 2#(~,~--~,~b~W) ~} 

(b ~ ~ c ~) {~u~ ~ - -  v2b2c2(b2- -  c2)}. 

Two similar relations, derived from this by  simultaneous cyclic permutat ions  ($~]~) 
and (abe),  also hold; elimination of # and v from the three relations gives 

~ (b ~ -  c ~ ) ~  b2e2 (b~- -  c2)~ 

V ~ (W- -a~)V  ~ Wa~(W--a~)  ~ = 0 ,  
~4 (a ~ _ b 2) ~2 a2b2(a ~ - -  b~)2 

a plane sextic with nodes, indeed biflecnodes, ~t the vertices of t h e t r i a n g l e  ~]~ = 0. 
Since the genus is known to be 7 three  nodes on the plane curve are to  be expected.  

13. - The preceding paragraphs have been concerned with /~  invari~nt,  when 
n = 2/9 + 1, under  ~ (p + 1)-fold transposit ion of the  2p + 2 homogeneous coordi- 
nates. I f  one seeks by  analogy ~ curve F :  invariant  under  ~ permutation~ of the  homo- 
geneous coordinates, consisting wholly of 3-cycles then  n----3s-- : l  ; if co is e i ther  
complex cube root  of 1 t a k e / ~  to be defined by  

8--1 
/Z 2 2~ 2 = Xa (x  + %+, + o o, 1, 2, . . . ,  co x~+2s) = = 3 s ~ 3 ,  

~=0 

I t  is invar iant  under  the  pro jec t iv i ty  go induced b y  the permuta t ion  

(13.1) (xox~xa~)(XlXi+~x~+~) ... (x~_~xz~_~xa~_~) 

since this mere ly  multiplies /2~ by  co ~. 
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The points invariant  under fo are those, and only those, of the three [ s -  1]'s 

(13.2) ~: x ; =  x~.+~= x~+~ ; fl: x~= e)x¢+,= og~x~+~ ; fl: x~= ~o~x~+~= ~ox~+2~ ; 

where j runs over 0, 1, 2, ..., s --  1 and each wri t ten pair of equations is but  one of s 
pairs of linear equutions holding simultaneously. These three spaces are mutual ly  
skew ~nd together span the whole [ 3 s -  1]; the pairs span the [ 2 s -  l] 's ,  

fl/~: x~ + x~+~ + x~.+~: 0 ; ~fl: x~ + ~oxj+~ + o)~xj+~:  0 ; 

~fi: x~ + ~o~x~+~ + cox~+~= 0.  

Any point not  in any of g, fl, fi is one of a trio cyclically permuted by (13.1); should 
the point be in any of the three [ 2 s -  1]'s the members of the trio are collinear; 
otherwise they  span a plane meeting all of ~, fl, ft. One may  note the s trios XjX~+~Xj+~ 
spanned by vertices of S. Their s intersections with ~, fl or fi form a simplex in this 
[s --  1]; the harmonic inversions in its vertices and opposite bounding Is --  2]'s being 
induced in ~, fi or/~ by 

hoh~h~, ..., h~hj+~hj+.2~, ..., h~_lh~_lh~_l • 

These, commuting and having ident i ty  for their product,  generate an elementary 
abelian group e of order 28-1; it  is clear from (13.2) tha t  all of them leave ¢, fl, fi in- 
variant.  The three [s--1] 's  are thus only one of 238-1/28-~=2 e8 such sets of spaces 
associated with F : ,  those of a set being transformed into those of any other by  the 
28-~ operations o¢ a coset of e in E. 

lies on 2 s - - 2  of the 3 s - - 2  quadrics D~= 0, namely those for which k ¢ 0  
(rood 3). But  each of fl and fi lies on 2s - -1  of the 3 s - - 2  quadrics: fi on those having 
k ~ 2, fi on those having k ~1 .  I t  follows tha t  fi and fi both  meet F :  in 2 ~-~ points, 
namely those, in the case of fl, common to the sections by fi of the s ~ 1 quadrics 
~2k= 0 having k -  2 and those, in the case o¢ fl, common to the sections by /~ of 
the s - - 1  quadries f2~= 0 having k -  1. The planes spanned by trios include the 
osculating planes of / ~  at these 2 ~ points in fl and ti- 

The 2 ~-~ points in, for example, fl satisfy 

2 2 

the obvious determinantal  solution of these s - - 1  linear equations for the s (~ un- 
knowns )~ x~ shows tha t  none of the x~ is zero. 

14. - If  ~ is a point on F :  the tangent  there is the line 

8--1  

j = O  
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Should ~ happen to be one of the points of F :  in fi these equations would be 

co W~+s ~ -  ~ + 2 s /  i 0 . 

:Now a point x in a would satisfy all these equations if only, for each k~ 

but  all these 3 s -  2 equations other than  those s - - 1  for which k ~ 1 are nuga- 
tory  so tha t  there are only these s -  1 linear equations to be sutisfied by the s co- 
ordinates x j, namely 

~ a ~ x j ~ - - O  k :  1~ 4, . . . , 3 S - - 2 .  

Since no two aj ure equal nor, as just  remarked, is any ~ zero, the matr ix  [a~j]  has 
runk s -  1 and the ratios of the xj are uniquely determined. So the tangents to/ '~i 
at  its 2 ~-~ intersections with fl all meet ~ as, by similar reasoning, do the tangents 
at  its 28-~ intersections with/~. 

When F~ is speeialised t o / ~  the parametric form (4.3) implies, as is seen on using 
(7.1) with h = 3, the relations 

x~'.x~+ .xj+28. 2 = O+aj:w(O+¢oa~):e~2(O~-co2aj) ~ ~- 0, 1, ..., s - - 1 .  

But ,  on fi, xj:x~+~:xj+2s: 1 :~2:~o so tha t  all 2 ~-I intersections of F :  with fi belong 
to B(c~). This batch of 2 ~-1 points is completed on appropriating the points of F :  
in those 22~-  1 other spaces derived by applying E to ft. Similar remarks apply 
to /~ and B(0). 

The osculating prime of F~ at  a point of B(0) is, by (3.1) of [5] with n :=3s--1 ,  

s - - 1  
3S-- 3 a~ (~jXj + ~j+s X~÷s + ~:~+2sXj÷2s ) = 0 . 

J=O 

When ~ is in fi this equation is, by (13.2). 

and is satisfied by every point of ~fi; the osculating primes of F :  at  its 28-1 points 
in fi all contain the [2s--1]a/~. All 2s-2(28-1 --  1) joins of the 2 s-1 points are there- 
fore principal chords, and the operations of E applied to them produce 288-2(2s-1--1) 
of the principal chords joining pairs of points in B(0). Analogous s tatements  hold 
for B(c~). 
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15. - The planes of the  trios generate  a threefold W whose genus appears  on using 

Zeuthen ' s  formula.  For  there  is a (1, 3) correspondence be tween the  planes of W 
and the  points  of F:~ in which the  only coincidences occur a t  the  2 * intersections of F~ 

with/3 and ft. Bu t  each of these is a coincidence of all three  members  of a trio and 
so ([8], p. 238) is to be counted twice; whence the  formula  gives 

6 ( z - - l )  + 2.2 ~-- 2(z~s_~-- 1 ) 

: 2 .2~s-s(3s--4)  , 

being the  unknown genus of W. Thus 

(~5.]) 
7~ ---- 1 ~- s" 2 ~ -~  - -  2~(2 ~s-~ -~- 1)/3 

---- 1 + s ' 2  ~ s - a - 2 s ( 1 - 2  ~- 2 2 - . . .  + 2 es-e) . 

e, /3, /~ contain directrices of W; /3/3, eft, eft mee t  W in scrolls. Among  the  28.-2 
intersections of F~ wi th  a p r ime  through fl/~ are 2 ~-~ points  on/3 and 2 *-~ on/~; the  
28~-2--2~ others consist of tr ios whose M =  ½(22~-2--1)2 ~ planes mee t  e on the  
dircctr ix there,  whose order is therefore  M. The other  two direetrices have  the  same 
order because a pr ime through eft or ~/3 contains the  tangents  a t  2 ' - x  points  of F~ 
which account  for 2 * intersections. The generators  of each scroll pu t  a pair  of diree- 

trices in (1, 1) correspondence;  the scrolls have  order 2 M ,  W has order 3M. 

16. - The simple instance when s ~ 2 fnrnishes a threefold of order 12 with  
ff 

three  quadruple  lines and meri ts  some description. F s ,  of order 16 and genus 17, 
is defined b y  four s imultaneous equations (a ¢ b )  

(16.1) 

~:~ence ,  o n  F 5  ~ , 

(16.2) 

2 2 2 2 2 x o +  x ~ +  x4 + x l +  x s +  x~ = 0  

a(x~ + ~,x~ + o~x~) + b(x~ + o)x~ + ~ o~ xs )=O 

a~(x~ + ~x~ + ~x~) + b~(x~ + o~x~ + o~x~) = o 

b~(x~ ~ x ~ a~(x~ + x~ + x~) + + x~ + ~)=  0 

~ x ~ +  ~ ~ 0 x ~ + x ~ + x d =  x a + x s =  , 

2 oJx~ + o~x~ = ~b , = x o +  x ~ +  o~x~+co~x~ - -Ca , 

x~ + ~ ~ ~ + ~,~x~ + ~ox~ = -~,a~; o~ x~ + o~)x~= ab ~ , xl 

3x~ ~-- ~b + ab 2 , 3x~ = ~o2~b + coab 2 , 3x~ ~-- coQb + o)2ab ~ , 

- - 3 x ~  = qa + aa ~ , - - 3 x ~  = ¢oU o~ a -[- a~aa u , - - 3 x ~  ..~ coqa + co'an 2 . 
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Those points t ha t  are invariant  when the x~ undergo the permuta t ion  (XoX~X~)(x~xax~) 
are on the  lines 

: ~ 0 =  X ~  X 4 ,  X 1 : =  X 3 =  X~ ; 

/~: X o =  0 ) X ~ =  0)~X a ~ X ~ =  ~ o X a =  0)~X a ; 

Should a point  of I'~' be on fl then,  from (16.2), ~ - :  0; there are two rater- 

sections 

x2.o~Z.~2.~2.~2.o.2 b2:0)b~:co~b2:_a~:_oga~:_0)Ua ~ 

Likewise there  are two intersections with fi; bu t  none with g. 
The solids containing eoltinear trios are 

flfl:Xo+ x~+ x4=x~+ x~+ x s = 0 ,  

~ :  Xo + o~x~ + co2x~= x~ + ~x~ + 0)~x~ = 0 ,  

aft: xo + 0)~x~ + ~x4 ........ x~ ÷ oJ~x~ + oJx~= 0 .  

Take, now, three  points (Xo,X~, x4, x~, x~,x~) one on each of o:, fl, fl: say 

(1, 1, 1, k, k, k) on ~ ,  

(1, co ~, 0), m, 0)~m, 0)m) on fl ,  

(1, 0 ) ,~ ,  n, ~ n , ~ n )  on ~.  

The object  is to select k, m, n so tha t  the  plane spanned by  these points contains 
a trio o n / ' ~ ;  in order  t ha t  it should do so it  is sufficient for it to meet  F~' once. Bu t  

every  point  of the plane is obta ined by  varying 4, #, v in 

(16.3) (4 + # + v, 4 + #0)~ + vw, ;t +/~0) + vw 2, 

~k + ~m + vn, 4k + #0)~m + vcon, 4k +/~0)m + v0)~n) 

and on subst i tut ing these coordinates for  the xj in (:16.1) one has the  conditions 

4 2 + 2 # v  + 42k ~ + 2 # v m n  = O ,  

a(v ~ + 2~#) + b(v2n ~ + 2~dcm) = O, 

a~(# 2 + 2v2 ) + b~(~2m 2 + 2v~kn ) = O , 

an(), 2 + 2#v) + bs()~zk: + 2/~vmn ) = 0 .  

1 7 - A n ~ a I i  d i  l ~ f a t e m a ~ i c a  
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The first and four th  conditions require 

2 ~ + 2/_iv = ~ k 2 + 2 # v m n  - -  0 

so tha t  either ~2 + 2#v == k 2 -  2 m ~  = 0 or ) ~ =  2try = O. And, in ei ther  al ternat ive,  
one has to satisfy the  second and th i rd  of the four conditions. 

If,  in the second al ternat ive,  ~ = # = 0, the  th i rd  condition is identically satis- 
fied, the second if a + b n ~ - 0 ;  one obtains the two points of Fg' on fi and their  
osculating planes. Similarly, ~ ~ - v - - 0  yields the two points on ft. So one con- 
siders the first al ternat ive.  The two conditions are 

v~(a + bn ~) : - -  22#(a + bkm) , ,u2(a ~ + b2m .2) . . . .  2v,~(a ~ + b2kn) , 

which give, on mult ipl icat ion and cancelling #v, 

#v(a + bn~)(a ~ + bO-m 2) = 4)J(a + bkm)(a  ~ + b2kn) 

or, since )~2~_--2/~v, 

(16.4) (a + bn~)(a ~ + b~m 2) + 8(a + bkm)(a ~ + b2kn) : 0 . 

This is the relat ion sought;  when it  is satsfied, in addit ion to k ~ - 2 r a n ,  the  plane 
belongs to W. I f  any  one of ]~, m, n is now el iminated the  outcome is a (4, ~) corre- 
spondence between the other  two; this yields an octavic scroll with two of a, fl, fi 

for quadruple lines. For  example:  the elimination of k leads to 

(16.5) (9a a + a~bn ~ + ab2m 2 + 17b3m~n~) ~ ~ 1 2 8 a % ' ( a m  + bn)~mn . 

The plane (16.3) meets  fl# in the line 

(# + ~,, /xeo ~ + vo~, ~¢o + vw 2, # m  + vn, /u~o~m + roan, #o)m + ,voJ2n) 

so tha t  one has only to take 

m =  ( o ~ x ~ - - c o x s ) / ( o ~ x , - - o ) x D  , n =  ( ~ x ~ - - o ~ x ~ ) / ( o ~ x ~ - - ~ x 4 )  

and subst i tute  in (16.5) to obtain ~n equation for the octavic scroll R~ in which tiff 
meets W. 

The generators of R~ are paired in the harmonic inversion hoh~h~=--hlh~hs; this 
accords with (16.5) being unchanged when m, n are replaced by  - -  m, - -  n. A plane 
section of R~ has quadruple points,  one on/?  and one on/~, so tha t ,  being of genus 5 
by (15.1), it is required to have 4 nodes; R~ has 4 double generators.  
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III. - Curves invariant  w h e n  the coordinates are permuted in a single cycle.  

17. - There is a specialisation of F~ having no surviving moduli;  the  properties of 
such a curve A. include those of the less speeialised curves already considered. 

Take a~= s j where s--~ e x p [ 2 z i / ( n  ÷ 1)], a pr imit ive (n-k  1)-th root  of uni ty .  
Then A~ admits,  in ~ddition to E,  the cyclic self-projectivity ~o, of period n ÷ 1, 
tha t  permutes  the coordinates in a single cycle (xo x~ ... x.). For  this permuta-  
t ion merely  divides/2~ by  s ~ because, now, 

~¢~)k ~ ~ ~i~x2 • 

E v e r y  quadrie through A~ is invariant  under  a group of 2"(n q-1) projectivit ies;  
though A~ itself will be invariant  for a larger group should there be projeetivit ies 
permut ing  the quadrics through A,~ among themselves. 

Since, now, 

f ( 0 ) = 0 ~ + 1 - - 1 ,  f ' ( O ) = ( n - 9 1 ) O  ~ , f'(sJ) = (n ÷ 1)~ -j 

the parametr isat ion (4.3) is 

(17.1) x~ = (0 -9 s ~) s j • 

When ~o is imposed B(O) becomes B(~) where the ratio 

(0 + sJ) sJ:(q~ ÷ s~+l) s ~+~ 

is independent  of j, hence ~ : s0. The batches are permuted  in cycles of n - k  1 
save tha t  B(0) and B(c~) are unmoved.  The n - 9  1 critical batches are B ( ~ s J ) .  

18. - ~ has the n -9 1 dist inct  fixed points 

A k : x ~ = s  J~ k = O ,  1, . . . , n ,  

vertices of a simplex 6 .  Each  Ak lies on all n ~-1 quadrics t97~ except  ~2~+1_2~ 
(the suffix modulo n ÷ 1) so tha t  Ak is on A~ when ~2~+1_2k is ei ther  ~2~_1 or Y2~. 
Thus A~, not being on £2~_~, is on An, indeed in B(0). 

I f  n ~ 2p -~- 1 is odd, so tha t  ~+~ ~ - -  1, the inversion (18.1) in a pair of oppo- 
site bounding [p]'s of S transposes A~ and A~+2 so tha t  this last point  is also on 2 ,  
and in B(0). 

I f  n -~ 2q is even, A~+~ is not  on Y2~ and so is on A~; indeed it  belongs to B(c~). 
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Consider now the osculating spaces of z]~ at A~. Since, at A~, 0 = 0  and ~ =  e ~ 
the osculating Is] is, as explained in [5], determined by the n -  s linear equations 

But this is the equation of that  bounding prime of ® that  is opposite to A._,+2 and 
so one can say, in succession, that  

the oscillating I n - - l ]  at A~ is A~A~A~ ... A~AoA~,  

the osculating In - -2 ]  at A~ is AaA~ ... A~AoA~,  

the osculating plane at A1 is 

the tangent at A~ is 

A~AoA1 , 

AoA1 . 

Or, building the figure from the spaces of lower dimension, the tangent of A~ at A1 
is AIAo,  the osculating plane A1AoA~, the osculating solid A~AoA~A~_~, and so on. 

Suppose now that  n = 2p-~ 1; the alternative n = 2q will be discussed below. 
The inversion 

(ls.1) hoh~. ... h~.~-:-- hlh2 ... h~+l 

replaces the coordinate d "e of A~ by (--1)~'d '~ or s~(k+p+l) and so transposes A~ and 
A~+~+~ (suffixes modulo 21) ~- 2); the vertices of ® undergo the (p +1)-fold trans- 
position 

(AoA~+I)(A1A.+~) ... (A~A~+~) . 

Hence the tangent of z]2~+~ at A~+~ is A~+~A~+~, the oscttlating plane A~+~A~+~A~, 
and so on, the osculating [2p] being the bounding prime 

A~+~A~+I ... A ~ A o  ... A~+4 

of ~ opposite A~+3. 
Clearly AIA~+~ is a principal chord; but there is more to say. 

common to 

A1AoA2~+IA2~ ... A~+~ ~nd A~+2A~+I ... AzA1 

For A1A~+2 is 

which are the osculating [p + 1]'s at A1 and A~+~ respectively. Take, for example, 
p = 2, Then the chord A1A4 of A~ lies not only in the osculating [4]'s at both A1 
and A4 but also in the osculating solids 

A1AoA~A4 und AdA3A:A~.  
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A~A4 is one of 16 such chords joining pairs in the batch B(0); the members of a pair 
are images of one another  in the inversion hoh2h~. 

I t  was seen, in the  account  of F~, t ha t  any  point  P in B(0) is joined to three other  
points -Poa, P~4, P2~ of the ba tch  by  principal chords, and tha t  every  edge of the tetra-  
hedron PPos_P~4P~5 is such a chord. The four points are t ransforms of any one by  

hoh~, hlh~, h~h~; e.g. 

h2h~Pos: h~h~hoh~P : hlh4P == P 1 4  • 

This is therefore  t rue  also of As, since invariance under  the involution go 3 endows 
~ with the propert ies of Fg. Bu t  invariance under  go 2 endows d~ with the properties 
of F~' also; among them is the fact  t ha t  there  is a four th  principal chord joining P 
to another  point  P02~ of B(0), the t ransform of P by  hoh2h~. I t  is this last chord which, 
as has just  been noted, now lies not  only in the  osculating [4]'s bu t  also in the osculat- 
ing solids of A~ at  bo th  P and P024. The joins of pairs of points in B(0) include 

48 q- 16 ..... 64 principal chords of A 5. 

19. - Suppose now, still considering A~, tha t  n is even, say n = 2q. 
jec t iv i ty  

J :  x~= e(~+2)Jx2~+~_ ~ j = 1, 2, ..., 2q 

The pro- 

with the  first coordinate Xo unchanged, is seen to transpose ~2 k and t) k, when 

/~ + k ' =  2 q - - 2 .  In  detai l  

s~xy becomes e ~(k + 24 + 4)x 2 • 2 q + l - J  

so tha t  the  typical  t e rm of the  sum into which Y2~ is t ransformed is, changing j to 

2q+1--% 

~(2q+ 1-- j)(k+ 2q + 4)~2 ~--i(7~ + 3) X2 j(2q--/¢-- 2) 2 

since e2~+1= 1. Thus J transposes the n - - 1  quadrics through A~ in pairs, save tha t  
/2~_1 is invariant .  J also, as can be similarly verified, transposes t2~_1 and t2~. 

A mat r ix  form for J is 

= 

82q(q+2) 

(the sign of the leading element  being chosen so tha t  13I= ÷ 1) having the  uni t  
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matrix for its square; J is an involution. If P is the (2q ~-1)-rowed permutation 
matrix 

[i 11 
imposing ~ it appears, since ~P ~ =  e~+2P -1 that  J and ~o generate a dihedral 
group of 4q ÷ 2 projectivities. The 4q ÷ 2 matrix forms for these can, on multi- 
plication by the diagonal matrices imposing projectivities of E, have the signs of 
any of their entries changed and yet still impose projectivities that  leave A~ invariant; 
the group of self-projeetivities has order (4q + 2)22q and can be imposed by as 
many matrices of determinant +1 (should q be odd write the leading entry of 
as - -  1). 

This order is 160 when q : 2. So far as is known A~ has never been encountered 
save in this simplest instance, but A4 was discovered by Wiman in his quest [11] 
for curves of low genus admitting self-projectivities. He did not, however, exploit 
his discovery other than by giving this order 160. Some further contributions to 
the study of 2 ,  have since ~ppe~red in [3]; a little more appears below. 

The characteristic polynomial of ~ is, if the leading clement is + ] ,  

and there is no obstacle to perceiving that,  corresponding to the latent root +1, 
q + 1 linearly independent latent vectors span the [q] 

Q : Xr+ 1 = ~(q÷2)(r+l)X2q_ r 

while, corresponding to the latent root - -1 ,  q linearly independent latent vectors 
span the [ q -  1] 

Q ' :  X 0 =  X~r+ 1 -~ ~(q+2)(r÷l)X2q_ r ~ 0 • 

Here r ranges over 0, 1, . . . , q - -1 .  Both Q and Q' meet all of 

X I X 2 q ,  X ~ X 2 q _ I !  . . . ,  X q X q + l  ; 

Q also contains Xo, while Q' lies in xo= o. 
J is the harmonic inversion in Q and Q' which, ~9~_~ being invariant, are polar 

spaces for t9~_1= 0. Furthermore: since ~2k and ~Pk. are transposed when k + k ' =  
= 2q -- 2 any point in which either quadric meets either Q or Q' is on the other quadric. 
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Hence zJ~.~ meets Q in the 2~ points 

-Oo ~-  £ ) 1 - -  - - /2~_1-- - -  0 ; 

these quadrics have no other  common point  in Q. Moreover the 2~ tangents of A2~ 
at  these points, being invariant  under  J ,  all meet  Q'; the points themselves are paired, 
the 2 q-~ joins of the pairs all passing through X0. 

Q and Q' are bu t  one of (4q + 2)2 ~-* pairs of polar spaces for Dq_~--~ 0 tha t  are 
axes of involutions leaving z]~ invariant .  For  Q, Q' are themselves invariant  under  

ho, hlh.2q~ h~h~q_l, ..., h~h~+l, J . 

The first q ÷ 1 of these q-+-2 involutions generate an e lementary  abelian group 
of order 2q which is amplified by  J to a non-abelian group of order 2 q+~ whose projee- 
t ivi t ies  are imposed by  unimodular  matrices ei ther diagonal or having the shape 
of 3. So there  are as many  polar pairs Q, Q' as there  are cosets of a group of order 2 q+~ 
in one of order (4q ÷ 2) 2% Each  ver tex  X~ of S is in 2q of the spaces Q; the polars 
Q' of these lie in x~--~ 0. 

20. - The points of -A2q are paired by  J ;  the chords, all t ransversal  to Q and Q', 
joining these pairs generate a scroll Ro which meets  Q in a directrix curve 6o, of order 
m say, with a point  of mult ipl ici ty  2 q-1 at Xo. R0 has a double curve ~o, of order # 
say, in Q' since each generator  of Ro meets  Q ' - -whieh  lies in xo----0--in the same 
point  as does its t rans iorm by  ha (under which Ro is invariant) .  

A prime through Q' contains those m generators of Ro tha t  pass through its inter- 
sections with ~o, so tha t  it meets A.~ in 2m points;  whence m = 2 ~-2. Bu t  the 2 ~-I 
intersections of z]2~ with a pr ime through Q consist of the 2 q points in Q itself and two 
points on each of the  2# generators of Ro tha t  pass through the # intersections of 

the pr ime with ~o; whence 

22q-1~ 2 q ~- 4# , # ~ 22q-~ - - 2  q-~ • 

Since the  section of Ro by  this prime consists of 50 and the 2# generators the order 

of Ro is 

m + 2# ~-- 2q-~(2 q- i). 

A [ q -  1] through X0 and lying in Q, unless its position is specialised, meets  (~o 
in 2 :q-~ - -  2 q-1 fur ther  points collinear with Xo in pairs. Any contacts of the [q - -  1] 
with branches of 50 at  Xo must  involve fur ther  intersections to an even number ;  
one expects therefore all the  branches to be inflectional. 

The genus ~ of Ro is found immediate ly  from Zeuthen 's  formula. For  5o is in 
(1, 2) correspondence with A2q, the branch points being the  2q points where gene- 
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tutors of Ro are tangents  of 3 ~ .  Hence, using the known value of z~q oa the right,  

4(~'q-- 1) ~- 2q= 2 .22q-2(2q--3) ,  

z~q= 2~q-3(2q- -3 )_  (2 q -2 _ 1 )  . 

One can also find the genus ~ of ~o- Any chord PPo of A2~ through Xo is paired 
by  J with a second such chord ' ' P Po; PP' and PoPo concur on ~o o and meet  x o =  0 
on the doubly covered A~_I tha t  is the projection of A2~ from Xo. Hence there  is 
a (1, 2) correspondence between ~o o and A~,_I and so, the genus of A2q_~ being known, 
it  only remains to find where the correspondence branches. There are two types 
of point  on ~o where it does so. 

(a) I f  P is one of the  24 intersections of A2~ with Q it coincides with P ' ;  only 
one point  of A2~_~ arises, namely  tha t  on XoPPo=-XoP'P'  o. The tangents  of A2q 
at  P and P0 meet  at  a branch point  on ~o; there  are 2 q-~ of these. 

(b) The 2 q-~ generators PP' of Ro through Xo each give rise to coincidences 
P'--= Po, P ~ P ~ ;  such a generator  meets  ~oo in a branch point,  the  only point  of 
A~_~ corresponding to it  being on XoPP'--XoPg_P o. There are 2 ~-1 branch points 
of this t ype  also. 

The Zeuthen formula therefore gives 

4(~ - -  1) -9 2q-l-F 2 q - l :  2"S2q-3(2q-- 4) , 

z: = 2 ~ - ~ ( q - -  2) - -  (2 ~ - ~ -  1 ) .  

21. - A~q is invariant  under  J which transforms Ak, having its (j + 1)-th coordi- 
na te  eJ~ into the point  for which 

X j  = 8 (a + 2)j + (2q + 1 - j)I¢ = ~(q + 2 -  k)J 

since s 2q+1 = 1; so J transposes A k and A k, where k q- k' ~ q q- 2 (mod 2q ÷ !) .  Since 
A1 is on d ~  so, as already seen otherwise in § 18, is A,+~; J transposes not  only A~ 
and A~+~ themselves bu t  also 

the  tangents  A~Ao and Aq+lAq+.2 

the  osculating planes A1AoA2~ and A~+IA~+2Aq+8, 

and finally the osculating primes, these being the bounding primes of ® opposite A2 
and A, .  
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I t  now appears tha t  

A~AoA~ ... Aq+zA~+t 

is the osculating [q ÷ 1] of ~1~¢ at  bo th  A~ ~nd A~+~. This [q ÷ 1] is fixed under  
bo th  go and J ,  bu t  it  is one of 2 ~q such biosculating spaces obtainable f rom any one 
of them by  using E ;  the two contacts are one in each of B(0) and B(oo), and the wholes 
of those two batches are thereby  accounted for. 

22. - For  Wiman's  curve LJ~ q = 2 and s s =  1~ A4 being defined ([11]~ p. 39 as 
modified in [3], p. 1265) by  

( 2 2 . 1 )  = = = 0 

with summations running over j = 0, 1, 2, 3, 4. This curve lies on 20 sextic scrolls 
of genus 2, each of them having a directrix plane quart ic and a nodal  line which is 
the  polar line of the  plane of the  quart ic  in ~ e%~ = 0. Each solid x~= 0 conta- 
ins four of these lines; t hey  form a skew quadri lateral  each pair of whose opposite 
sides is a pair  of polar lines for ~ eJx~ = 0; for example,  the lines in Xo= 0 are 

xl-~- ~4X4= X2 ~- e3X3= 0 ~ X l - -  e~X~ - X~--e3X3= 0 

X l - - ~ a X d ~ X 2 ~ -  ~3X3= 0 ~ Xl~- E4xa---x2--~3Xa= 0 . 

Consider now the scroll Ro with nodal line 

Q': x o =  x l - -  ~xa-~ x2~- ~ax3= 0 . 

The polar plane of Q' in Y2~= 0 is 

Q: x~- -  ~axa= xu - -  sax3 = 0 

and meets  zgo = 0 and zg~ =- 0 in the same conic; indeed the plane meets A 4 in those 
four points for which 

x~ + (1 + P)x~  + (1 + ~) ~ x 8 = x o + 2Px~ + 2~8x~ = o .  

The tangents  to z]4 at  these points all meet  Q'. Ro has a node at  Xo and meets Q in 
a quart ic  curve (30 with a bifiecnode at  Xo, each branch having an inflection there. 

Since the difference of the two vectors 

(Xo~ Xl~ X2 ~ X~ ~ Xd) 

(Xo~ ~4Xa~ CaXa~ C"X2~ 8Xl) 
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registers a point  on Q' their  sum registers a point  in Q; 50 is the locus of the point  

(22.2) (X, Y, Z, ¢°-Z, eY) with X : Y : Z  .... 2x0:xl ÷ s~x~:x~÷ ~3x3 

as (Xo,X~, x~, x3, x4) varies on d4.  An equation for (5 o is obtained by  eliminating 
the  five xj f rom (22.1) and (22.2). As expeditious a way as any is probably  to note  tha t  

, E ) X 2 X 3 = X 0 

everywhere  on z]~, for this is seen to hold identical ly in 0 on using (with n = 4) the  
parametr iza t ion  (17.1). The outcome is 

s°'(s + 1 + e~) Y~ + e~(s ~ + 1 + e ~') Z~ = ~-X~{e(e ' - -  1 + e ~) P + e~(e - -  1 + ~) Z ~} , 

a plane quart ie  with a biflecnode at  Y = Z = O. 

23. - The fact of the 16 principal chords joining points in B(0) to points in B(c~) 
lying in biosculating solids is an as ye t  unremarked  proper ty  of A4; al though the 
fact  t ha t  a special form of Humber t ' s  plane sextic w'~s a project ion of A~ from a 
chord was noted  and exploited in [3] the chord was not,  apar t  f rom the possibility 
of its being a tangent ,  specially selected. Were it, however, to be one of these 16 
principal chords the project ion H would have two inflections I and I '  with the same 
tangent ,  this tangent  being the intersection of the plane ~$ of H with the bioseulat- 
ing solid. 

Project  A~ from its chord A~Aa onto the opposite plane ff~=-AoA~A~ of ~ ;  
the biosculating solid, opposite A2, is an:== 0 where 

so tha t  

and 

(23.1) 

4~ 

J = O  

4 

5xj-~ ~ s-J~ak j = 0,1, 2, 3, 4: 
i~=O 

2 ÷ 2aoO. 2 _~_ 2a~a~. 5/22 ~ a I 

In  order  to obtain the equation of H,  the  projection of A~ from So = a3-- a~-- 0, 
one has only to el iminate as and a~ from the  equations got b y  equating the  three  
quadrat ic  forms simultaneously to zero. The first grid th i rd  equations can be solved 
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for a~ and ~ and the  solution subst i tu ted in the second. The outcome is, writing X, 
Y, Z for c¢ o, 0" 1, 63 

(23.2) 2Z ~ -  5X ~ Y~Z ~ - -  (X ~ ÷ Y'~) Z ÷ 5X~ :Y~ = 0 ,  

showing clearly t ha t  Z = 0 is a bi tangent  with both  contacts  inflections. 
The action of ~o multiplies a~ b y  e -k, inducing the  replacement  of X,  J:', Z by X, 

e -~ :Y, s-~Z; this accords with H being unchanged under  the  projee t iv i ty  of period 
5 which replace X,  3(, Z by  eaX, e 2 Y,  Z. Moreover, since J permutes  the  ak as 
((r0~)((r=ad)(aa), it  induces in ~ the harmonic inversion which transposes X and I7 
while leaving Z unchanged. Thus H is invar iant  under  a dihedral group D of 10 self- 
projectivit ies.  

2 4 .  - The general propert ies of Humber t ' s  sextic are of course possessed by  this 
specialised form H,  indeed are enhanced by  the presence of O. This is not  the  place 
to elaborate  them, bu t  one may  remark  in passing tha t  A~Aa is a line on F, the  cyclide 
Y20= zg~= 0, and that ,  the  tangent  plane of F at  x ~ - - ~ d  d-#e  3j on AlAs  being 

,~cq -~- #c*a =/toga -I-, #~o ----- 0, 

2 the  t angen t  planes to /~ at the points of AlAn generate the line-cone (~oal= %. 
Hence (see § 9 of [2]) the conic through the five nodes of H is X Y -  Z 2, and the 
two tangents  a t  any  node of H pass one through I and one through I ' .  

The  operations of E all leave 1,', as well as its intersection d4 with ~ 1 =  0, inva- 
r iant ,  and 2" is projected onto t~ from A~Aa by  a t ransformat ion (1, 1) save for 
five ~ exceptional  ~ lines on F tha t  meet  AlAn.  So the  operations of E induce 
Cremona transformations in @ tha t  leave H invariant :  H admits  a group of 160 
Cremona self-transformations.  

The sections o f / ~  by  solids are projected from AlAn into the  adjoint  cubics of H.  
~ o w  while a general canonical curve of genus 5 has 496 qua, dr i tangent  solids 
- - t h i s  being the  number  2 ~ - ~ ( 2 ~ 1 )  when p =  5 - - i t  was remarked in [2], §17, 
t ha t  zld, indeed t h a t / " 4 ,  has ten  singly-infinite families: if t is a t angent  the  solid 
joining t to the  edge x ¢ X k  of S also contains the  tangents  t¢, t~, tj~, obtained by  
applying hj and h~ to  t. Ad, however,  is now seen to have 16 biosculating solids quite 
separate f rom these ten  families of quadr i tangent  solids; a s=-0  does not  contain 
any  edge, nor indeed any ver tex,  of S. Those 15 of the 16 tha t  do not  contain AIAa 
meet  F in elliptic quarries whose projections onto @ are adjoint  eubics of H each 
having two 4-point intersections with it  (and containing its five nodes). 

25. - The involutions in O form the  coset of its cyclic subgroup and all transpose I 
and I ' ;  the  projectivit ies of the cyclic subgroup leave both  I and I '  unmoved so 



268 W . L .  EDGe:: The common curve oj q,mdrics sharing a sel/-polar simplex 

t h a t  if I and I '  are designated as Poncele t ' s  (( circular )~ points in an extended Eucl idean 

plane this cyclic subgToup will consist of rotat ions.  

If ,  then,  one puts  

Z =  l , x =  ~ + iO , y =  y - - i ~ )  

in (23.2) one obtains  

5 ( ~  + N~)~(~ + ~3~-1)  + 2 = 2 ~ ( ~ - -  ~ o ~ ~  ~ + 504) 

and the  r ight -hand side here is 

32 i~o ( ~  2 j z  " -= cos -~-  ~ s i n ~ ) .  

Now pu t  2E = £ cos O, ~ = £ sin 0 to obta in  

55t4(~ 2 - -  1) + 2 = 32N ~ cos 0 + = 2 £  ~ cos 5 0 .  
J=O 

The invariance under  ro ta t ion  is obvious, as it  is under  reflection in 0 ~ 0. One 
is, however,  denied the  pleasure of a visual  representa t ion:  the  odd funct ion 
5(R-- /~-1)  + 2R-5 has a single m i n i m u m  value 2 (when R ~- 1) and otherwise, for 

R > 0, exceeds 2, so t ha t  H has no real points save its five nodes- -acnodes  according 

to Cayley 's  nomenclature .  
Each  involut ion of ~ is a central  harmonic  inversion with  centre on I I ' ;  its axis 

joins the  harmonic  conjugate,  wi th  respect  to I and I ' ,  of this centre to one of the  

five nodes of H,  the other  four nodes being t ransposed in pairs.  
Al though H has no real points o ther  t han  its nodes this need not  inhibit  one 

f rom saying t h a t  every  circle X Y =  kZ ~ cuts H in a decad of points  invar ian t  
under  ~ .  This decad may ,  for cer ta in  values of k, be u repeated  pen tad  at  each point  

of which the circle touches H ;  it  is just  t ha t  the  points  wi l lhave  complex coordinates. 
Each  such pentad,  invar ian t  wi th  H and the  circle, mus t  have  one ve r t ex  on an axis 
of each of the  five involutions. Hence  there  will be four such ~ contact  circles )) because 

an axis meets  H in four points  apar t  f rom the node th rough  which it  passes. 
This accords wi th  the  Jaeob ian  set of the  g~0 cut, apar t  f rom I and I ' ,  on H 

by  the circles having  ([8], § 33) 20 + 10 - -  2 ~ 28 points.  Of these, 20 are on the  

four contact  circles, and the  defect is made  up if each of I and I '  accounts for 
four members  of the  Jacob ian  set. And this they  do because the  line I I '  repeated  
is a m e m b e r  of the  pencil  of circles, so t ha t  one of the  deeads consists of I and I '  
bo th  t aken  five t imes.  A]though the  assessment  of mul t ip l ic i ty  can be a subtle pro- 
b lem this present  instance is of the  (( e lementa ry  ~) t ype  whose solution is given in 

§ 36 of [8], and other  places. 
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26. - I t  is also wor th  recording tha t  the osculating planes of fl~ at  A~ and A~, lying 
as they  do in a biosculating solid, have a line in common:  indeed AoA~. The projec- 
t ion of A~ from AoA~ onto the  opposite plane AIAaA~ of ® is a plane oetavic C 
wi th  triple points at  A~ and A~. Bu t  there  is only a single tangent  at  each triple 
point ,  and this is the same~A~Aa i t se l f - -a t  both.  The equation of g is the result 
of eliminating, now, ao and a~ f rom (23.1). The elimination of ao f~om the  second 

and th i rd  equations gives 

~,~ + 2,~%o'4-- %(a~ + 2%%) = 0 ,  

while its el imination from the  first and th i rd  gives 

(a~ + 2~8a~) ~ + 8a~(~2% + o'~o'4) = 0 .  

Combinations of these two results furnish the two quadrat ic  equations for (~,: 

2 2 o al(a 3 + lOa~o'4) + 8o'la~a a + 2aao'4(a~ + 2o'2o'~) = 0 , 

2z~%(~, -{- a,a~(cra 2 + 10%a~) -+ 4a~(%a~ + 2z~) == 0 .  

El iminat ion of a, between them yields the sought equat ion for C namely,  replacing ~ ,  

aa, a~ by  X, Y, Z, 

Z s + 360ZaX ~ y~ + 512Z3(X 5 + ys) ~ 2240Z2X 3 ya + 2000X 4 y4 = 0 . 

The triple points A1, As, with their  single tangent  along Z ...... 0, are manifest,  as 
is invariance under  D. 

The  pencil of conics X ] Y =  kZ ~ cut,  apar t  f rom A1 and Aa, decads of points 
on e ;  the  Jacobian set of this g~o consists, as did a Jacobian set on H,  of 28 points. 
The singular conic Z 2 =- 0,a member  of the pencil, meets C at  eight points bo th  at  A~ 
and Aa; removing each of A1 and A~ three  t imes leaves a decad consisting of two 
quintuple points each, as with H,  contr ibut ing four to the  Jacobian set. So 20 points 
remain,  and these will be contact  pentads  for four of the  conics. 

Such a pen tad  invariant ,  wi th  the  conic and g, under  D, must  have one member  
on the  axis of each of the  five involutions in if). Each  axis, however,  meets g in eight 
points;  the  four not  belonging to contact  penta,ds are found to coincide in pairs at  
nodes of C. )~or example:  one axis is X = Y whose eight intersections with C 

are pin-pointed by  the  ident i ty .  

2000x 8 + 2240x 6 + 1024x 5 + 360x t + 1------ (lOx 2 + 4x + 1)2(20x 4 ~ 16x ~ + 28x ~ - -  8x + 1).  

The zeros of the  biquadrat ic  factor  on the right account for one member  of each 
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contact  pen tad ;  those oi the  repeated  quadrat ic  lac tor  account  for the  two nodes 
on X ~- Y, whose (complex) coordinates can thus be given explicit ly.  A plane octavic  
of genus 5 wi th  two tr iple points  has to have  2 1 - - 5 - - 2 . 3 - - - - 1 0  fur ther  double 
points  or thei r  equivalent .  
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