
Michael Crabb and Andrew Ranicki

The geometric Hopf invariant
and surgery theory

30th December, 2017



i

For Nico Marcel Vallauri





Preface

This joint project is an outcome of two separate projects started by us in the
1970’s, which independently dealt with double points of maps of manifolds in
geometry and quadratic structures in homotopy theory and algebra, general-
izing the Hopf invariant. However, the first-named author was more concerned
with Z2-equivariant homotopy theory and simply-connected manifolds, while
the second-named author was more concerned with chain complexes and the
surgery theory of non-simply-connected manifolds.

The geometric Hopf invariant of a stable map F : Σ∞X → Σ∞Y for
pointed spaces X,Y is the stable Z2-equivariant map

h(F ) = (F ∧ F )∆X −∆Y F : Σ∞X → Σ∞(Y ∧ Y )

measuring the failure of F to preserve the diagonal maps of X and Y . Here
Z2 acts on Y ∧ Y by transposition

T : Y ∧ Y → Y ∧ Y ; (y1, y2) 7→ (y2, y1) .

The stable Z2-equivariant homotopy class of h(F ) is the primary obstruction
to desuspending F , i.e. to F being stable homotopic to an unstable map.

The original Hopf invariant of a map F : S3 → S2 ([31]) was defined
geometrically to be the linking number

H(F ) = Lk(F−1(x), F−1(y)) ∈ Z

for generic x 6= y ∈ S2 with F−1(x), F−1(y) ⊂ S3 unions of disjoint circles.
In the 1930’s the Hopf invariant map was proved to be an isomorphism

H : π3(S2)→ Z ; F 7→ H(F ) ,

iii
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with the projection of the Hopf bundle

S1 // S3
η // S2

such that the fibres η−1(x), η−1(y) ⊂ S3 are disjoint circles with linking num-
ber H(η) = 1. Samelson [69] described the historical antecedents (Clifford,
Klein) of the Hopf bundle1. The original definition of the Hopf invariant
H(F ) ∈ Z applies to any map F : S2n−1 → Sn (n > 2), using the linking
numbers of (n− 1)-dimensional submanifolds in S2n−1, with

2Z ⊆ im(H : π2n−1(Sn)→ Z) ⊆ Z for n even ,

im(H : π2n−1(Sn)→ Z) = 0 for n odd .

In fact
im(H : π2n−1(Sn)→ Z) = Z for n = 2, 4, 8

since the normal sphere bundles of the embeddings of the various projective
spaces (complex, quaternion, octonion)

S2 = CP1 ⊂ CP2 , S4 = HP1 ⊂ HP2 , S8 = OP1 ⊂ OP2

are Hopf bundles Sn−1 → S2n−1 → Sn such that

S2 ∪η D4 = CP2 , S4 ∪η D8 = HP2 , S8 ∪η D16 = OP2

giving maps η : S2n−1 → Sn with H(η) = 1.

In the 1940’s Steenrod [77] used algebraic topology to interpret the Hopf
invariant H(F ) ∈ Z of a map F : S2n−1 → Sn (n > 2) as the evaluation of
the cup product in the mapping cone C (F ) = Sn ∪F D2n

Hn(C (F ))×Hn(C (F )) = Z× Z→ H2n(C (F )) = Z ;

(1, 1) 7→ 1 ∪ 1 = H(F ) (= 0 for odd n) .

The mod 2 Hopf invariant H2(F ) ∈ Z2 of a map F : Sm → Sn was then
defined using the Steenrod square in C (F ) = Sn ∪F Dm+1

Sqm−n+1 : Hn(C (F );Z2) = Z2 → Hm+1(C (F );Z2) = Z2 ; 1 7→ H2(F )

or equivalently the functional Steenrod square Sqm−n+1
F . For m = 2n − 1

H2(F ) ∈ Z2 is the mod 2 reduction of H(F ) ∈ Z. In 1960 Adams [1] used
secondary cohomology operations to prove that

1 Samelson’s paper includes the letter sent by Hopf to Freudenthal giving a first-hand
account of the Hopf invariant. The letter was sent on 17th August 1928 from 30 Murray

Place, Princeton. By a coincidence, this was the house occupied 50 years later by one of

the authors (A.R.)
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im(H : π2n−1(Sn)→ Z) = 2Z for even n 6= 2, 4, 8

(or equivalently im(H2 : π2n−1(Sn)→ Z2) = {0}) which was then proved by
Adams and Atiyah [4] using K-theory.

For a pointed space X write the loop space and the suspension as usual

ΩX = map∗(S
1, X) , ΣX = S1 ∧X .

In the 1950’s and 1960’s it was realized that the Hopf invariant was the
first example of the primary obstruction to desuspending a stable map F :
ΣkX → ΣkY for any pointed spaces X,Y (not necessarily spheres), with
1 6 k 6 ∞. A k-stable map F : ΣkX → ΣkY can be desuspended, i.e. is
homotopic to ΣkF0 for a map F0 : X → Y , if and only if the adjoint map

adj(F ) : X → ΩkΣkY ; x 7→ (s 7→ F (s, x)) (s ∈ Sk)

can be compressed into

Y ⊂ ΩkΣkY ; y 7→ (s 7→ (s, y)) .

For any space Y the homotopy groups of ΩΣY are

πn(ΩΣY ) = πn+1(ΣY ) .

James [33] showed that for a connected Y there is a homology equivalence

ΩΣY '
∞∨
j=1

∧
j

Y .

The adjoint of a 1-stable map F : ΣX → ΣY is a map adj(F ) : X → ΩΣY .
The primary obstruction to desuspending F is the composite

H∗(X)
adj(F )∗// H∗(ΩΣY ) =

∞⊕
j=1

H∗(
∧
j

Y )→ H∗(Y ∧ Y ) .

For F : S3 = Σ(S2)→ S2 = Σ(S1) this is just the Hopf invariant

H2(S2) = Z
adj(F )∗// H2(ΩS2) =

∞⊕
j=1

H2(Sj) = H2(S2) = Z ; 1 7→ H(F ) .

The homotopy groups of the space

Ω∞Σ∞Y = lim−→
k

ΩkΣkY
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are the stable homotopy groups of Y

πn(Ω∞Σ∞Y ) = lim−→
k

πn+k(ΣkY ) .

The desuspension of F is equivalent to compressing the adjoint map

X → Ω∞Σ∞Y ; x 7→ (s 7→ F (s, x)) (s ∈ S∞)

into
Y ⊂ Ω∞Σ∞Y ; y 7→ (s 7→ (s, y)) .

For connected Y the space Ω∞Σ∞Y has a filtration in stable homotopy
theory with successive quotients

(EΣk)+ ∧Σk
∧
k

Y (k > 1) .

Here, Σk is the permutation group on k letters acting by

Σk ×
∧
k

Y →
∧
k

Y ; (σ, (y1, y2, . . . , yk)) 7→ (yσ(1), yσ(2), . . . , yσ(k))

and EΣk a contractible space with a free Σk-action. (There is also a version
for disconnected Y ). The kth filtration quotient corresponds to the k-tuple
points of maps of manifolds. We shall only be concerned with the first filtra-
tion quotient, for k = 2, as we are particularly interested in double points.
We write

EΣ2 = S(∞) , Σ2 = Z2 .

For any pointed space Y define the quadratic construction pointed space

Q•(Y ) = S(∞)+ ∧Z2
(Y ∧ Y ) .

Such quadratic spaces were introduced in homotopy theory by Toda, in the
1950’s. For any pointed spaces X,Y the stable homotopy groups {X,Y },
{X,Q•(Y )} and the stable Z2-equivariant homotopy group {X,Y ∧ Y }Z2 fit
into a split short exact sequence

0 // {X,Q•(Y )} // {X,Y ∧ Y }Z2

ρ // {X,Y } // 0

with ρ the fixed point map. Following Crabb [12] and Crabb and James [14]
the primary obstruction to desuspending a stable map F : Σ∞X → Σ∞Y
is the stable Z2-equivariant homotopy class of the geometric Hopf invariant
h(F ), which can also be viewed as the stable homotopy class of a stable map

h′(F ) : Σ∞X → Σ∞Q•(Y ) ,
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that is
h(F ) = h′(F ) ∈ ker(ρ) = {X,Q•(Y )} .

The algebraic theory of surgery of Ranicki [60, 61] was based on the
quadratic construction on a chain complex C, the chain complex defined by

Q•(C) = W ⊗Z[Z2] (C ⊗Z C)

with W = C(S(∞)) a free Z[Z2]-module resolution of Z. A stable map F :
Σ∞X → Σ∞Y was shown to induce a natural chain homotopy class of chain
maps

ψF : Ċ(X)→ Q•(Ċ(Y )) = Ċ(Q•(Y ))

called the quadratic construction on F .

In May 1999 it became clear to us that the quadratic construction ψF of
[60, 61] was induced by the geometric Hopf invariant h(F ) of [12, 14], in the
sense of

ψF = h′(F ) : Ċ(X)→ Ċ(Q•(Y ))

up to chain homotopy. In this book we unite the two approaches into a single
theory, together with the applications to the double points of immersions and
to various constructions in the algebraic theory of surgery. In the applications
it is necessary to consider π-equivariant, fibrewise and local versions of the
quadratic construction/geometric Hopf invariant.

Throughout the book “manifold” will mean “compact differentiable man-
ifold”, except that in dealing with the total surgery obstruction in §8.5 we
shall be considering compact topological manifolds.

The double point set of a map f : M → N is the free Z2-space

D2(f) = {(x, y) ∈M ×M |x 6= y ∈M, f(x) = f(y) ∈ N}

with T ∈ Z2 acting by

T : D2(f)→ D2(f) ; (x, y) 7→ (y, x) .

An immersion of manifolds f : Mm # Nn has a normal (n−m)-plane bundle
νf , with a Thom space T (νf ). There exists a map e : M → Rk (k large) such
that

M ↪→ Rk ×N ; x 7→ (e(x), f(x))

is an embedding, and the Pontryagin-Thom construction gives a stable
Umkehr map

F : Σ∞N+ → Σ∞T (νf ) .
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f is an embedding if and only if D2(f) = ∅, in which case F is unstable.
Our main result is the Double Point Theorem 6.19, which stably factors the
geometric Hopf invariant h(F ) for a generic immersion f through the double
point set

h(F ) : N+ → D2(f)+ → Q•(T (νf )) .

The stable homotopy class of h(F ) depends only on the regular homotopy
class of f . If f is regular homotopic to an embedding then h(F ) is stably
null-homotopic.

We use the geometric Hopf invariant to provide the homotopy theory un-
derpinnings of the following constructions of surgery theory:

1. The double point invariant of Wall [85] for an immersion f : Sm # N2m

µ(f) ∈ Z[π1(N)]/{x− (−)mx |x ∈ Z[π1(N)]} (g = g−1 ∈ π1(N))

such that µ(f) = 0 if (and, for m > 2, only if) f is regular homotopic to an
embedding. The expression of µ(f) in terms of the geometric Hopf invariant
is in §6.8.

2. The surgery obstruction σ∗(f, b) ∈ Ln(Z[π1(X)]) (Wall [85]) of an n-
dimensional normal map (f, b) : M → X is such that σ∗(f, b) = 0 if (and, for
n > 4, only if) (f, b) is normal bordant to a homotopy equivalence. The invari-
ant was expressed in Ranicki [85] as the cobordism class of an n-dimensional
Z[π1(X)]-module chain complex C with a quadratic Poincaré duality de-
termined via the quadratic construction ψF of a π1(X)-equivariant stable

Umkehr map F : Σ∞X̃+ → Σ∞M̃+. Here X̃ is the universal cover of X,
X̃+ = X̃ ∪ {pt.}, M̃ = f∗X̃ is the pullback cover of M , and

H∗(C) = ker(f̃∗ : H∗(M̃)→ H∗(X̃)) .

The expression of ψF in terms of the geometric Hopf invariant is in §5.5.

3. The total surgery obstruction s(X) ∈ Sn(X) (Ranicki [59, 62]) of an n-
dimensional geometric Poincaré complex X is such that s(X) = 0 if (and,
for n > 4, only if) X is homotopy equivalent to an n-dimensional topological
manifold. The invariant is the cobordism class of the Z[π1(X)]-contractible
Z-module chain complex

C = C([X] ∩ − : C(X)n−∗ → C(X))∗+1

with an X-local (n − 1)-dimensional quadratic Poincaré duality determined
via the spectral quadratic construction sψF of a π1(X)-equivariant semistable

homotopy equivalence F : Σ∞T (νX̃)∗ → Σ∞X̃+ inducing the Z[π1(X)]-
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module chain equivalence [X] ∩ − : C(X̃)n−∗ → C(X̃). The expression of
s(X) in terms of the geometric Hopf invariant is in §8.5.

Chapters 1-7 develop the relationship between the geometric Hopf invari-
ant and double points in such a natural way that the π-equivariant construc-
tions required for non-simply-connected surgery theory fall out without extra
work. Along the way, we point out the many particular instances of this re-
lationship in the literature, and explain how they fit into our development.
The applications to surgery theory are then considered in Chapter 8.

In principle, it is possible to develop surgery theory in the context of
the fibrewise homotopy theory of Crabb and James [14], relating it to the
controlled and bounded surgery theories. However, we shall not do this here,
restricting ourselves to the application of Z2-equivariant fibrewise homotopy
theory in Appendix A to obtain the π-equivariant quadratic construction
used in the conventional non-simply-connected surgery theory.

Appendix B provides a treatment of Z2-equivariant bordism theory.

In 2010 we published a joint paper The geometric Hopf invariant and
double points ([16]) analyzing double points using a combination of stable
fibrewise homotopy and immersion theories, and obtaining the double point
theorem of Chapter 6 from a somewhat different viewpoint. The paper inter-
prets the Smale-Hirsch-Haefliger regular homotopy classification of immer-
sions f : Mm # Nn in the metastable dimension range 3m < 2n−1 (when a
generic f has no triple points) in terms of the geometric Hopf invariant h(F )
- N is not required to be compact. The paper is reprinted here in Appendix
C, and may be regarded as an extended introduction to this book.

The photo of the dedicatee on page ii is by his mother Carla Ranicki.

We are grateful to the referees for their valuable comments.

Michael Crabb, University of Aberdeen, m.crabb@abdn.ac.uk

Andrew Ranicki, University of Edinburgh, a.ranicki@ed.ac.uk

October 2017
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Chapter 1

The difference construction

Chapter 1 describes the difference construction in both homotopy and chain
homotopy theory. The homotopy version will be used in Chapter 2 to define
the subtraction of maps.

We shall be dealing with both pointed and unpointed spaces, and likewise
for maps and homotopies.

1.1 Sum and difference

For a pointed space X we shall denote the base point by ∗ ∈ X, and if Y is
also a pointed space then ∗ : X → Y is the constant pointed map. The wedge
of pointed spaces X,Y is the space

X ∨ Y = X × {∗Y } ∪ {∗X} × Y ⊆ X × Y

with base point (∗X , ∗Y ) ∈ X ∨ Y .

Definition 1.1. Let X be a pointed space.
(i) A sum map ∇ : X → X ∨X is a pointed map such that the composites

(1 ∨ ∗)∇ : X
∇ // X ∨X 1 ∨ ∗ // X ,

(∗ ∨ 1)∇ : X
∇ // X ∨X ∗ ∨ 1 // X

are pointed homotopic to the identity.
(ii) For ∇ as in (i) the sum of pointed maps f1, f2 : X → Y is defined by

1



2 1 The difference construction

f1 + f2 = (f2 ∨ f1)∇ : X → Y .

(iii) A difference map ∇ : X → X ∨ X is a pointed map such that the
composite

(∗ ∨ 1)∇ : X
∇ // X ∨X ∗ ∨ 1 // X

is pointed homotopic to the identity, and the composite

(1 ∨ 1)∇ : X
∇ // X ∨X 1 ∨ 1 // X

is pointed null-homotopic.
(iv) For ∇ as in (iii) the difference of pointed maps f1, f2 : X → Y is defined
by

f1 − f2 = (f2 ∨ f1)∇ : X → Y .

ut

Example 1.2. The standard sum and difference maps on S1

∇S1 : S1 → S1 ∨ S1 ; e2πit 7→

{
(e4πit)1 if 0 6 t 6 1/2

(e2πi(2t−1))2 if 1/2 6 t 6 1 ,

∇S1 : S1 → S1 ∨ S1 ; e2πit 7→

{
(e2πi(1−2t))1 if 0 6 t 6 1/2

(e2πi(2t−1))2 if 1/2 6 t 6 1

satisfy the conditions of Definition 1.1, and induce the usual sum and differ-
ence maps on the fundamental group π1(X) of a pointed space X. ut

1.2 Joins, cones and suspensions

The one-point adjunction of an unpointed space X is the pointed space

X+ = X t {∗}

obtained by adjoining a base point ∗, with open subsets U,U t{∗} ⊆ X+ for
open subsets U ⊆ X.

The smash product of pointed spaces X,Y is the pointed space

X ∧ Y = X × Y/(X × {∗} ∪ {∗} × Y ) .
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In particular, for unpointed spaces A,B

A+ ∧B+ = (A×B)+ .

The join of spaces X,Y is the space defined as usual by

X ∗ Y = I ×X × Y/{(0, x, y1) ∼ (0, x, y2) , (1, x1, y) ∼ (1, x2, y)} ,

so that
X = [0×X × Y ] , Y = [1×X × Y ] ⊂ X ∗ Y .

The cone on a space X is the space

cX = X ∗ {pt.} = I ×X/{1} ×X = I ∧X+

with I pointed at 1. Identify X = {0} ×X ⊂ cX. A map cX → Y is a map
X → Y with a homotopy to a constant map. The reduced cone on a pointed
space X is the pointed space

CX = cX/c{∗} = I ×X/({1} ×X ∪ I × {∗}) = I ∧X .

A pointed homotopy h : f ' g : X → Y is a pointed map h : I+ ∧X → Y
with

h(0, x) = f(x) , h(1, x) = g(x) ∈ Y (x ∈ X) .

A null-homotopy of a pointed map f : X → Y is a pointed homotopy f ' ∗ :
X → Y , which is the same as an extension of f to a pointed map δf : CX →
Y . Let [X,Y ] be the pointed set of pointed homotopy classes of pointed maps
f : X → Y .

The suspension of a space X is the space

sX = S0 ∗X = I ×X/{(i, x) ∼ (i, x′) | i = 0, 1, x, x′ ∈ X} .

A map sX → Y is a map X → Y with two homotopies to constant maps.
The reduced suspension of a pointed space X is the pointed space

ΣX = sX/s{∗} = I ×X/{0, 1} ×X ∪ I × {∗}) = S1 ∧X .

A pointed map ΣX → Y is a pointed map X → Y with two null-homotopies.

The mapping cylinder of a map F : X → Y is the space

m(F ) = I ×X ∪F Y/{(0, x) ∼ F (x) |x ∈ X} .

The reduced mapping cylinder of a pointed map F : X → Y is the pointed
space

M (F ) = m(F )/I × {∗} = I+ ∧X ∪F Y .
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The mapping cone of a map F : X → Y is the space

c(F ) = m(F )/{1} ×X = cX ∪F Y .

The reduced mapping cone of a pointed map F is the pointed space

C (F ) = c(F )/{1} ×X = CX ∪F Y ,

Let G : Y → C (F ) be the inclusion. The sequence of pointed spaces and
pointed maps

X
F // Y

G // C (F )

is a cofibration, such that for any pointed space W there is induced an exact
sequence of pointed homotopy sets

[C (F ),W ]
G∗ // [Y,W ]

F ∗ // [X,W ] .

Let H : C (F )→ ΣX be the composite

H : C (F )
inclusion // C (G)

projection // ΣX .

The projection C (G) → ΣX is a homotopy equivalence. The sequence of
pointed spaces and pointed maps

X
F // Y

G // C (F )
H // ΣX

ΣF // ΣY // . . .

is a homotopy cofibration.

Proposition 1.3. (i) For any map F : X → Y the maps

i : X → m(F ) ; x 7→ [1, x] ,

j : Y → m(F ) ; y 7→ [y] ,

k : I ×X → m(F ) ; (t, x) 7→ [t, x]

are such that j is a homotopy equivalence, and k : jF ' i : X → m(F ).
Similarly for a pointed map F and the pointed mapping cylinder M (F ).
(ii) For any pointed map F : X → Y the reduced mapping cone Z = C (F )
fits into the homotopy cofibration sequence

X
F // Y

G // Z
H // ΣX

ΣF // ΣY // . . .

with the inclusion CX → Z defining a null-homotopy GF ' ∗ : X → Z.
For any pointed space W there is induced a Barratt-Puppe exact sequence of
pointed homotopy sets
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. . . // [ΣY,W ]
ΣF ∗ // [ΣX,W ]

H∗ // [C (F ),W ]
G∗ // [Y,W ]

F ∗ // [X,W ] .

ut

Example 1.4. For an unpointed space X define the pointed map

F : X+ → S0 ; x 7→ −1 , ∗ 7→ +1 .

The reduced mapping cylinder and cone of F are the cone and suspension of
X

M (F ) = cX , C (F ) = sX .

By Proposition 1.3 there is defined a homotopy cofibration sequence of
pointed spaces

X+ F // S0 G // sX
H // ΣX+ ΣF // S1 // . . .

with
G : S0 → sX ; − 1 7→ (0, X) , 1 7→ (1, X) ,

H : sX → sX/S0 = ΣX+ ; (t, x) 7→ (t, x) ,

ΣF : ΣX+ → S1 = I/(0 = 1) ; (t, x) 7→ t .

The reduced suspension ΣX+ is obtained from sX by identifying the two
suspension points S0 ⊂ sX, with G the inclusion and H the projection. If X
is non-empty then for any x ∈ X the pointed maps

E : S0 → X+ ; 1 7→ ∗ , − 1 7→ x ,

ΣE : Σ(S0) = S1 → ΣX+ ; t 7→ (t, x)

are such that FE = 1 : S0 → S0 and

H ∨ΣE : sX ∨ S1 → ΣX+ .

is a homotopy equivalence. ut

1.3 The difference construction δ(f, g)

The sum of homotopies

f : c ' d , g : d ' e : A→ B

is the concatenation homotopy
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f + g : c ' e : A→ B

defined by

f + g : A× I → B ; (a, t) 7→

{
f(a, 2t) if 0 6 t 6 1/2

g(a, 2t− 1) if 1/2 6 t 6 1 .

The reverse of a homotopy f : c ' d : A→ B is the homotopy

−f : d ' c : A→ B

defined by
−f : A× I → B ; (a, t) 7→ f(a, 1− t) .

As usual, given pointed spaces A,B let [A,B] be the set of pointed homo-
topy classes of pointed maps A→ B.

A pointed map d : ΣA→ B is essentially the same as a pointed homotopy

d : {∗} ' {∗} : A→ B

and [ΣA,B] is a group, with sum and differences given by

[ΣA,B]× [ΣA,B]→ [ΣA,B] ; (f, g) 7→

{
f + g = (g ∨ f)∇ΣA

f − g = (g ∨ f)∇ΣA

using the sum and difference maps (1.1) given by Example 1.2{
∇ΣA = ∇S1 ∧ 1A

∇ΣA = ∇S1 ∧ 1A
: ΣA = S1 ∧A→ ΣA ∨ΣA = (S1 ∨ S1) ∧A .

Definition 1.5. Let e : A→ B be a pointed map, and let

f : e ' ∗ , g : e ' ∗ : A→ B

be two null-homotopies, corresponding to two extensions f, g : CA→ B of e.
The rel A difference of f, g is the pointed map

δ(f, g) = f ∪ −g : ΣA→ B ; (t, a) 7→

{
g(1− 2t, a) if 0 6 t 6 1/2

f(2t− 1, a) if 1/2 6 t 6 1 .

Equivalently

δ(f, g) : ΣA
−1 ∪ 1 // CA ∪A CA

g ∪ f // B
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with −1 ∪ 1 the homeomorphism

−1 ∪ 1 : ΣA→ CA ∪A CA ; (t, a) 7→

{
(1− 2t, a)1 if 0 6 t 6 1/2

(2t− 1, a)2 if 1/2 6 t 6 1.

ut

Proposition 1.6. Every pointed map d : ΣA → B is the rel A difference
δ(f, g) of null-homotopies f : e ' ∗, g : e ' ∗ of a map e : A→ B.

Proof. The pointed maps

e : A→ B ; a 7→ d(1/2, a) ,

f : CA→ B ; (t, a) 7→ d((1 + t)/2, a) ,

g : CA→ B ; (t, a) 7→ d((1− t)/2, a)

are such that

e(a) = f(0, a) = g(0, a) ∈ B (a ∈ A) , δ(f, g) = d .

ut

Remark 1.7. (i) In the special case e = ∗ : A → B the null-homotopies
f, g : e ' {∗} in Proposition 1.5 are just maps f, g : ΣA→ B. The sum is

f + g = (g ∨ f)∇ΣA = f ∪ g : ΣA = CA ∪A CA→ B

and the rel A difference is just

δ(f, g) = f − g = (g ∨ f)∇ΣA = f ∪ −g : ΣA = CA ∪A CA→ B .

(ii) In the special case A = Sn the rel A difference of maps f, g : CA =
Dn+1 → B such that f | = g| : Sn → B is the separation element δ(f, g) :
ΣA = Sn+1 → B of James [34, Appendix].

ut

Proposition 1.8. (i) A homotopy h : f ' g : CA → B which is constant
on A determines a null-homotopy

δ(h) : δ(f, g) ' ∗ : ΣA→ B .

(ii) For any map f : CA→ B there is a canonical null-homotopy

δ(f, f) ' ∗ : ΣA→ B .
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(iii) Let i : X → A be the inclusion of a subspace X ⊆ A such that the
projection C (i) → A/X is a homotopy equivalence, and let j : A → A/X be
the projection. If f, g : CA→ B are maps which agree on A∪CX ⊆ CA the
composite

δ(f, g)(Σi) : ΣX
Σi // ΣA

δ(f, g)
// B

is equipped with a canonical null-homotopy h : δ(f, g)(Σi) ' ∗, giving rise to
a rel A ∪ CX difference map

δ(f, g) : Σ(A/X) = CA/(A ∪ CX) ' C (Σi)
δ(f, g) ∪ h

// B

such that the rel A difference map factors up to homotopy as

δ(f, g) : ΣA
Σj // Σ(A/X)

δ(f, g)
// B .

Proof. (i) The map defined by

δ(h) : C(ΣA)→ B ;

(s, t, a) 7→


h(2s, 1− 2t, a) if 0 6 s, t 6 1/2

f(2t− 1, a) if 0 6 s 6 1/2 6 t 6 1

f(1 + 4(s− 1)t, a) if 0 6 t 6 1/2 6 s 6 1

f(4s− 3 + 4(1− s)t, a) if 1/2 6 s, t 6 1

is a null-homotopy of δ(f, g).
(ii) This is the special case f = g of (i), with h : f ' g the constant homotopy.
(iii) Let

e = f | = g| : A ∪ CX → B ,

so that

δ(f, g)(Σi) : ΣX → B ; (t, x) 7→

{
e(1− 2t, x) if 0 6 t 6 1/2

e(2t− 1, x) if 1/2 6 t 6 1

with a canonical null-homotopy h : δ(f, g)(Σi) ' ∗.
ut

Thus if f, g : CA → B agree on A ∪ CX ⊆ CA the homotopy class of
δ(f, g) : Σ(A/X) → B is an obstruction to the existence of a homotopy
f ' g : CA→ B which is constant on A ∪ CX.
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If f, g agree on a neighbourhood of A ⊂ CA and g = ∗ on the frontier and
outside the neighbourhood, then δ(f, g) is homotopic to the restriction of f
to the complement of the neighbourhood :

Proposition 1.9. (i) If f, g : CA→ B are maps such that for some neigh-
bourhood U ⊆ CA of A ⊆ CA

g(t, a) =

{
f(t, a) if (t, a) ∈ U
∗ if (t, a) ∈ CA\U

then there exists a homotopy

γ(f, g) : δ(f, g) ' f ′ : ΣA→ B

with f ′ defined by

f ′ : ΣA = CA/A→ B ; (t, a) 7→

{
∗ if (t, a) ∈ U
f(t, a) if (t, a) ∈ CA\U

.

(ii) The homotopy γ(f, g) in (i) can be chosen to be natural, meaning that
given commutative squares of maps

CA1

f1 //

h
��

B1

k
��

CA2

f2 // B2

,

CA1

g1 //

h
��

B1

k
��

CA2

g2 // B2

such that for neighbourhoods Ui ⊆ CAi of Ai ⊆ CAi with U2 = (1× h)(U1)

gi(t, a) =

{
fi(t, a) if (t, a) ∈ Ui
∗ if (t, a) ∈ CAi\Ui

(i = 1, 2)

there is defined a commutative square

I ×ΣA1

γ(f1, g1)
//

1×Σh
��

B1

k

��
I ×ΣA2

γ(f2, g2)
// B2

Proof. (i) We have
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δ(f, g)(t, a) =

{
g(1− 2t, a) if 0 6 t 6 1/2

f(2t− 1, a) if 1/2 6 t 6 1

=


∗ if 0 6 t 6 1/2 and (1− 2t, a) ∈ CA\U
g(1− 2t, a) if 0 6 t 6 1/2 and (1− 2t, a) ∈ U
g(2t− 1, a) if 1/2 6 t 6 1 and (2t− 1, a) ∈ U
f ′(2t− 1, a) if 1/2 6 t 6 1 and (2t− 1, a) ∈ CA\U .

Define a homotopy γ(f, g) : δ(f, g) ' f ′ by

γ(f, g) : I ×ΣA→ X ; (s, t, a) 7→

g((1− 2s)(1− 2t) + 2s, a) if 0 6 s, t 6 1/2 and (1− 2t, a) ∈ U

g((1− 2s)(2t− 1) + 2s, a) if 0 6 s 6 1/2 6 t 6 1 and (2t− 1, a) ∈ U

f ′(2t− 1, a) if 0 6 s 6 1/2 and (2t− 1, a) ∈ CA\U

f ′((2− 2s)(2t− 1) + (2s− 1)t, a) if 1/2 6 s, t 6 1

∗ otherwise .

(ii) The homotopy γ(f, g) constructed in (i) is natural.
ut

Example 1.10. Here are two special cases of Proposition 1.9.
(i) For any map f : CA→ B take f = g, U = CA to obtain a homotopy

γ(f, f) : δ(f, f) ' ∗ : ΣA→ B .

(ii) For any map g : CA→ B such that

g(0, a) = ∗ ∈ B (a ∈ A)

take f = ∗, U = A to obtain a homotopy

γ(∗, g) : δ(∗, g) ' [g] : ΣA→ B .

ut

As in Proposition 1.3 for any pointed map F : A → B the homotopy
cofibration

A
F // B

G // C (F )
H // ΣA

ΣF // ΣB // . . .

induces a Barratt-Puppe exact sequence of pointed sets for any pointed space
X
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. . . // [ΣB,X]
ΣF // [ΣA,X]

H // [C (F ), X]
G // [B,X]

F // [A,X] .

A map q ∪ r : C (F ) → X is the same as a map r : B → X together with a
null-homotopy q : rF ' ∗ : A→ X. Use the projection

∇ : C (F )→ C (F ) ∨ΣA ;

(t, x) 7→

{
(2t, x) ∈ C (F ) if 0 6 t 6 1/2

(2t− 1, x) ∈ ΣA if 1/2 6 t 6 1 ,
(x ∈ A)

y 7→ y (y ∈ B)

to define a pairing

[C (F ), X]× [ΣA,X]→ [C (F ), X] ; (q ∪ r, s) 7→ ((q ∪ r) ∨ s)∇ .

Proposition 1.11. Suppose that F : A → B, r : B → X are maps and
there are given two null-homotopies p, q : CA→ X of rF : A→ X

p, q : rF ' ∗ : A→ X .

The maps p ∪ r, q ∪ r : C (F )→ X are both extensions of r, with

(p ∪ r)G = (q ∪ r)G = r ∈ [B,X] ,

and the rel A difference

δ(p, q) : ΣA→ X ; (t, x) 7→

{
q(1− 2t, x) if 0 6 t 6 1/2

p(2t− 1, x) if 1/2 6 t 6 1

is such that there exists a homotopy

h : p ∪ r ' ((q ∪ r) ∨ δ(p, q))∇ : C (F )→ X .

Thus if [C (F ), X] has a group structure (e.g. if C (F ) is a suspension or X
is an H-space)

p ∪ r − q ∪ r = H(δ(p, q))

∈ ker(G : [C (F ), X]→ [B,X]) = im(H : [ΣA,X]→ [C (F ), X]) .

Proof. By construction
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((q ∪ r) ∨ δ(p, q))∇ : C (F )→ X ;

(t, x) 7→


q(2t, x) if 0 6 t 6 1/2

q(3− 4t, x) if 1/2 6 t 6 3/4

p(4t− 3, x) if 3/4 6 t 6 1 ,

(x ∈ A)

y 7→ y (y ∈ B) .

Define a homotopy h : p ∪ r ' ((q ∪ r) ∨ δ(p, q))∇ by

h : I ∧ C (F )→ X ;

(s, (t, x)) 7→


q(2st, x) if 0 6 t 6 s/2

q(3s− 4t, x) if s/2 6 t 6 3s/4

p((4t− 3s)/(4− 3s), t) if 3s/4 6 t 6 1 ,

(x ∈ A)

y 7→ y (y ∈ B) .

ut

Proposition 1.12. (i) A commutative diagram of spaces and maps

A
F //

a

��

B

b

��
A′

F ′ // B′

induces a natural transformation of homotopy cofibration sequences

A
F //

a

��

B
G //

b

��

C (F )
H //

(a, b)

��

ΣA

Σa

��

ΣF // . . .

A′
F ′ // B′

G′ // C (F ′)
H ′ // ΣA′

ΣF ′ // . . .

(ii) Suppose given a commutative diagram as in (i), with the maps a, b null-
homotopic. For any null-homotopies δa : CA → A′, δb : CB → B′ of a, b
the map (a, b) is determined up to homotopy by the rel A difference of null-
homotopies of F ′a = bF : A→ B′,

f = (δb)CF , g = F ′(δa) : CA→ B′

with
(a, b) ' G′δ(f, g)H : C (F )→ C (F ′) .
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(iii) Suppose given a commutative diagram as in (i), with b null-homotopic.
For any null-homotopy δb : CB → B′ of b the map (a, b) is homotopic to the
rel A difference of the inclusion i : CA→ C (F ′) and the composite

j = G′(δb)CF : CA→ CB → B′ → C (F ′) ,

that is
(a, b) ' δ(j, i) ◦H : C (F )→ C (F ′) . ut

1.4 Chain complexes

The difference construction for maps of spaces induces the difference con-
struction for chain maps of chain complexes.

Let R be a ring.

Definition 1.13. (i) The suspension of an R-module chain complex C is
the R-module chain complex SC with

dSC = dC : (SC)r = Cr−1 → (SC)r−1 = Cr−2 .

(ii) Let f : C → D be an R-module chain map. The relative difference of
chain homotopies

p : f ' 0 : C → D , q : f ' 0 : C → D

is the R-module chain map

δ(p, q) = q − p : SC → D .

(iii) The algebraic mapping cone of an R-module chain map f : C → D is
the R-module chain complex C (f) with

dC (f) =

(
dD (−)rf
0 dC

)
: C (f)r = Dr⊕Cr−1 → C (f)r−1 = Dr−1⊕Cr−2 .

The algebraic mapping cone fits into a short exact sequence

0 // D
g // C (f)

h // SC // 0

with
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g =

(
1
0

)
: Dr → C (f)r = Dr ⊕ Cr−1 ,

h =
(
0 1
)

: C (f)r = Dr ⊕ Cr−1 → SCr = Cr−1 .

ut

Given a space X let C(X) denote the singular Z-module chain complex,
and for a pointed space let

Ċ(X) = C(X, {∗})

be the reduced singular chain complex. The Eilenberg-Zilber theorem gives
a natural chain equivalence

SĊ(X) ' Ċ(ΣX) .

Proposition 1.14. (i) A map of spaces F : X → Y induces a chain map
f : C(X)→ C(Y ).
(ii) A homotopy H : F ' G : X → Y induces a chain homotopy

h : f ' g : C(X)→ C(Y ) .

(iii) The reverse homotopy −H : G ' F : X → Y induces the reverse
chain homotopy −h : g ' f : C(X) → C(Y ) (up to a natural higher chain
homotopy).
(iv) The sum H1 +H2 : F1 ' F3 of homotopies

H1 : F1 ' F2 , H2 : F2 ' F3 : X → Y

induces the sum chain homotopy

h1 + h2 : f1 ' f3 : C(X)→ C(Y )

(up to a natural higher chain homotopy).
(v) A pointed map F : X → Y induces a chain map f : Ċ(X)→ Ċ(Y ), and
similarly for chain homotopies. The reduced singular chain complex of the
mapping cone C (F ) is chain equivalent to the algebraic mapping cone of f

Ċ(C (F )) ' C (f) ,

and the homotopy cofibration sequence of pointed spaces (1.3)

X
F // Y

G // C (F )
H // ΣX

ΣF // ΣY // . . .

induces the sequence of chain complexes
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Ċ(X)
f // Ċ(Y )

g // C (f)
h // SĊ(X)

Sf // SĊ(Y ) // . . .

with g, h as in 1.13.
(vi) The relative difference δ(P,Q) : ΣX → Y of null-homotopies

P : F ' {∗} , Q : F ' {∗} : X → Y

of a pointed map F : X → Y induces the relative difference of the induced
null-chain homotopies

p : f ' 0 , q : f ' 0 : Ċ(X)→ Ċ(Y )

i.e. there is defined a commutative diagram

SĊ(X)

'
$$

δ(p, q) = q − p
// Ċ(Y )

Ċ(ΣX)

δ(P,Q)

::

ut





Chapter 2

Umkehr maps and inner product
spaces

This Chapter develops a coordinate-free approach to stable homotopy theory,
using inner product spaces.

2.1 Adjunction and compactification

Definition 2.1. The one-point compactification X∞ of a locally compact
Hausdorff space X is the space X ∪ {∞} with open sets U, (X\K) ∪ {∞} ⊆
X∞ for open subsets U ⊆ X and compact subsets K ⊆ X.

ut

The canonical pointed map X+ → X∞ from the one-point adjunction to
the one-point compactification is a continuous bijection which is a homeo-
morphism if and only if X is compact. For any locally compact Hausdorff
spaces X,Y

(X × Y )∞ = X∞ ∧ Y∞ .

For any pair of spaces (A,B ⊆ A) the quotient A/B is a pointed space
with base point ∗ = [B] ∈ A/B. The quotient space A/B is understood to be
A+ if B = ∅. The projection π+ : A+ → A/B is a map such that a subspace
U ⊆ A/B is open if and only if (π+)−1(U) ⊆ A+ is open.

If A is locally compact Hausdorff, B ⊆ A is closed and A\B ⊆ K ⊆ A
for a compact subspace K ⊆ A there is defined a commutative diagram of
pointed spaces and pointed maps

17
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A∞ //

""

(A\B)∞

A/B

::

with

A∞ → (A\B)∞ ; a 7→

{
a if a ∈ A\B
∞ if a =∞ or a ∈ B

and A/B → (A\B)∞ a homeomorphism.

.

Definition 2.2. (i) The adjunction Umkehr map of an injective map f :
X ↪→ Y with respect to a subspace Y0 ⊆ Y \f(X) is the projection

F+ : Y/Y0 → Y/(Y \f(X)) .

(ii) An open embedding f : X ↪→ Y is an injective map such that a subset
U ⊆ X is open if and only if f(U) ⊆ Y is open. It follows that f | : K → f(K)
is a homeomorphism for any subspace K ⊆ X, giving f(K) ⊆ Y the subspace
topology.
(iii) The compactification Umkehr map of an open embedding f as in (ii)
with X,Y locally compact Hausdorff is the surjective function

F∞ : Y∞ → X∞ ; y 7→

{
x if y = f(x) ∈ f(X)

∞ otherwise

which preserves the base points and is continuous: for any open subset U ⊆ X
and any closed compact subset K ⊆ X

(F∞)−1(U) = f(U) ⊂ Y∞ ,

(F∞)−1((X\K) ∪ {∞}) = (Y \f(K)) ∪ {∞} ⊆ Y∞

with f(U) ⊆ Y open and f(K) ⊆ Y closed compact. ut

Example 2.3. Let (X, ∂X), (Y, ∂Y ) be n-dimensional manifolds with bound-
ary, and let f : X ↪→ Y be an injective map such that

f(∂X) ∩ ∂Y = ∅ .

(i) The map
X/∂X → Y/(Y \f(X\∂X)) ; [x] 7→ [f(x)]
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is a homeomorphism. The adjunction Umkehr map of f with respect to Y0 =
∂Y ⊂ Y is the Pontryagin-Thom map

F+ : Y/∂Y → Y/(Y \f(X\∂X))) = X/∂X .

(ii) If X,Y are compact the compactification Umkehr of the open embedding
defined by the restriction to the interiors

g = f | : X\∂X ↪→ Y \∂Y ,

is the adjunction Umkehr F+ of (i)

G∞ = F+ : (Y \∂Y )∞ = Y/∂Y → (X\∂X)∞ = X/∂X .

ut

From now on we shall only be concerned with locally compact Hausdorff
spaces.

2.2 Inner product spaces

Inner product spaces are given the metric topology.

Terminology 2.4 Given an inner product space V write the unit disc,
unit sphere and projective space of V as

D(V ) = {v ∈ V | ‖v‖ 6 1} ,
S(V ) = {v ∈ V | ‖v‖ = 1} ,
P (V ) = S(V )/{v ∼ −v} .

For finite-dimensional V the spaces D(V ), S(V ), P (V ) are compact.
ut

Proposition 2.5. Let V be an inner product space.
(i) The maps 

D(V )\S(V )→ V ; v 7→ v

1− ‖v‖

V → D(V )\S(V ) ; v 7→ v

1 + ‖v‖
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are inverse homeomorphisms.
(ii) The maps

D(V )/S(V )→ V∞ ; v 7→ v

1− ‖v‖

V∞ → D(V )/S(V ) ; v 7→


v

1 + ‖v‖
for v ∈ V

[S(V )] for v =∞

are inverse bijections which are inverse homeomorphisms for finite-dimensional
V .
(iii) The maps

V∞ → sS(V ) ; v 7→


(0, S(V )) for v = 0 ∈ V( ‖v‖

1 + ‖v‖
,
v

‖v‖
)

for v ∈ V \{0}

(1, S(V )) for v =∞ ∈ V∞

sS(V )→ V∞ ; (t, u) 7→ [t, u] =
tu

1− t

are inverse bijections which are inverse homeomorphisms for finite-dimensional
V .
(iv) The map

S(V )× R→ V \{0} ; (v, x) 7→ vex

is a homeomorphism, inducing a homeomorphism

(S(V )× R)∞ = ΣS(V )∞ → (V \{0})∞ .

Thus for finite-dimensional V

(V \{0})∞ = ΣS(V )+ .

ut

For V = Rk there are identifications

D(Rk) = Dk , S(Rk) = Sk−1 ,

(Rk)∞ = Dk/Sk−1 = Sk , P (Rk) = RPk−1

and for any space X

(Rk ×X)∞ = Sk ∧X∞ = ΣkX∞ ,

(Dk ×X)/(Sk−1 ×X) = (Dk/Sk−1) ∧X+ = ΣkX+ .
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Proposition 2.6. Let V be an inner product space.
(i) The map

S(V )× [0, 1)→ V ; (t, u) 7→ [t, u] =
tu

1− t

is a surjection, which induces a homeomorphism

(S(V )× [0, 1))/(S(V )× {0}) = S(V )+ ∧ [0, 1)→ V

with [0, 1) based at 0.
(ii) For finite-dimensional V there is defined a pushout diagram

S(V )+ sV //

��

0+

0V

��
C(S(V )+) // V∞

with
sV = projection : S(V )+ → S(V )+/S(V ) = S0 ,

C(S(V )+) = S(V )+ ∧ [0, 1] ([0, 1] based at 1) ,

S(V )+ → C(S(V )+) ; u 7→ (0, u) ,

C(S(V )+)→ V∞ ; (t, u) 7→ [t, u] .

Proof. By construction. ut

In view of the pushout square of Proposition 2.6 (ii) for finite-dimensional
V a pointed map p : V∞ ∧ X → Y can be viewed as a map r : X → Y
together with a null-homotopy

q : r(sV ∧ 1X) ' {∗} : S(V )+ ∧X → Y .

More precisely:

Proposition 2.7. For any pointed spaces X,Y and a finite-dimensional
inner product space V there are natural one-one correspondences between

(a) maps p : V∞ ∧X → Y ,

(b) maps q : CS(V )+ ∧X → Y such that

q(0, u, x) = q(0, v, x) ∈ Y (u, v ∈ S(V ), x ∈ X) ,
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(c) maps r : X → Y together with a null-homotopy

δr : CS(V )+ ∧X → Y

of
r(sV ∧ 1X) : S(V )+ ∧X → Y ; (u, x) 7→ r(x) .

Proof. (a) =⇒ (b) Given a map p : V∞ ∧X → Y define a null-homotopy

δp : CS(V )+ ∧X → Y ; (t, u, x) 7→ p([t, u], x)

of
(p|)(sV ∧ 1X) : S(V )+ ∧X → Y ; (u, x) 7→ p(0, x) .

(b) =⇒ (a) Given a map q : CS(V )+ ∧X → Y such that

q(0, u, x) = q(0, v, x) ∈ Y (u, v ∈ S(V ), x ∈ X)

define a map

p : V∞ ∧X → Y ; ([t, u], x) 7→ q([t, u], x)

with q = δp.
(b) =⇒ (c) Given q define

r : X → Y ; x 7→ q([0, u], x) (for any u ∈ S(V )) .

(c) =⇒ (b) Given r, δr define q = δr.
ut

Proposition 2.8. (i) For any inner product spaces U, V

D(U ⊕ V ) = D(U)×D(V ) ,

S(U ⊕ V ) = S(U)×D(V ) ∪D(U)× S(V )

and there is defined a homeomorphism

λU,V : S(U) ∗ S(V )→ S(U ⊕ V ) ; (t, u, v) 7→
(
u cos(πt/2), v sin(πt/2)

)
with inverse

λ−1
U,V : S(U ⊕ V )→ S(U) ∗ S(V ) ; (x, y) 7→

(
2

π
tan−1

(‖y‖
‖x‖

)
,
x

‖x‖
,
y

‖y‖

)
.

(ii) For finite-dimensional U, V there is a homotopy cofibration sequence of
pointed spaces
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S(V )+
iU,V // S(U ⊕ V )+

jU,V // S(U)+ ∧ V∞
kU,V // ΣS(V )+

and a pushout diagram of pointed spaces

S(U ⊕ V )+
jU,V //

��

S(U)+ ∧ V∞

kU,V

��
CS(U ⊕ V )+

δjU,V // ΣS(V )+

with

iU,V = inclusion : S(V )+ → S(U ⊕ V )+ ; v 7→ (0, v) ,

jU,V = projection : S(U ⊕ V )+ = (S(U) ∗ S(V ))+

→ S(U ⊕ V )/(S(V )×D(U)) = (D(V )× S(U)/S(V )× S(U))

= S(U)+ ∧ V∞ ; (t, u, v) 7→ (u, [t, v]) ,

δjU,V : CS(U ⊕ V )+ → ΣS(V )+ ; (s, (t, u, v)) 7→ (s+ (1− s)t, v) ,

kU,V : S(U)+ ∧ V∞ → ΣS(V )+ ; (u, [t, v]) 7→ (t, v) .

(iii) For finite-dimensional V there is a natural one-one correspondence be-
tween the homotopy classes of pointed maps f : ΣS(V )+∧X → Y and the ho-
motopy classes of pairs (g, h) defined by a pointed map g : S(U)+∧V∞∧X →
Y and a null-homotopy

h : g(jU,V ∧ 1X) ' {∗} : S(U ⊕ V )+ ∧X → Y .

Proof. (i)+(ii) By construction.
(iii) By (ii) there is defined a pushout square

S(U ⊕ V )+ ∧X
jU,V ∧ 1X//

��

S(U)+ ∧ V∞ ∧X

kU,V ∧ 1X

��
CS(U ⊕ V )+ ∧X

δjU,V ∧ 1X// ΣS(V )+ ∧X

ut
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2.3 The addition and subtraction of maps

The compactification Umkehr construction is now used to define the addition
and subtraction of maps F : V∞∧X → Y for a non-zero inner product space
V .

In dealing with open embeddings e : V ↪→ V we shall only be concerned
with ones (e.g. smooth) such that the compactification Umkehr map is a
homotopy equivalence F : V∞ → V∞.

Definition 2.9. (i) A homotopy equivalence F : V∞ → V∞ is{
orientation-preserving

orientation-reversing
if

degree(F ) =

{
+1

−1 .

(ii) An embedding e : V ↪→ V is

{
orientation-preserving

orientation-reversing
if the compact-

ification Umkehr map F∞ : V∞ → V∞ is an

{
orientation-preserving

orientation-reversing

homotopy equivalence.
(iii) A sum map for V is any map

∇V : V∞ → V∞ ∨ V∞

in the homotopy class of the compactification Umkehr map of an open em-
bedding e : V × {1, 2} ↪→ V such that the restrictions e| : V × {i} ↪→ V
(i = 1, 2) are orientation-preserving. Then ∇V is a sum map for the pointed
space V∞ in the sense of Definition 1.1 (i).
(iv) A difference map for V is a map

∇V : V∞ → V∞ ∨ V∞

in the homotopy class of the compactification Umkehr map of an open em-
bedding e : V × {1, 2} ↪→ V such that the restriction e| : V × {i} ↪→ V is
orientation-reversing for i = 1 and orientation-preserving for i = 2. Then ∇V
is a difference map for the pointed space V∞ in the sense of Definition 1.1
(iii). ut

Remark 2.10. For i = 1, 2 let
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πi : V∞ ∨ V∞ → V∞ ; vj 7→

{
vj if i = j

∞ if i 6= j
(j = 1, 2) .

(i) If dim(V ) > 2 a map ∇V : V∞ → V∞ ∨ V∞ is a sum map if and only
if the maps π1∇V , π2∇V : V∞ → V∞ are orientation-preserving homotopy
equivalences.
(ii) If dim(V ) > 2 a map ∇V : V∞ → V∞ ∨ V∞ is a difference map if and
only if the maps π1∇V , π2∇V : V∞ → V∞ are homotopy equivalences with
π1∇V orientation-reversing and π2∇V orientation-preserving. ut

Example 2.11. (i) For any x ∈ V there is defined an orientation-preserving
open embedding

ex : V → V ; v 7→ x+
v

1 + ‖v‖
such that

ex(0) = x ∈ V , ex(V ) = {v ∈ V | ‖v − x‖ < 1} .

(ii) For any y ∈ S(V ) let

Ly = {ty | t ∈ R} , Hy = {z ∈ V | 〈y, z〉 = 0 ∈ R} ⊂ V ,

so that Hy the hyperplane orthogonal to the line Ly ⊂ V containing y.
Reflection in Hy defines an orientation-reversing isomorphism

Ry = − 1Ly ⊕ 1Hy : V = Ly ⊕Hy → V = Ly ⊕Hy ;

v = (ty, z) 7→ v − 2〈v, y〉y = (−ty, z) .

For any x ∈ V the composite ex,y = exRy : V → V is an orientation-reversing
open embedding such that

ex,y(0) = x ∈ V , ex,y(V ) = {v ∈ V | ‖v − x‖ < 1} .

(iii) For any v ∈ V with ‖v‖ = 1 define an open embedding

fv : V × {v,−v} ↪→ V ; (u,±v) 7→ ±v +
u

1 + ‖u‖

with compactification Umkehr map a sum map
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Fv = ∇v : V∞ → (V × {v,−v})∞ = V∞ ∨ V∞ ;

u 7→



(
u− v

1− ‖u− v‖

)
1

if ‖u− v‖ < 1(
u+ v

1− ‖u+ v‖

)
2

if ‖u+ v‖ < 1

∗ otherwise

such that F−v = TFv with T : V∞ ∨ V∞ → V∞ ∨ V∞ the transposition
involution.
(iv) If ∇V : V∞ → V∞ ∨ V∞ is a sum map then

∇V = (Ry ∨ 1)∇V : V∞ → V∞ ∨ V∞

is a difference map, with Ry as in (ii).
(v) For a decomposition V = R⊕W as in (ii) use the homeomorphism

V∞
∼= // ΣW∞ ; (t, w) 7→ (

et

et + 1
, w)

to identify V∞ = ΣW∞ and define sum and difference maps

∇V : V∞ → V∞ ∨ V∞ ; (t, w) 7→

{
(2t, w)1 if 0 6 t 6 1/2

(2t− 1, w)2 if 1/2 6 t 6 1 ,

∇V : V∞ → V∞ ∨ V∞ ; (t, w) 7→

{
(1− 2t, w)1 if 0 6 t 6 1/2

(2t− 1, w)2 if 1/2 6 t 6 1 .

ut

Proposition 2.12. For any pointed spaces X,Y and an inner product space
V the set [V∞ ∧ X,Y ] of homotopy classes of maps V∞ ∧ X → Y has a
group structure for dim(V ) > 1 (abelian for dim(V ) > 2), with the sum and
difference of f, g : V∞ ∧X → Y given by

f + g = (g ∨ f)(∇V ∧ 1X) : V∞ ∧X → Y ,

f − g = (g ∨ f)(∇V ∧ 1X) : V∞ ∧X → Y .

ut

Example 2.13. (i) The map
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∇V : V∞ → V∞ ∨ V∞ ;

[t, u] = v 7→


[2t, u]1 =

(
2v

1− ‖v‖

)
1

if 0 6 t 6 1/2

[2t− 1, u]2 =

(
(‖v‖ − 1)v

2‖v‖

)
2

if 1/2 6 t 6 1

is a sum map such that ∇V (0) = 01, ∇V (∞) =∞2.
(ii) The composite of the projection V∞ → V∞/S(V ) and the homeomor-
phism

V∞/S(V )→ V∞ ∨ V∞ ;

[t, u] = v 7→


[1− 2t, u]1 =

(
(1− ‖v‖)v

2‖v‖

)
1

if 0 6 t 6 1/2

[2t− 1, u]2 =

(
(‖v‖ − 1)v

2‖v‖

)
2

if 1/2 6 t 6 1

is a difference map

∇V : V∞ → V∞/S(V ) ∼= V∞ ∨ V∞ ; [t, u] 7→

{
[1− 2t, u]1 if 0 6 t 6 1/2

[2t− 1, u]2 if 1/2 6 t 6 1

such that ∇V (0) = ∇V (∞) =∞.
ut

Proposition 2.14. Let V be a non-zero finite-dimensional inner product
space.
(i) There is defined a commutative diagram of maps and spaces

R× S(V ) //

∼=
��

S(R⊕ V ) //

∼=
��

ΣS(V )+ //

∼=
��

ΣS(V )+/S(V )

∼=
��

V \{0} // V∞ // V∞/0+ // V∞ ∨0 V
∞

with the vertical maps homeomorphisms, and

V∞ ∨0 V
∞ = (V∞ ∨ V∞)/{01 ∼ 02} .

(ii) There is defined a commutative square of homeomorphisms

(R× S(V ))∞
∼= //

∼=
��

ΣS(V )+

∼=
��

(V \{0})∞
∼= // V∞/0+



28 2 Umkehr maps and inner product spaces

(iii) The maps αV , βV , γV , sV , 0V defined by

αV : V∞ → ΣS(V )+ ; [t, u] 7→ (t, u) ,

βV : V∞ → V∞ ∨0 V
∞ ;

[t, u] = v 7→


[1− 2t, u]1 =

(
1− ‖v‖

2‖v‖
v

)
1

if 0 6 t 6 1/2

[2t− 1, u]2 =

(
‖v‖ − 1

2‖v‖
v

)
2

if 1/2 6 t 6 1 ,

γV : ΣS(V )+ → ΣS(V )+/S(V ) ∼= V∞ ∨0 V
∞ ;

(t, u) 7→

{
[1− 2t, u]1 if 0 6 t 6 1/2

[2t− 1, u]2 if 1/2 6 t 6 1 ,

sV = projection : S(V )+ → S(V )+/S(V ) = S0 = {0,∞} ;

u 7→ 0 (u ∈ S(V )) ,

0V : S0 → V∞ ; ∞ 7→ ∞ , 0 7→ 0

fit into a commutative braid of homotopy cofibrations of unpointed spaces

S0

''

0V

%%
V∞

αV

��

βV

!!
V∞ ∨0 V

∞

S(V )+

sV
::

$$

S(V ) t {0,∞}

;;

##

ΣS(V )+

γV
;;

##
(S(V ) ∨ S(V ))+

77

99
S(V ) ==

∗
??

S1

(which extends to a braid of homotopy cofibrations of pointed spaces on the
right). For any u ∈ S(V )

αV (u) = αV [1/2, u] = (1/2, u) ∈ ΣS(V )+ ,

βV (u) = βV [1/2, u] = γV (1/2, u) = 01 = 02 ∈ V∞ ∨0 V
∞ .

The map αV : V∞ → (R × S(V ))∞ ∼= ΣS(V )+ is the compactification
Umkehr map of the open embedding

R× S(V ) ↪→ V ; (x, u) 7→ exu ,
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and γV pinches S(V ) ⊂ ΣS(V )+ to 0 ∈ V∞ ∨0 V
∞.

(iii) There exists a homotopy

βV ' i∇V : V∞ → V∞ ∨0 V
∞

with ∇V : V∞ → V∞ ∨ V∞ a difference map for V , and i : V∞ ∨ V∞ →
V∞ ∨0 V

∞ the projection.
(iv) For finite-dimensional inner product spaces U, V there is defined a com-
mutative braid of homotopy cofibrations of pointed spaces

S(V )+

iU,V

��

sV

!!
S0

0V

��

0U⊕V

##
(U ⊕ V )∞ = U∞ ∧ V∞

αU⊕V

''
S(U ⊕ V )+

sU⊕V
;;

jU,V

##

V∞

99

αV

%%

ΣS(U ⊕ V )+

S(U)+ ∧ V∞

kU,V
;;

??

ΣS(V )+

77

Proof. (i) The projection

V∞ → (V \{0})∞ = V∞/0+

is the compactification Umkehr map of the open embedding V \{0} ↪→ V ,
and

R× S(V ) ∼= V \{0} ; (s, u) 7→ esu ,

R× S(V ) // S(R⊕ V ) ; (s, u) 7→
(
e−s − es

e−s + es
,

2u

e−s + es

)
,

and the other maps defined as follows. Stereographic projection defines in-
verse homeomorphisms

S(R⊕ V ) ∼= V∞ ; (t, v) 7→ v

1− t
, (1, 0) 7→ ∞ ,

V∞ ∼= S(R⊕ V ) ; w 7→
(
‖w‖2 − 1

‖w‖2 + 1
,

2w

‖w‖2 + 1

)
, ∞ 7→ (1, 0) .

For any t ∈ I, u ∈ S(V )+ define [t, u] ∈ V∞ by
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[t, u] =


tu

1− t
if t < 1 and u 6=∞

∞ if t = 1 or u =∞ .

Every v 6= 0 ∈ V has a unique expression as v = [t, u] with

t =
‖v‖

1 + ‖v‖
∈ (0, 1) , u =

v

‖v‖
∈ S(V ) .

The projection
I ∧ S(V )+ → V∞ ; (t, u) 7→ [t, u]

pinches {0} × S(V ) to 0 ⊂ V∞, inducing the homeomorphism

ΣS(V )+ ∼= V∞/0+ ; (t, u) 7→ [t, u]

with inverse

V∞/0+ ∼= ΣS(V )+ ; v 7→


(
‖v‖

1 + ‖v‖
,
v

‖v‖

)
if v 6= 0

∞ if v = 0 .

The elements of V∞ can thus be written as [t, u] with 0 6 t 6 1, u ∈ S(V ),
identifying

0 = [0, u] , u = [1/2, u] , ∞ = [1, u] ∈ V∞ ,

and
S(V ) = {1/2} × S(V ) ⊂ ΣS(V )+ .

The homeomorphism ΣS(V )+/S(V ) ∼= V∞ ∨0 V
∞ is defined by

ΣS(V )+/S(V ) ∼= V∞ ∨0 V
∞ ; (t, u) 7→

{
[1− 2t, u]1 if 0 6 t 6 1/2

[2t− 1, u]2 if 1/2 6 t 6 1 .

(ii) Define

(R× S(V ))∞ ∼= (V \{0})∞ ; (x, u) 7→ exu ,

(R× S(V ))∞ ∼= ΣS(V )+ ; (x, u) 7→
(

ex

1 + ex
, u

)
.

(iii) Let e : V × {1, 2} ↪→ V be an open embedding such that

1. 0 < ‖e(0, 1)‖ < 1 < ‖e(0, 2)‖,

2. e(V × {1, 2}) ∩ ({0} ∪ S(V )) = ∅,
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3. e| : V × {1} ↪→ V is orientation-reversing,

4. e| : V × {2} ↪→ V is orientation-preserving.

The compactification Umkehr of e is a difference map for V (2.9 (iv))

F = ∇V : V∞ → V∞ ∨ V∞

such that

1. F (0) = F (∞) =∞,

2. F (e(0, i)) = 0i (i = 1, 2),

3. the induced map
[F ] : V∞/S(V )→ V∞ ∨ V∞

is a homotopy equivalence,

4. the induced map

[F ] : (V∞/S(V ))/{e(0, 1) ∼ e(0, 2)} → V∞ ∨0 V
∞

is a homotopy equivalence.

The composite

i∇V : V∞ → (V∞/S(V ))/{e(0, 1) ∼ e(0, 2)}
[F ]
// V∞ ∨0 V

∞

is homotopic to

V∞ → (V∞/S(V ))/{0 ∼ ∞} = (V∞/0+)/S(V ) ∼= V∞ ∨0 V
∞

which is just βV .
(iv) By construction. ut

Definition 2.15. Let p, q : V∞ ∧ X → Y be maps which agree on X =
0+ ∧X ⊂ V∞ ∧X, i.e. such that

p(0, x) = q(0, x) ∈ Y (x ∈ X) .

(i) The difference map of p and q is the map

p− q = (q ∨ p)(∇V ∧ 1X) : V∞ ∧X → Y ,
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that is

p− q : V∞ ∧X → Y ; ([t, u], x) 7→

{
q([1− 2t, u], x) if 0 6 t 6 1/2

p([2t− 1, u], x) if 1/2 6 t 6 1 .

(ii) The relative difference of stable maps, δ(p, q) of p and q is the rel X
difference

δ(p, q) : ΣS(V )+ ∧X → Y ; (t, u, x) 7→

{
q([1− 2t, u], x) if 0 6 t 6 1/2

p([2t− 1, u], x) if 1/2 6 t 6 1 ,

that is

δ(p, q) = (q ∨0 p)(γV ∧ 1X) : ΣS(V )+ ∧X → (V∞ ∨0 V
∞) ∧X → Y .

ut

Example 2.16. The relative difference of maps p, q : V∞ ∧X → Y such that

p(0, x) = q(0, x) = ∗ ∈ Y (x ∈ X)

is just the difference of the induced maps

[p], [q] : ΣS(V )+ ∧X = (V∞/0+) ∧X → Y ,

that is
δ(p, q) = [p]− [q] : ΣS(V )+ ∧X → Y ,

with [p]− [q] = ([q] ∨ [p])∇ defined using the difference map

∇ : ΣS(V )+ → ΣS(V )+∨ΣS(V )+ ; (t, u) 7→

{
(1− 2t, u) if 0 6 t 6 1/2

(2t− 1, u) if 1/2 6 t 6 1 .

ut

The difference map p− q of Definition 2.15 (i) is just an explicit represen-
tative of the difference of the homotopy classes p, q ∈ [V∞ ∧X,Y ]. Writing
[t, u] = v ∈ V∞ the difference of p, q : V∞ ∧X → Y can be expressed as



2.3 The addition and subtraction of maps 33

p− q : V∞ ∧X → Y ; (v, x) 7→



q(
1− ‖v‖
2‖v‖2

v, x) if 0 < ‖v‖ < 1

p(0, x) = q(0, x) if ‖v‖ = 1

p(
‖v‖ − 1

2‖v‖
v, x) if ‖v‖ > 1

∞ if v = 0 or ∗ .

The difference is the composite

p− q : V∞ ∧X → (V∞/0+) ∧X ∼= ΣS(V )+ ∧X
δ(p, q)

// Y ,

and the same formulae apply to the relative difference :

δ(p, q) : (V∞/0+) ∧X → Y ; (v, x) 7→


q(

1− ‖v‖
2‖v‖2

v, x) if 0 < ‖v‖ 6 1

p(
‖v‖ − 1

2‖v‖
v, x) if ‖v‖ > 1

∞ if v = 0 or ∗ .

The relative difference of maps p, q : V∞ ∧X → Y which agree on 0∞ ∧X
can be interpreted as the difference of two null-homotopies:

Proposition 2.17. Let p, q : V∞ ∧X → Y be pointed maps such that

p(0, x) = q(0, x) ∈ Y (x ∈ X) .

(i) The pointed map defined by

f : S(V )+ ∧X → Y ; (u, x) 7→ p(0, x) = q(0, x)

has two null-homotopies

δp : CS(V )+ ∧X → Y ; (t, v, x) 7→ p([t, v], x) ,

δq : CS(V )+ ∧X → Y ; (t, v, x) 7→ q([t, v], x)

and the relative difference of p, q is given by

δ(p, q) = − δq ∪ δp :

ΣS(V )+ ∧X = CS(V )+ ∧X ∪S(V )+∧X CS(V )+ ∧X → Y .

(ii) Under the one-one correspondence of Proposition 2.8 (ii) between pointed
maps f : ΣS(V )+ ∧ X → Y and pairs (g, h) defined by a pointed map g :
S(U)+ ∧ V∞ ∧X → Y and a null-homotopy
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h : g(jU,V ∧ 1X) ' {∗} : S(U ⊕ V )+ ∧X → Y

the relative difference f = δ(p, q) corresponds to

g = δ(p, q)(kU,V ∧ 1X) = (p− q)(sU ∧ 1V∞∧X) : S(U)+ ∧ V∞ ∧X → Y ,

h = δ(p, q)(δjU,V ∧ 1X) : C(S(U ⊕ V ))+ ∧X → Y .

Proof. (i) Immediate from Proposition 2.7 and Definition 1.5.
(ii) By construction.

ut

A linear map f : V → W of inner product spaces is proper if and only
if f is injective, in which case there is defined an injective pointed map
f∞ : V∞ →W∞ of the one-point compactifications.

Example 2.18. (i) Let f, g : V →W be injective linear maps of inner product
spaces V,W , and let X = S0, Y = W∞ in 2.17. The difference and relative
difference maps of the pointed maps

f∞ , g∞ : V∞ ∧X = V∞ → Y = W∞

are
f∞ − g∞ = (g∞ ∨ f∞)∇V : V∞ →W∞ ,

δ(f∞, g∞) = (g∞ ∨ f∞)γV : ΣS(V )+ →W∞ .

(ii) For f = −1, g = 1 : V → W = V (i) gives the difference and relative
difference maps of the maps

p = 1∞ = 1 , q = (−1)∞ = − 1 : V∞ ∧X = V∞ → Y = V∞

to be
p− q = ((−1)∞ ∨ 1∞)∇V ' 2 : V∞ → V∞ ,

δ(p, q) = ((−1)∞ ∨ 1∞)γV : ΣS(V )+ → V∞ .

ut

Example 2.19. Let X = S0. The difference and relative difference maps of
the maps

p, q : V∞ ∧X = V∞ → Y = V∞ ∨0 V
∞

defined by
p(v) = v2 , q(v) = v1 (v ∈ V ) .

are
p− q = βV : V∞ → V∞ ∨0 V

∞ ,

δ(p, q) = γV : ΣS(V )+ → V∞ ∨0 V
∞ .
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ut

Proposition 2.20. (i) For any pointed spaces X,Y and inner product space
V there is defined an exact sequence of pointed sets

. . . // [ΣX,Y ]
Σs∗V // [ΣS(V )+ ∧X,Y ]

α∗V // [V∞ ∧X,Y ]

0∗V // [X,Y ]
s∗V // [S(V )+ ∧X,Y ]

with

0∗V : [V∞ ∧X,Y ]→ [0+ ∧X,Y ] = [X,Y ] ; F 7→ F |0+∧X .

For any maps p, q : V∞ ∧ X → Y which agree on 0+ ∧ X the difference
p− q ∈ [V∞ ∧X,Y ] has image ∗ ∈ [X,Y ], and p− q is the image of δ(p, q) ∈
[ΣS(V )+ ∧X,Y ], with a homotopy commutative diagram

V∞ ∧X
αV ∧ 1X //

p− q
((

ΣS(V )+ ∧X

δ(p, q)

��
Y

that is

p− q = α∗V (δ(p, q)) ∈ ker(0∗V : [V∞ ∧X,Y ]→ [X,Y ])

= im(α∗V : [ΣS(V )+ ∧X,Y ]→ [V∞ ∧X,Y ]) .

(ii) If the maps p, q : V∞ ∧X → Y in (i) are related by a homotopy

r : p ' q : V∞ ∧X → Y

then
p− q ' ∗ : V∞ ∧X → Y

and the relative difference δ(p, q) ∈ [ΣS(V )+ ∧X,Y ] is the image of the map

r0 : ΣX → Y ; (t, x) 7→ r(t, 0, x) ,

with a homotopy commutative diagram
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ΣS(V )+ ∧X
ΣsV ∧ 1X //

δ(p, q)
))

S1 ∧X = ΣX

r0

��
Y

i.e. if p = q ∈ [V∞ ∧X,Y ] then

α∗V (δ(p, q)) = p− q = ∗ ∈ [V∞ ∧X,Y ] ,

δ(p, q) = Σs∗V (r0) ∈ ker(α∗V : [ΣS(V )+ ∧X,Y ]→ [V∞ ∧X,Y ])

= im(Σs∗V : [ΣX,Y ]→ [ΣS(V )+ ∧X,Y ]) .

In particular, if

r(t, 0, x) = p(0, x) = q(0, x) ∈ Y (t ∈ I, x ∈ X)

then δ(p, q) ' ∗ : ΣS(V )+ ∧ X → Y , i.e. if p, q are related by a homotopy
which is constant on {0} ×X then

δ(p, q) = ∗ ∈ [ΣS(V )+ ∧X,Y ] .

(iii) If p, p′, q, q′ : V∞ ∧X → Y are maps which agree on 0+ ∧X and

f : p ' p′ , g : q ' q′ : V∞ ∧X → Y

are homotopies which are constant on 0+ ∧X there is induced a homotopy of
the relative differences

δ(f, g) : δ(p, q) ' δ(p′, q′) : ΣS(V )+ ∧X → Y .

(iv) If p, q, r : V∞ ∧ X → Y are maps which agree on 0+ ∧ X the relative
differences are related by a homotopy

h : δ(p, q) + δ(q, r) ' δ(p, r) : ΣS(V )+ ∧X → Y .

(v) If p, q : V∞ ∧X → Y are maps such that

p(t, x) =

{
q(t, x) if (t, x) ∈ U
∗ if (t, x) ∈ (V∞ ∧X)\U

for some neighbourhood U ⊆ V∞ ∧ X of 0+ ∧ X ⊂ V∞ ∧ X there exists a
homotopy

γ(p, q) : δ(p, q) ' q′ : ΣS(V )+ ∧X → Y

with q′ defined by
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q′ : ΣS(V )+ ∧X = (V∞/0+) ∧X → Y ;

(t, x) 7→

{
∗ if (t, x) ∈ U
q(t, x) if (t, x) ∈ V∞ ∧X\U .

(vi) The homotopy γ(p, q) in (v) can be chosen to be natural, meaning that
given commutative squares of maps

V∞ ∧X1

p1 //

1 ∧ h
��

Y1

k
��

V∞ ∧X2

p2 // Y2

,

V∞ ∧X1

q1 //

1 ∧ h
��

Y1

k
��

V∞ ∧X2

q2 // Y2

and neighbourhoods Ui ⊆ V∞∧Xi of 0+∧Xi ⊂ V∞∧Xi with U2 = (1∧h)(U1)
such that

pi(t, x) =

{
qi(t, x) if (t, x) ∈ Ui
∗ if (t, x) ∈ V∞ ∧Xi\Ui

there is defined a commutative square

I × (ΣS(V )+ ∧X1)
γ(p1, q1)

//

1 ∧ h
��

Y1

k

��
I × (ΣS(V )+ ∧X2)

γ(p2, q2)
// Y2

Proof. (i) Immediate from the homotopy cofibration sequence of pointed
spaces

S(V )+ sV // S0 = 0+ → V∞
αV // ΣS(V )+ ΣsV // S1 → . . .

given by Proposition 2.14 (i).
(ii) Immediate from the homotopy βV ' i∇V given by Proposition 2.14 (iii).
(iii) The homotopies

f, g : I × (V∞ ∧X)→ Y

which agree on I × 0+ ∧X. The relative difference

δ(f, g) : I × (ΣS(V )+ ∧X)→ Y .

defines a homotopy δ(f, g) : δ(p, q) ' δ(p′, q′).
(iv) The sum of δ(p, q) and δ(q, r) is defined by



38 2 Umkehr maps and inner product spaces

δ(p, q) + δ(q, r) : ΣS(V )+ ∧X → Y ;

(t, u, x) 7→

{
δ(q, r)(2t, u, x) if 0 6 t 6 1/2

δ(p, q)(2t− 1, u, x) if 1/2 6 t 6 1 .

Define a homotopy h : δ(p, q) + δ(q, r) ' δ(p, r) by

h(s, t, u, x) =



r(
[1 + s− 4t

1 + s
, u
]
, x) if 0 6 t 6 (1 + s)/4

q(
[
4t− 1− s, u

]
, x) if (1 + s)/4 6 t 6 1/2

q(
[
3− s− 4t, u

]
, x) if 1/2 6 t 6 (3− s)/4

p(
[s+ 4t− 3

1 + s
, u
]
, x) if (3− s)/4 6 t 6 1 .

(v)+(vi) These are special cases of Proposition 1.9.
ut

Example 2.21. (i) For any inner product spaces V,W and injective linear
maps f, g : V →W the maps f∞, g∞ : V∞ →W∞ are such that

f∞(0V ) = g∞(0V ) = 0W ∈W∞ ,

so that there is defined a relative difference map

δ(f∞, g∞) : ΣS(V )+ →W∞ ; [t, u] 7→

{
g([1− 2t, u]) if 0 6 t 6 1/2

f([2t− 1, u]) if 1/2 6 t 6 1 .

By Proposition 2.20 (i) there exists a homotopy

δ(f∞, g∞)αV ' f∞ − g∞ : V∞ →W∞ .

(ii) Let GL(V ) be the space of linear automorphisms a : V → V , with base
point 1 : V → V . For any map c : X → GL(V ) the maps defined by

p = adj(1) : V∞ ∧X → V∞ ; (v, x) 7→ v ,

q = adj(c) : V∞ ∧X → V∞ ; (v, x) 7→ c(x)(v)

are such that p(0, x) = q(0, x) = 0 ∈ V∞ (x ∈ X). Use the relative difference
construction of (i) to define a function

δV : [X,GL(V )]→ [ΣS(V )+ ∧X,V∞] ; c 7→ δV (c) = δ(p, q)

with

δV (c)([t, u], x) =

{
c(x)∞[1− 2t, u] if 0 6 t 6 1/2

[2t− 1, u] if 1/2 6 t 6 1 .
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The composite

[X,GL(V )]
δV // [ΣS(V )+ ∧X,V∞]

α∗V // [V∞ ∧X,V∞]

is given by

α∗V δV : [X,GL(V )]→ [V∞ ∧X,V∞] ; c 7→ p− q .

ut

Example 2.22. Here are two special cases of Proposition 2.20 (v).
(i) For any map p : V∞ ∧ X → Y take q = p, U = V∞ ∧ X to obtain a
homotopy

γ(p, p) : δ(p, p) ' ∗ : ΣS(V )+ ∧X → Y .

(ii) For any map q : V∞ ∧X → Y such that

q(0, x) = ∗ ∈ Y (x ∈ X)

take q = ∗, U = 0+ ∧X to obtain a homotopy

γ(p, ∗) : δ(p, ∗) ' [p] : ΣS(V )+ ∧X → Y .

with [p] induced from p using the homeomorphism ΣS(V )+ ∼= V∞/0+. ut

Proposition 2.23. The relative difference (2.15 (ii)) of maps p, q : V∞ ∧
X → Y such that p| = q| : X → Y is the relative difference (1.5) of the
null-homotopies δp, δq of

(p|)(sV ∧ 1X) = (q|)(sV ∧ 1X) : S(V )+ ∧X → Y

given by 2.7, that is

δ(p, q) : ΣS(V )+ ∧X
(−1 ∪ 1) ∧ 1X //

CS(V )+ ∧X ∪S(V )+∧X CS(V )+ ∧X
δq ∪ δp // Y

with
δp(t, u, x) = p([t, u], x) , δq(t, u, x) = q([t, u], x) .

Proof. For all t ∈ I, u ∈ S(V ), x ∈ X

δ(p, q)(t, u, x) =

{
q(1− 2t, u, x) if 0 6 t 6 1/2

p(2t− 1, u, x) if 1/2 6 t 6 1 .



40 2 Umkehr maps and inner product spaces

ut



Chapter 3

Stable homotopy theory

This Chapter develops stable homotopy theory and bordism theory using
inner product spaces.

3.1 Stable maps

A stable map F : X → Y between pointed spaces X,Y is a map of the type

F : V∞ ∧X → V∞ ∧ Y

for some (finite-dimensional) inner product space V .

The stable homotopy group is the abelian group

{X;Y } = lim−→
V

[V∞ ∧X,V∞ ∧ Y ]

with the direct limit is taken over all (finite-dimensional) inner product spaces
V , and addition and subtraction maps induced by the sum and difference
maps ∇V ,∇V : V∞ → V∞ ∨ V∞. By definition, an element F ∈ {X;Y } is
an equivalence class of stable maps F : X → Y .

Example 3.1. For an open embedding e : V ×M ↪→ V ×N the compactifica-
tion Umkehr F : V∞∧N∞ → V∞∧M+ defines a stable map F : N∞ →M+.

ut

41
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Given a map F : A → B let G : B → C (F ) be the inclusion in the
mapping cone, and let H : C (F )→ ΣA be the projection, so that

A
F // B

G // C (F )
H // ΣA

ΣF // ΣB // . . .

is a homotopy cofibration sequence, as before. By analogy with the Barratt-
Puppe cohomotopy exact sequence (1.3) there is a stable homotopy exact
sequence :

Proposition 3.2. For any pointed space X there is induced an exact se-
quence of stable homotopy groups

. . . // {ΣX; C (F )} H // {X;A} F // {X;B}
G // {X; C (F )} H // {X;ΣA} // . . . .

ut

The homotopy cofibration sequence

S(V )+ sV // S0 0V // V∞
αV // ΣS(V )+ // . . .

determines the following braid :

Proposition 3.3. For any inner product spaces U, V and pointed spaces
X,Y there is defined a commutative braid of exact sequences of stable homo-
topy groups

A1

��

αV

��
{X;S(V )+ ∧ Y }

sV

##

##
{S(U)+ ∧X;Y }

  
A2

;;

##

{X;Y }

s∗U
;;

0V

##

A3

A4

FF

α∗U

@@
{U∞ ∧X;Y }

;;

0∗U
;;

{X;V∞ ∧ Y }

>>

with
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A1 = {ΣX;V∞ ∧ Y } , A2 = {ΣS(U ⊕ V )+ ∧X;V∞ ∧ Y } ,
A3 = {S(U ⊕ V )+ ∧X;V∞ ∧ Y } , A4 = {ΣS(U)+ ∧X;Y } .

Proof. These are the exact sequences (3.2) determined by the homotopy com-
mutative braid of homotopy cofibrations

U∞ ∧ S(V )+

1 ∧ sV
%%

''
ΣS(U)+

''
S(U ⊕ V )+

sU⊕V

##

;;

U∞ ∧ S0 = U∞

1 ∧ 0V

''

αV
77

ΣS(U ⊕ V )+

S0

0U⊕V
88

0U
99

U∞ ∧ V∞ = (U ⊕ V )∞

αU⊕V
77

given by Proposition 2.14 (iv), involving two homotopy pushout squares.
ut

We shall need the following version of exactness at {X;A} in the sequence
(3.2)

. . . // {ΣX; C (F )} H // {X;A} F // {X;B}
G // {X; C (F )} H // {X;ΣA} // . . . .

Definition 3.4. Let X be a pointed space with a difference map ∇ : X →
X ∨X (1.1 (iii)). Given maps a1, a2 : X → A, F : A → B and a homotopy
b : Fa1 ' Fa2 : X → B let

b : Fa2 − Fa1 ' ∗ : X → B

be the null-homotopy of Fa2 − Fa1 = F (a2 − a1) : X → B defined by the
concatenation of the homotopy

b− 1 : Fa2 − Fa1 ' Fa1 − Fa1 : X → B

and the standard null-homotopy Fa1−Fa1 ' ∗ : X → B. The stable relative
difference

δ(a1, a2, b) = c ∈ {ΣX; C (F )}
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is the stable homotopy class of the map c : ΣX → C (F ) in the map of
homotopy cofibrations

X //

a1 − a2

��

CX //

b
��

ΣX

c
��

ΣX

Σ(a1 − a2)
��

A
F // B

G // C (F )
H // ΣA

ut

Proposition 3.5. The stable relative difference δ(a1, a2, b) ∈ {ΣX; C (F )}
of 3.4 is such that

a1 − a2 = H(δ(a1, a2, b)) ∈ ker(F : {X;A} → {X;B})
= im(H : {ΣX; C (F )} → {X;A}) ⊆ {X;A} = {ΣX;ΣA} .

Proof. By construction.
ut

The homotopy cofibration sequence

S(V )+ ∧ Y
sV // Y

0V // V∞ ∧ Y // C (0V ) ' ΣS(V )+ ∧ Y // . . .

induces a long exact sequence of stable homotopy groups

. . . // {V∞ ∧X;S(V )+ ∧ Y }
sV // {V∞ ∧X;Y }

0V // {V∞ ∧X;V∞ ∧ Y } = {X;Y } // {V∞ ∧X;ΣS(V )+ ∧ Y } // . . .

Definition 3.6. Given a map p : V∞ ∧X → Y define the map

f = 0V p : V∞ ∧X → V∞ ∧ Y ; (v, x) 7→ (0, p(v, x)) .

Given also a map q : V∞∧X → Y which agrees with p on 0+∧X ⊂ V∞∧X
let g = 0V q : V∞ ∧X → V∞ ∧ Y , and define a homotopy

h : f ' g : V∞ ∧X → V∞ ∧ Y

by

h : I × V∞ ∧X → V∞ ∧ Y ;

(t, v, x) 7→

{
(2tv, q((1− 2t)v, x)) if 0 6 t 6 1/2

((2− 2t)v, p((2t− 1)v, x)) if 1/2 6 t 6 1 .
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The stable relative difference of p, q is the stable relative difference (3.4)

δ′(p, q) = δ(f, g, h) ∈ {Σ(V∞ ∧X); C (0V )} = {V∞ ∧X;S(V )+ ∧ Y } .

ut

Proposition 3.7. The stable relative difference of 3.6 is such that

p− q = sV δ
′(p, q) ∈ im(sV : {V∞ ∧X;S(V )+ ∧ Y } → {V∞ ∧X;Y })

= ker(0V : {V∞ ∧X;Y } → {X;Y }) .

Proof. Immediate from Proposition 3.5. ut

The Umkehr maps of open embeddings V ×X ↪→ V × Y are stable maps.
Specifically, given a map f : X → Y , an inner product space V and a map
g : V ×X → V such that

e = (g, f) : V ×X → V × Y ; (v, x) 7→ (g(v, x), f(x))

is an open embedding then Definition 2.2 gives a compactification Umkehr
stable map

F : (V × Y )∞ = V∞ ∧ Y∞ → (V ×X)∞ = V∞ ∧X∞ .

For compact X,Y this is an adjunction Umkehr stable map F : V∞ ∧ Y + →
V∞ ∧X+.

Example 3.8. For any finite cover f : K̃ → K of a CW complex K there is
defined a transfer map

f ! : C(K)→ C(K̃) ; x 7→
∑

y∈f−1(x)

y .

For finite K there exist a finite-dimensional inner product space V and a map
g : V × K̃ → V such that

e = (g, f) : V × K̃ → V ×K ; (v, x) 7→ (g(v, x), f(x))

is an open embedding, with compactification (= adjunction) Umkehr map

F : (V ×K)∞ = V∞ ∧K+ → (V × K̃)∞ = V∞ ∧ K̃+

inducing the transfer map F = f ! : C(K) → C(K̃) (cf. Adams [2, §4.2],
Proposition 4.33 and Example 6.29 below).

ut
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We shall need a version of the Umkehr construction for pointed maps.

Definition 3.9. Let f : X → Y be a pointed map, with f(x0) = y0 ∈ Y for
base points x0 ∈ X, y0 ∈ Y . Let V be an inner product space, and suppose
given a map g : V ×X → V such that

e = (g, f) : V ×X → V × Y ; (v, x) 7→ (g(v, x), f(x))

restricts to an open embedding

e| : V × (X\{x0})→ V × Y

and also
g(v, x0) = 0 ∈ V (v ∈ V ) .

The Umkehr stable map of e is

F : V∞ ∧ Y → V∞ ∧X ;

(w, y) 7→

{
(v, x) if (w, y) = (g(v, x), f(x)) ∈ V × Y
∞ otherwise .

ut

Example 3.10. (i) Let f : X → Y be a pointed map of finite CW complexes
such that the restriction f | : X\{x0} → Y \{y0} is a finite cover, so that
there is defined a transfer chain map

f ! : Ċ(Y )→ Ċ(X) ; y 7→
∑

x∈f−1(y)

x

of the reduced singular chain complexes. As in Adams [3, pp. 511–512] there
exist a finite-dimensional inner product space V and a map g : V ×X → V
such that

e = (g, f) : V ×X → V × Y ; (v, x) 7→ (g(v, x), f(x))

satisfies the hypothesis of Definition 3.9, giving an Umkehr stable map

F : V∞ ∧ Y → V∞ ∧X

inducing f ! on the chain level.
(ii) If f : K̃ → K is a finite cover of a finite CW complex then for any
finite-dimensional inner product space W

1 ∧ f+ : X = W∞ ∧ K̃+ → Y = W∞ ∧K+



3.1 Stable maps 47

is a pointed map as in (i), and the Umkehr stable map

F : V∞ ∧ Y = (V ⊕W )∞ ∧K+ → V∞ ∧X = (V ⊕W )∞ ∧ K̃+

is just the compactification Umkehr map of Example 3.8 above, inducing the
transfer chain map

F = f ! : Ċ(Y ) = C(K)∗−dim(W ) → Ċ(X) = C(K̃)∗−dim(W ) .

ut

Definition 3.11. (i) The stable homotopy and cohomotopy groups of a space
X are

ωn(X) = {Sn;X+} , ωn(X) = {X+;Sn} (n ∈ Z) .

(ii) The reduced stable homotopy and cohomotopy groups of a pointed space
X are

ω̃n(X) = {Sn;X} , ω̃n(X) = {X;Sn} .

In particular, for an unpointed space X

ωn(X) = ω̃n(X+) , ωn(X) = ω̃n(X+) .

ut

Example 3.12. The stable homotopy and cohomotopy groups of {∗} are the
stable homotopy groups of spheres

ωn({∗}) = ω−n({∗}) = {Sn;S0} (n > 0)

which we write as ωn.
ut

Definition 3.13. (i) A spectrum X = {X(V )} is a sequence of pointed
spaces X(V ) indexed by finite-dimensional inner product spaces V , with
structure maps

(V ⊥)∞ ∧X(V )→ X(W )

defined whenever V ⊆ W , where V ⊥ ⊆ W is the orthogonal complement of
V in W . For n ∈ Z let

πn(X) =


lim−→
V

[ΣnV∞, X(V )] if n > 0

lim−→
V

[V∞, Σ−nX(V )] if n 6 −1 .

(ii) A spectrum X is connective if
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πn(X) = 0 for n 6 −1 .

In particular, this is the case if each X(V ) is (dim(V )− 1)-connected, i.e.

πn(X(V )) = 0 for n 6 (dim(V )− 1) .

(iii) The X-coefficient homology groups of a space Y are

Xn(Y ) = πn(X ∧ Y +) (n ∈ Z) .

The reduced X-coefficient homology groups of a pointed space Y are

X̃n(Y ) = πn(X ∧ Y ) (n ∈ Z) .

If X is connective then Xn(Y ) = 0 for n 6 −1, and similarly in the reduced
case.

ut

Example 3.14. (i) The suspension spectrum of a pointed space X is the con-
nective spectrum

X = {V∞ ∧X |dim(V ) <∞} ,

such that for any pointed space Y

Xn(Y ) =

{
ω̃n(X ∧ Y ) if n > 0

0 if n 6 −1 .

In particular, for Y = S0

πn(X) = Xn(S0) =

{
ω̃n(X) if n > 0

0 if n 6 −1 .

(ii) The sphere spectrum S = {V∞} (= the suspension spectrum of S0) is
such that

πn(S) = Sn(S0) = ωn , Sn(X) = ω̃n(X) .

ut

3.2 Vector bundles

We shall only be considering vector bundles and spherical fibrations over CW
complexes.
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Definition 3.15. Let V be an inner product space.
(i) A V -bundle over a space X is a vector bundle

ξ : V // E(ξ)
pξ // X

with each fibre p−1(x) = ξx (x ∈ X) an inner product space isomorphic to
V , and the transition functions linear isometries.
(ii) The Thom space of ξ is the pointed space

T (ξ) = D(ξ)/S(ξ) ,

with (D(ξ), S(ξ)) the total space of the (D(V ), S(V ))-bundle of ξ

(D(V ), S(V )) // (D(ξ), S(ξ))
pξ| // X .

(iii) The trivial V -bundle εV over X has

p = projection : E(εV ) = V ×X → X ,

D(εV ) = D(V )×X , S(εV ) = S(V )×X ,

T (εV ) = (D(V )×X)/(S(V )×X) = V∞ ∧X+ .

In particular, for V = 0

D(εV ) = X , S(εV ) = ∅ , T (εV ) = X+ .

(iv) The Thom spectrum of a V -bundle ξ is the suspension spectrum of T (ξ)

T (ξ) = {T (ξ ⊕ εV ) |dim(V ) <∞}

with T (ξ ⊕ εV ) = V∞ ∧ T (ξ).
ut

Remark 3.16. The canonical map

E(ξ)∞ → T (ξ) ; (x, v) 7→ (x,
v

1 + ‖v‖
) (x ∈ X, v ∈ V )

is a bijection which is a homeomorphism if and only if X is compact.
ut

Definition 3.17. (i) The pullback of a V -bundle ξ over X along a map
f : Y → X is the V -bundle over Y

f∗ξ : V // E(f∗ξ)
pf∗ξ // Y
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with E(f∗ξ) fitting into a pullback square

E(f∗ξ) //

pf∗ξ
��

E(ξ)

pξ
��

Y
f // X .

(ii) The product of a V -bundle over X and a W -bundle over Y

ξ : V // E(ξ)
pξ // X , η : W // E(η)

pη // Y

is the V ⊕W -bundle over X × Y

ξ × η : V ⊕W // E(ξ × η)
pξ×η // X × Y

with

pξ×η = pξ×pη : E(ξ×η) = E(ξ)×E(η)→ X×Y , T (ξ×η) = T (ξ)∧T (η) .

(iii) The Whitney sum of a V -bundle over X and a W -bundle over X

ξ : V // E(ξ)
pξ // X , η : W // E(η)

pη // X

is the pullback V ⊕W -bundle over X

ξ ⊕ η = ∆∗(ξ × η) : V ⊕W // E(ξ ⊕ η)
pξ⊕η // X

with ∆ : X → X ×X;x 7→ (x, x), such that

T (ξ ⊕ η) = T (ξ) ∧ T (η) .

The total space E(ξ ⊕ η) fits into a pullback square

E(ξ ⊕ η) //

��

pξ⊕η

$$

E(ξ)

pξ
��

E(η)
pη // X

and the Thom space of ξ ⊕ η is

T (ξ ⊕ η) = T (p∗D(ξ)η)/T (p∗S(ξ)η) .

ut
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Proposition 3.18. Let

ξ : V → E(ξ)→M , η : W → E(η)→ N

be vector bundles. Regard E(ξ) as a subspace of the disk space D(ξ) via the
open embedding

E(ξ) ↪→ D(ξ) ; (m, v) 7→ (m,
v

1 + ‖v‖
) (m ∈M,v ∈ V )

with D(ξ)\E(ξ) = S(ξ), and similarly for S(η) ⊂ D(η). If

f : X = E(ξ) ↪→ Y = E(η)

is an open embedding which extends to an embedding f : D(ξ) ↪→ D(η) there
is defined a homeomorphism

T (ξ) = D(ξ)/S(ξ)→ Y/(Y \f(X)) ; x 7→ f(x)

and the adjunction Umkehr of f with respect to E(η) ⊂ D(η) is a map

F : D(η)/S(η) = T (η)→ Y/(Y \f(X)) = T (ξ) .

Proof. By construction. ut

Example 3.19. Let V,W be finite dimensional inner product spaces. For an
open embedding of the type

e : E(εW ) = W ×M ↪→ E(εV ) = V ×N

which extends to an embedding

f : D(εW ) = D(W )×M ↪→ D(εV ) = D(V )×N

the adjunction Umkehr of 3.18 is a map

F : T (εV ) = V∞ ∧N∞ → T (εW ) = W∞ ∧M+ .

ut

Given a (topological) group G with a right action on a space X and a left
action on a space Y let X ×G Y be the quotient of X ×Y be the equivalence
relation

(xg, y) ∼ (x, gy) for all g ∈ G, x ∈ X, y ∈ Y .

Similarly for pointed spaces, with X ∧G Y the corresponding quotient of
X ∧ Y .
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Definition 3.20. Let V,W be inner product spaces.
(i) The orthogonal group O(V ) is the group of linear isometries g : V → V ,
regarded as a pointed space with base point 1 : V → V . Define a left O(V )-
action on V by

O(V )× V → V ; (g, x) 7→ g(x) .

(ii) Let O(V,W ) be the Stiefel manifold of linear isometries i : V ↪→ W .
Define a right O(V )-action on O(V,W ) by

O(V,W )×O(V )→ O(V,W ) ; (i, g) 7→ ig .

(iii) Let G(V,W ) be the Grassmann manifold of the subspaces U ⊆W which
are isomorphic to V .

ut

Here are some standard properties of the Stiefel and Grassmann manifolds:

Proposition 3.21. (i) For any finite-dimensional inner product space W
and subspace V ⊆W there is defined a homeomorphism

G(V,W )→ G(V ⊥,W ) ; U 7→ U⊥ .

(ii) For any two inner product spaces U, V O(U) × O(V ) has a right action
on O(U ⊕ V )

O(U ⊕ V )× (O(U)×O(V ))→ O(U ⊕ V ) ; (f, g, h) 7→ f(g ⊕ h) .

Regard O(V,U ⊕ V ) as a pointed space with base point the inclusion

j : V ↪→ U ⊕ V ; x 7→ (0, x) .

The homeomorphisms

O(U ⊕ V )/O(V )→ O(U,U ⊕ V ) ; h 7→ h|U ,

O(U ⊕ V )/O(U)→ O(V,U ⊕ V ) ; h 7→ h|V ,

O(U ⊕ V )/(O(U)×O(V ))→ G(V,U ⊕ V ) ; h 7→ h(V )

give identifications

O(U,U ⊕ V ) = O(U ⊕ V )/O(V ) ,

O(V,U ⊕ V ) = O(U ⊕ V )/O(U) ,

G(V,U ⊕ V ) = O(U ⊕ V )/(O(U)×O(V )) = G(U,U ⊕ V ) .

(iii) For any finite-dimensional inner product spaces U, V,W there is defined
a commutative braid of fibre bundles
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O(V )

��

  
O(V,U ⊕ V ⊕W )

&&

%%
O(U, V,W )

O(V,U ⊕ V )

::

$$

G(V,U ⊕ V ⊕W )

;;

G(V,U ⊕ V )

88

where O(U, V,W ) = O(U ⊕ V ⊕W )/〈O(U ⊕ V ), O(U ⊕W )〉.
ut

Definition 3.22. The canonical U - and V -bundles over the Grassmann
manifold G = G(U,U ⊕ V ) = G(V,U ⊕ V ) are

ξ(U) : U → E(ξ(U)) = O(U,U ⊕ V )×O(U) U → O(U,U ⊕ V )/O(U) = G ,

ξ(V ) : V → E(ξ(V )) = O(V,U ⊕ V )×O(V ) V → O(V,U ⊕ V )/O(V ) = G

with Thom spaces

T (ξ(U)) = O(U,U ⊕ V )+ ∧O(U) U
∞ ,

T (ξ(V )) = O(V,U ⊕ V )+ ∧O(V ) V
∞ .

An element (W,x) ∈ E(ξ(U)) (resp. (W, y) ∈ E(ξ(V ))) can be regarded as
a subspace W ⊆ U ⊕ V isomorphic to U , together with an element x ∈ W
(resp. y ∈W⊥).

ut

Let pU : U ⊕ V → U , pV : U ⊕ V → V be the projections. For any
W ∈ G(U,U ⊕ V ) there exists h ∈ O(U ⊕ V ) such that

h(U) = W , h(V ) = W⊥ ⊆ U ⊕ V ,

The maps

G× (U ⊕ V )→ E(ξ(U)) = O(U ⊕ V )/O(V )×O(U) U ;

(W,u, v) 7→ (h, pUh
−1(u, v))

G× (U ⊕ V )→ E(ξ(V )) = O(U ⊕ V )/O(U)×O(V ) V ;

(W,u, v) 7→ (h, pV h
−1(u, v))

fit into a pullback square
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G× (U ⊕ V ) //

��

E(ξ(U))

��
E(ξ(V )) // G

defining the canonical isomorphism

ξ(U)⊕ ξ(V ) ∼= εU⊕V .

Definition 3.23. Let V be a finite-dimensional inner product space.
(i) The classifying space for V -bundles is

BO(V ) = lim−→
U

G(V,U ⊕ V ) = lim−→
U

O(U ⊕ V )/(O(U)×O(V ))

with U running over finite-dimensional inner product spaces.
(ii) The universal V -bundle is

ξ(V ) = lim−→
U

ξ(V ) : V → EO(V ) = lim−→
U

O(V,U ⊕ V )×O(V ) V → BO(V ) .

(iii) The universal Thom spectrum is

MO = {MO(V ) |dim(V ) <∞}

with EO(V ) a contractible space with free O(V )-action

MO(V ) = T (ξ(V )) = lim−→
U

O(V,U ⊕ V )+ ∧O(V ) V
∞ .

ut

Terminology 3.24 The Stiefel manifold

Vj+k,k = O(Rk,Rj+k) = O(Rj+k)/O(Rj)

of linear isometries Rk ↪→ Rj+k is (homeomorphic to) the space of orthogonal
k-frames in Rj+k. The Grassmann manifold

G(Rk,Rj+k) = Vj+k,k/O(Rk) = O(Rj+k)/(O(Rj)×O(Rk))

is (homeomorphic to) the space of k-dimensional subspaces

W = im(Rk ↪→ Rj+k) ⊆ Rj+k .

The canonical Rj-bundle ξ(Rj) and the canonical Rk-bundle ξ(Rk) over the
Grassmann manifold
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Rj → E(ξ(Rj))→ G(Rk,Rj+k) ,

Rk → E(ξ(Rk))→ G(Rk,Rj+k)

are such that

E(ξ(Rk)) = Vj+k,k ×O(Rk) Rk = {(W ⊆ Rj+k, x ∈W ) |dim(W ) = k} ,
E(ξ(Rj)) = {(W ⊆ Rj+k, y ∈W⊥) |dim(W ) = k} ,
ξ(Rj)⊕ ξ(Rk) = εRj+k .

Passing to the limit as j →∞ gives the universal Rk-bundle

Rk → EO(Rk) = lim−→
j

Vj+k,k ×O(Rk) Rk

→ BO(Rk) = lim−→
j

G(Rk,Rj+k) .

with Thom space MO(Rk) and Thom spectrum MO = {MO(Rk)}.
ut

Remark 3.25. We recall some more standard facts about the Stiefel spaces.
(i) Vj+k,k = O(Rj+k)/O(Rj) is (j − 1)-connected, with

πi(Vj+k,k) =


0 if i < j

Z if i = j is even, or if i = j , k = 1

Z2 if i = j is odd and k > 2

(ii) Vj+k,k fits into a fibre bundle

Vj+k,k → BO(Rj)→ BO(Rj+k) .

The homotopy classes of maps c : X → Vj+k,k are in one-one correspondence
with the equivalence classes of pairs (ξ, δξ) with ξ : X → BO(Rj) an Rj-
bundle over X and δξ : ξ ⊕ εRk ∼= εRj+k a k-stable isomorphism, with

E(ξ) = {(x ∈ X, y ∈ c(x)⊥ ⊂ Rj+k)} ⊂ E(εRj+k) = X × Rj+k .

(iii) Vj+1,1 = Sj , with 1 : Sj → Vj+1,1 classifying the tangent Rj-bundle
τSj : Sj → BO(Rj) with the stable isomorphism τSj ⊕ εR ∼= εRj+1 determined
by the standard framed embedding Sj ⊂ Rj+1.
(iv) Let j > 0, k > 1. For any Rj+k-bundle ξ : X → BO(Rj+k) over a CW
complex X it is possible to split ξ|X(j)

∼= ξ′ ⊕ εRk for some Rj-bundle ξ′ over
X(j). The (j + 1)-th Stiefel-Whitney class of ξ

wj+1(ξ) ∈ Hj+1(X; {πj(Vj+k,k)})
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is the primary obstruction to splitting ξ ∼= ξ′′ ⊕ εRk for some Rj-bundle ξ′′

over X.
(v) The Euler class of an Rj+1-bundle ξ : X → BO(Rj+1) is the (j + 1)th
Stiefel-Whitney class

γ(ξ) = wj+1(ξ) ∈ Hj+1(X; {Z}) ,

the primary obstruction to splitting ξ = ξ′ ⊕ εR.
(vi) The mod 2 Stiefel-Whitney class wj+1(ξ) ∈ Hj+1(X;Z2) of ξ : X →
BO(Rj+k) is given by the evaluation of the Steenrod square

Sqj+1 : Ḣj+k(T (ξ);Z2)→ Ḣ2j+k+1(T (ξ);Z2)

on the mod 2 Thom class Uξ ∈ Ḣj+k(T (ξ);Z2), with

Sqj+1(Uξ) = Uξ ∪ wj+1(ξ) ∈ Ḣ2j+k+1(T (ξ);Z2) .

ut

The projection

p : O(V,U ⊕ V )→ G(U,U ⊕ V ) = O(V,U ⊕ V )/O(V )

is such that there is defined a pullback square

O(V,U ⊕ V )× V //

p∗ξ(V )
��

E(ξ(V )) = O(V,U ⊕ V )×O(V ) V

ξ(V )
��

O(V,U ⊕ V )
p // O(V,U ⊕ V )/O(V )

defining an isomorphism of V -bundles over O(V,U ⊕ V )

p∗ξ(V ) ∼= εV .

The pullback

p∗ξ(U) : U → O(U ⊕ V )×O(U) U → O(U ⊕ V )/O(U) = O(V,U ⊕ V )

is such that

O(U ⊕ V )×O(U) (U ⊕ V )→ O(V,U ⊕ V )× (U ⊕ V ) ;

(h, u, v) 7→ (h|V , pUh−1(u), pV h
−1(u) + v)

defines an isomorphism of U ⊕ V -bundles over O(V,U ⊕ V )

p∗ξ(U)⊕ εV ∼= εU⊕V ,
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corresponding to the fibration sequence

O(U) // O(U ⊕ V ) // O(V,U ⊕ V )
p // BO(U) // BO(U ⊕ V ) .

Proposition 3.26. Let X be a reasonable space, such as a finite CW com-
plex.
(i) The isomorphism classes of V -bundles over X

ξ : V // E(ξ) // X

are in bijective correspondence with the set [X,BO(V )] of homotopy classes
of maps

f : X → G(V,U ⊕ V ) ⊂ BO(V ) (dim(U) large)

with

ξ = f∗ξ(V ) ,

E(ξ) = f∗E(ξ(V )) = {(u, v, x) ∈ U ⊕ V ×X | (u, v) ∈ f(x) ⊆ U ⊕ V } .

The function

[X,BO(V )]→ {isomorphism classes of V -bundles over X} ;

(f : X → BO(V )) 7→ f∗ξ

is a bijection.
(ii) The isomorphism classes of pairs (ξ, δξ) with ξ a V -bundle over X and

δξ : ξ ⊕ εU ∼= εU⊕V

a U ⊕ V -bundle isomorphism are in bijective correspondence with the homo-
topy classes of maps g : X → O(U,U ⊕ V ), with

ξ = (pg)∗ξ(V ) : X
g // O(U,U ⊕ V )

p // G(V,U ⊕ V ) ⊂ BO(V ) ,

E(ξ) = (pg)∗E(ξ(V )) = {(u, v, x) ∈ U ⊕ V ×X | (u, v) ∈ pg(x) ⊆ U ⊕ V } ,
δξ : E(ξ ⊕ εU ) = U × E(ξ)→ E(εU⊕V ) = U ⊕ V ×X ;

(t, u, v, x) 7→ (t+ u, v, x) ((u, v) ∈ g(x)(U)⊥ ⊆ U ⊕ V ) .

ut

Example 3.27. Let Mm an m-dimensional manifold with an embedding M ⊂
Rm ⊕ V , for some inner product space V . The tangent Rm-bundle τM and
the normal V -bundle νM = νM⊂Rm⊕V are classified by
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τM : M → G(Rm,Rm ⊕ V ) ⊂ BO(Rm) ,

νM = τ⊥M : M → G(V,Rm ⊕ V ) ⊂ BO(V )

with

τM⊕νM = τRm⊕V |M = εRm⊕V : M → G(Rm⊕V,Rm⊕V ) ⊂ BO(Rm⊕V ) .

ut

Example 3.28. Let V = U ⊕ R, for some finite-dimensional inner product
space U . The homeomorphism

S(V )→ O(R, V ) ; x 7→ (t 7→ tx)

is the clutching function of the tangent U -bundle τS(V ) : S(V )→ BO(U)

U → E(τS(V ))→ S(V )

with sphere bundle

S(τS(V )) = {(x, y) ∈ V ⊕ V | ‖x‖ = 1, 〈x, y〉 = 0} .

The open embedding

S(V )× R ↪→ V ; (x, t) 7→ etx

corresponds to the V -bundle isomorphism

δτS(V ) : τS(V ) ⊕ νS(V )⊂V = τS(V ) ⊕ εR ∼= τV | = εV

classified by S(V )→ O(R, V ) = O(V )/O(U).
ut

Definition 3.29. Let ξ : X → BO(V ), ξ′ : X → BO(V ′) be vector bundles
over a space X, for some finite-dimensional inner product spaces V, V ′.
(i) The dimension of the virtual bundle ξ − ξ′ is

dim(ξ − ξ′) = dim(V )− dim(V ′) ∈ Z .

(ii) The virtual Thom space of ξ − ξ′ is the spectrum

T (ξ − ξ′) = {T (ξ − ξ′)U |U}

defined by
T (ξ − ξ′)U = T (ξ ⊕ η)
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for finite-dimensional inner product spaces U with an isometry V ′ → U and
a vector bundle η over X such that ξ′ ⊕ η = εU . Note that

dim(ξ − ξ′) = dim(ξ ⊕ η)− dim(U) ∈ Z .

(iii) Write

ω∗(X; ξ − ξ′) = ω̃∗(T (ξ − ξ′)) , ω∗(X; ξ − ξ′) = ω̃∗(T (ξ − ξ′))

for the reduced stable homotopy and cohomotopy of the virtual Thom space
of ξ − ξ′, so that

ω∗(X; ξ − ξ′) = ω̃∗+dim(U)(T (ξ ⊕ η)) ,

ω∗(X; ξ − ξ′) = ω̃∗+dim(U)(T (ξ ⊕ η)) .

ut

Example 3.30. (i) In the special case ξ′ = εR` (` > 0) the virtual Thom space
T (ξ − ξ′) is just the `-fold desuspension of the suspension spectrum T (ξ) of
the actual Thom space T (ξ)

T (ξ − ξ′) = Σ−`{T (ξ ⊕ εU ) |U} ,
= {T (ξ ⊕ εU/R`) |U,R` ⊆ U} ,

and
ω∗(X; ξ − εR`) = ω̃∗+`(T (ξ)) ,

ω∗(X; ξ − εR`) = ω̃∗+`(T (ξ)) .

(iii) For a virtual trivial bundle ξ − ξ′ = εRk − εR` over a compact space X

ω∗(X; εRk − εR`) = ω∗−k+`(X) ,

ω∗(X; εRk − εR`) = ω∗−k+`(X) .

ut

Proposition 3.31. (The tubular neighbourhood theorem).
(i) Every embedding of manifolds Mm ↪→ Nn has a normal Rn−m-bundle

νM⊂N : M → BO(n−m)

such that
τM ⊕ νM⊂N = τN |M : M → BO(Rn) ,

with a codimension 0 embedding E(νM⊂N ) ⊂ N and hence an Umkehr map

F : N∞ → N/(N\E(νM⊂N )) = T (νM⊂N ) .
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(ii) Every immersion of manifolds f : Mm # Nn has a normal Rn−m-normal
W -bundle

νM#N : Rn → E(νM#N )→M ,

with a codimension 0 immersion E(νM#N ) # N . For any inner product
space V with dim(V ) = j the immersion

(0, f) : M # V ×N ; x 7→ (0, f(x))

has codimension j + n − m, and normal bundle ν(0,f) = νM#N ⊕ εV . For
j > 2m− n+ 1 (0, f) is regular homotopic to an embedding of the form

(e, f) : M ↪→ V ×N ; x 7→ (e(x), f(x))

for some e : M → V , with ν(e,f) = νM#N ⊕ εV . There is an extension of
(e, f) to an open embedding

E(νM#N ⊕ εV ) ↪→ E(εV ) = V ×N

with adjunction Umkehr map

F : T (εV ) = V∞ ∧N∞ → T (νM#N ⊕ εV ) = V∞ ∧ T (νM#N ) .

ut

Example 3.32. For any m-dimensional manifold M there exists an embedding
M ⊂ Rm ⊕ V , for some finite-dimensional inner product space V . By the
tubular neighbourhood theorem the embedding has a normal V -bundle νM
with an embedding E(νM ) ⊂ Rm ⊕ V . The composite of the Umkehr map

αRm⊕V : (Rm ⊕ V )∞

→ (Rm ⊕ V )/(Rm ⊕ V \E(νM )) = D(νM )/S(νM ) = T (νM )

and the diagonal map ∆ : T (νM )→M+ ∧ T (νM )

∆αRm⊕V : (Rm ⊕ V )∞ →M+ ∧ T (νM )

represents an element

(M, 1) = ∆αRm⊕V ∈ ωm(M,νM − εV ) = ω̃m+dim(V )(T (νM )) .

ut
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3.3 Bordism

Every m-dimensional manifold M admits an embedding M ⊂ Rm+n (n
large). The tangent Rm-bundle τM : M → BO(Rm) and the normal Rn-
bundle νM⊂Rm+n : M → BO(Rn) are such that

τM ⊕ νM = τRm+n |M = εRm+n : M → BO(Rm+n) .

The Pontryagin-Thom Umkehr map αM : Sm+n → T (νM ) is transverse
regular at the zero section M ⊂ T (νM ) with

(αM )−1(M) = M ⊂ Rm+n ⊂ (Rm+n)∞ = Sm+n .

Definition 3.33. Let ξ−ξ′ be a virtual bundle over a space X, represented
by bundles ξ, ξ′ with dim(ξ) = i, dim(ξ′) = i′.
(i) A m-dimensional normal map

(f, b) : (M,νM − εRn)→ (X, ξ − ξ′)

consists of anm-dimensional manifoldM with an embeddingM ⊂ Rm+n+i−i′

(n large), a map f : M → X and a bundle map over f

b : νM ⊕ f∗ξ′ → ξ ⊕ εRn

with
νM = νM⊂Rm+n+i−i′ : M → BO(n+ i− i′) .

Equivalently, b can be regarded as a bundle map

b : τM ⊕ f∗ξ ⊕ εRn → ξ′ ⊕ εRm+n+i−i′

and as a virtual bundle map b : νM − εRn → ξ − ξ′. Let η : M → BO(j) be a
bundle such that ξ′ ⊕ η = εRi′+j , so that M ⊂ Rm+n+i+j has normal bundle

νM⊂Rm+n+i+j = νM ⊕ εRi′+j
= νM ⊕ f∗ξ′ ⊕ f∗η
= f∗(ξ ⊕ η ⊕ εRn) : M → BO(n+ i+ j)

allowing the Pontryagin-Thom map to be defined by

α(f, b) : Sm+n+i+j αM // Σi′+jT (νM ) = T (νM⊂Rm+n+i+j )

T (b)
// T (ξ ⊕ η ⊕ εRn) .
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(ii) Let Ωm(X, ξ − ξ′) be the bordism group of m-dimensional normal maps
(f, b) : (M,νM − εRn)→ (X, ξ − ξ′), with Pontryagin-Thom map

PT : Ωm(X, ξ − ξ′)→ ωm+i−i′(X; ξ − ξ′) = {Sm+n+i+j ;T (ξ ⊕ η ⊕ εRn)} ;

(f, b) 7→ α(f, b) .

(iii) Let Nm(X) be the bordism group of m-dimensional manifolds M with
a map f : M → X.

ut

Proposition 3.34. (i) The Pontryagin-Thom maps

PT : Ωm(X, ξ − ξ′)→ ωm+i−i′(X; ξ − ξ′) (m > 0)

are isomorphisms, with inverses given by the transversality construction. Ev-
ery element

F ∈ ωm+i−i′(X; ξ − ξ′) = {Sm+n+i+j ;T (ξ ⊕ η ⊕ εRn)}

is represented by a map F : Sm+n+i+j → T (ξ ⊕ η ⊕ εRn) which is transverse
regular at the zero section X ⊂ T (ξ ⊕ η ⊕ εRn) with the restriction

f = F | : Mm = F−1(X)→ X

such that

νM⊂Rm+n+i+j ⊕ f∗ξ′ = f∗(ξ ⊕ ξ′ ⊕ η ⊕ εRn)

= f∗ξ ⊕ εRn+i′+j : M → BO(Rn+i+j) ,

and
T (b)αM = F ∈ ωm+i−i′(X; ξ − ξ′) .

(ii) The maps

Nm(X)→ lim−→
V

Ωm(X ×BO(V ), 0× ξ(V )− εV ) ;

(f : M → X) 7→ (f × νM : (M,νM − εV )→ (X ×BO(V ), ξ(V )− εV ))

are isomorphisms. The Pontryagin-Thom maps

PT : Nm(X) = lim−→
V

Ωm(X ×BO(V ), 0× ξ(V ))→

MOm(X) = lim−→
V

[ΣmV∞;X+ ∧MO(V )]

are isomorphisms.
ut
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Definition 3.35. (i) A framed m-dimensional manifold is an m-dimensional
manifold M with an embedding M ⊂ Rm+n and a trivialization νM ∼= εRn of
the normal bundle νM : M → BO(n). The Pontryagin-Thom Umkehr map

αM : (Rm+n)∞ = Sm+n → T (νM ) = ΣnM+

represents an element

αM ∈ {Sm+n;ΣnM+} = ωm(M) .

(ii) The m-dimensional framed bordism group of a space X

Ωfrm (X) = Ωm(X, 0) (ξ = εV )

is the bordism group of m-dimensional framed manifolds M with a map
f : M → X, and the framed Pontryagin-Thom map is

PT fr : Ωfrm (X)→ ωm(X) ; ((f, b) : M → X) 7→ f∗αM .

ut

Proposition 3.36. The framed Pontryagin-Thom maps are isomorphisms

PT fr : Ωfrm (X)
∼= // ωm(X) .

Proof. This is just the special case ξ − ξ′ = 0 of Proposition 3.34.
ut

Example 3.37. In particular, the Pontryagin-Thom isomorphism identifies
Ωfrm with ωm = {Sm;S0}.

ut

As usual, there are also relative bordism groups Nm(X,Y ) for a pair
of spaces (X,Y ⊆ X), with elements the bordism classes of maps f :
(M,∂M)→ (X,Y ) from m-dimensional manifolds with boundary. The rela-
tive bordism groups fit into an exact sequence

· · · → Nm(Y )→ Nm(X)→ Nm(X,Y )→ Nm−1(Y )→ . . .

and the natural maps

Nm(X,Y ) = MOm(X,Y )→

Ñm(X/Y ) = M̃Om(X/Y ) = lim−→
V

[ΣmV∞;X/Y ∧MO(V )]
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are isomorphisms. For any Ri-bundle ξ : X → BO(i) there are defined Thom
isomorphisms

Nm(X)→ Nm+i(D(ξ), S(ξ)) = Ñm+i(T (ξ)) ;

(M,f : M → X) 7→ (D(f∗ξ), S(f∗ξ)) .

Example 3.38. (i) For pointed spaces X,Y a stable map F : V∞ ∧ X →
V∞ ∧ Y induces morphisms

F∗ : Ñm(X) = M̃Om(X)→ Ñm(Y ) = M̃Om(Y )

(ii) For a map F : X → Y of unpointed spaces the corresponding pointed
map F+ : X+ → Y + is such that

F+
∗ : Nm(X)→ Nm(Y ) ; (M,f : M → X) 7→ (M,Ff : M → Y ) .

(iii) The Umkehr map F : V∞ ∧ N∞ → V∞ ∧ T (νf ) of an immersion f :
Mm # Nn is such that

F∗ : Nn(N)→ Ñn(T (νf )) = Nn(D(νf ), S(νf )) = Nm(M) ;

(N, 1) 7→ (N, ∅, z) = (M, 1)

with z : N → D(f) the zero section.
ut

3.4 S-duality

Definition 3.39. Let X,Y be pointed spaces.
(i) Define the slant products in stable (co)homotopy

ω̃N (X ∧ Y )⊗ ω̃i(X)→ ω̃N−i(Y ) ;

(σ : SN → X ∧ Y )⊗ (f : X → Si) 7→ ((1 ∧ f)σ : SN → ΣiY ) ,

ω̃N (X ∧ Y )⊗ ω̃i(X)→ ω̃N−i(Y ) ;

(σ∗ : X ∧ Y → SN )⊗ (f : Si → X) 7→ (σ∗(f ∧ 1) : Si ∧ Y → SN )

for i,N ∈ Z.
(ii) An element σ ∈ ω̃N (X ∧ Y ) is an S-duality if the products

σ ⊗− : ω̃i(X)→ ω̃N−i(Y ) (i ∈ Z)
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are isomorphisms.
(iii) An element σ∗ ∈ ω̃N (X ∧ Y ) is a reverse S-duality if the products

σ∗ ⊗− : ω̃i(X)→ ω̃N−i(Y ) (i ∈ Z)

are isomorphisms.
ut

Proposition 3.40. (i) If σ ∈ ω̃N (X ∧ Y ) is an S-duality there are induced
isomorphisms

σ : {X ∧A;B}
∼= // {ΣNA;B ∧ Y } ; F 7→ (F ∧ 1Y )(σ ∧ 1A) ,

σ : {A ∧ Y ;B}
∼= // {ΣNA;X ∧B} ; G 7→ (1X ∧G)(1A ∧ σ)

for any pointed CW complexes A,B.
(ii) If σ∗ ∈ ω̃N (X ∧Y ) is a reverse S-duality there are induced isomorphisms

σ∗ : {Z;X ∧A}
∼= // {Z ∧ Y ;ΣNA} ; F 7→ (σ∗ ∧ 1A)(F ∧ 1Y ) ,

σ∗ : {Z;A ∧ Y }
∼= // {X ∧ Z;ΣNA} ; G 7→ (σ∗ ∧ 1A)(1X ∧G)

for any pointed CW complexes A,Z.
(iii) If X,Y are finite pointed CW complexes an element σ ∈ ω̃N (X ∧ Y ) is
an S-duality if and only if the products

[σ]⊗− : H̃∗(X)→ H̃N−∗(Y )

are isomorphisms, with [σ] ∈ H̃N (X ∧ Y ) the Hurewicz image. Similarly for
reverse S-duality.
(iv) If X,Y are finite pointed CW complexes there exists an S-duality σ ∈
ω̃N (X ∧ Y ) if and only if there exists a reverse S-duality σ∗ ∈ ω̃N (X ∧ Y ),
with σ∗σ = 1 ∈ {X;X}.
(v) For any finite pointed CW complex X there exists a finite pointed CW
complex Y with an S-duality σ ∈ ω̃N (X ∧ Y ) and a reverse S-duality σ∗ ∈
ω̃N (X ∧ Y ), with σ∗σ = 1 ∈ {X;X}.
(vi) Let M be an m-dimensional manifold with an embedding M ⊂ Rm ⊕ V
for V = Ri, and let νM be the normal V -bundle. The composite of the Umkehr
map of E(νM ) ⊂ Rm ⊕ V

αRm⊕V : (Rm ⊕ V )∞

→ (Rm ⊕ V )/(Rm ⊕ V \E(νM )) = D(νM )/S(νM ) = T (νM )

and the diagonal map ∆ : T (νM ) → M+ ∧ T (νM ) represents an S-duality
map
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∆αRm⊕V ∈ ωm(M ×M ; 0× νM − εRi) = ω̃m+i(M
+ ∧ T (νM )) .

Proof. Standard. ut

Proposition 3.41. Let M be an m-dimensional manifold with an embed-
ding M ⊂ Rm+n with normal Rn-bundle νM . For any bundles ξ : M →
BO(Ri), η : M → BO(Rn−i) such that

ξ ⊕ η = νM : M → BO(Rn)

the composite

σ = ∆αM : Sm+n αM // T (νM )
∆ // T (ξ) ∧ T (η)

is an S-duality map such that products with the S-duality

σ ∈ ωm(M ×M ; ξ × η − εRn) = ω̃m+n(T (ξ) ∧ T (η))

give Poincaré duality isomorphisms in stable homotopy

σ : ω∗(M ; η − εRn−i) ∼= ωm−∗(M ; ξ − εRi) = Ωm−∗(M, ξ) .

ut

Example 3.42. Take ξ = νM , η = 0 in Proposition 3.41, so that i = n and the
S-duality map is

σ = ∆αM : Sm+n αM // T (νM )
∆ // M+ ∧ T (νM )

Products with the S-duality σ ∈ ω̃m+n(M+∧T (νM )) define Poincaré duality
isomorphisms

σ : ω∗(M) ∼= ωm−∗(M ; νM − εRn) = Ωm−∗(M,νM ) .

In particular, 1 ∈ ω0(M) is the Poincaré dual of

σ(1) = αM = (M, 1) ∈ ωm(M ; νM − εRn) = Ωm(M,νM ) .

ut

Example 3.43. (i) For any finite CW complex L there exists an embedding
L ⊂ SN (N > 2 dim(L)+1). Let W ⊂ SN be a closed regular neighbourhood
of L ⊂ SN , so that the projection p : W → L is a homotopy equivalence with
contractible point inverses. For any subcomplex K ⊆ L the inverse image
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V = p−1(K) ⊂W

is a closed regular neighbourhood of K ⊂ SN , with p| : V → K a homotopy
equivalence with contractible point inverses. The codimension 0 submanifolds

U = W\V , V ⊂W

have boundaries

∂U = ∂V U ∪ ∂WU , ∂V = ∂V U ∪ ∂WV

with
∂WU = U ∩ ∂W ⊆ U , ∂WV = V ∩ ∂W ⊆ V ,

∂V U = U ∩ V , U/∂V U = W/V ' L/K .

The composite

σ : SN // SN/(SN\U) = U/∂U
∆ // U/∂V U ∧ U/∂WU ' L/K ∧ U/∂WU

represents an S-duality σ ∈ ω̃N ((L/K) ∧ (U/∂WU)).
(ii) The special case K = {∗} ⊂ L in (i) gives an S-duality σ ∈ ω̃N (L ∧
(U/∂WU) for any finite pointed CW complex L.
(iii) For a finite unpointed CW complex L the special case K = ∅ ⊂ L (with
V = ∅, (U, ∂WU) = (W,∂W )) in (i) gives an S-duality map

σ : SN → L+ ∧W/∂W .

If L is an n-dimensional geometric Poincaré complex (e.g. an n-dimensional
manifold) then

SN−n−1 → ∂W →W ' L

is the Spivak normal fibration νL, and

σ ∈ ω̃N (L+ ∧W/∂W ) = ω̃N (L+ ∧ T (νL))

gives the Atiyah-Wall S-duality between L+ and the Thom space T (νL) =
W/∂W .

ut

Proposition 3.44. Let V be a finite-dimensional inner product space.
(i) The composite of the projection

αV : V∞ → V∞/0+ = ΣS(V )+ ;

v = [t, u] =
tu

1− t
7→

(t, u) = (
‖v‖

1 + ‖v‖
,
v

‖v‖
) if v 6= 0,∞

∞ if v = 0 or ∞
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and the diagonal map

∆ : ΣS(V )+ → S(V )+ ∧ΣS(V )+ ; (t, u) 7→ (u, (t, u))

is an S-duality map

σV = ∆αV : V∞
αV // ΣS(V )+ ∆ // S(V )+ ∧ΣS(V )+ ;

v = [t, u] 7→

{
(u, (t, u)) if v 6= 0,∞
∞ if v = 0 or ∞ .

with S-duality isomorphisms

σV : {ΣS(V )+ ∧X;Y }
∼= // {V∞ ∧X;S(V )+ ∧ Y } ; F 7→ FσV ,

σV : {S(V )+ ∧X;Y }
∼= // {V∞ ∧X;ΣS(V )+ ∧ Y } ; G 7→ GσV

for any pointed spaces X,Y . The corresponding reverse S-duality map σ∗V :
S(V )+ ∧ΣS(V )+ → V∞ is given by the composite

σ∗V : S(V )+ ∧ΣS(V )+ ΣF // ΣT (τS(V )) = V∞ ∧ S(V )+ // V∞

with F : S(V )+ ∧ S(V )+ → T (τS(V )) the Pontryagin-Thom map of the diag-
onal embedding ∆ : S(V ) ↪→ S(V ) × S(V ) with normal bundle ν∆ = τS(V )

such that ν∆ ⊕ εR = εV .
(ii) The S-duality isomorphism

{X;S(V )+ ∧ Y }
∼= // {ΣS(V )+ ∧X;V∞ ∧ Y } ; f 7→ ∆αV ∧ f

sends the stable relative difference δ′(p, q) ∈ {X;S(V )+ ∧ Y } (3.6) of maps
p, q : V∞ ∧ X → V∞ ∧ Y which agree on 0+ ∧ X ⊂ V∞ ∧ X to the stable
homotopy class of the relative difference δ(p, q) ∈ {ΣS(V )+ ∧ X;V∞ ∧ Y }
(2.15), with

sV δ
′(p, q) = sV δ(p, q) = q − p

∈ ker(0V : {X;Y } → {X;V∞ ∧ Y }) = im(sV : {X;S(V )+ ∧ Y } → {X;Y }) .

(iii) The inclusion S(V ) ⊂ V is an embedding with trivial normal R-bundle
νS(V )⊂V = εS(V ). By (i) the composite of

αV : V∞ → T (εS(V )) = ΣS(V )+ ; [t, u] 7→ (t, u)

and the diagonal map ∆ : ΣS(V )+ → S(V )+ ∧ΣS(V )+ is an S-duality map

σV = ∆αV : V∞ → S(V )+ ∧ΣS(V )+ .
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Thus for any pointed CW complexes A,B there is defined an S-duality iso-
morphism

{ΣS(V )+ ∧A;V∞ ∧B} → {A;S(V )+ ∧B} ; F 7→ (1 ∧ F )(∆αV ∧ 1) .

ut

Example 3.45. Let M be an m-dimensional manifold, with tangent bundle
τM : M → BO(Rm). Let νM : M → BO(k) be the normal bundle of an
embedding M ⊂ Rm+k, so that

τM ⊕ νM = τRm+k |M = εm+k ,

and by the tubular neighbourhood theorem there is defined a codimension 0
embedding E(νM ) ⊂ Sm+k. By Proposition 3.40 (vi) the composite

σM : Sm+k → Sm+k/(Sm+k\E(νM )) = E(νM )/S(νM ) = T (νM )

∆ // E(νM )× E(νM )/(E(νM )× S(νM )) ' M+ ∧ T (νM )

is an S-duality map. Let z : M ↪→ E(νM ) be the zero section. The embedding

(1× z)∆ : M ↪→M × E(νM ) ; x 7→ (x, z(x))

has normal bundle

ν(1×z)∆ = τM ⊕ νM = εm+k : M → BO(Rm+k)

with an adjunction Umkehr map (2.2)

M+ ∧ T (νM )→ T (ν(1×z)∆) = Σm+kM+ .

The composite

σ∗M : M+ ∧ T (νM ) // Σm+kM+ // Sm+k

is a reverse S-duality map such that σ∗MσM = 1 ∈ {M+;M+}, with S-duality
isomorphisms

σ∗M : {X;T (νM )}
∼= // {M+ ∧X;Sm+k} ; F 7→ σ∗MF ,

σ∗M : {X;M+}
∼= // {X ∧ T (νM );Sm+k} ; G 7→ σ∗MG .

ut



70 3 Stable homotopy theory

3.5 The stable cohomotopy Thom and Euler classes

Proposition 3.46. Let

ξ : U // E(ξ)
pξ // X , η : V // E(η)

pη // X

be a U - and a V -bundle over a space X.
(i) There is defined a homotopy cofibration sequence

T (η|S(ξ)) // T (η)
z // T (ξ ⊕ η) // ΣT (η|S(ξ)) // . . .

with
z : T (η)→ T (ξ ⊕ η) ; x 7→ (0, x) .

(ii) There is defined an isomorphism of exact sequences

. . . // {T (ξ ⊕ η); (U ⊕ V )∞} z
∗
//

∼=
��

{T (η); (U ⊕ V )∞} //

∼=
��

{T (η|S(ξ)); (U ⊕ V )∞} //

∼=
��

. . .

. . . // ω0(D(ξ), S(ξ); η) // ω0(X; η)
p∗S(ξ) // ω0(S(ξ); η) // . . .

using the terminology of Definition 3.29 (iii).
(iii) If ξ ⊕ η = εU⊕V and dim(U ⊕ V ) = m

E(ξ ⊕ η) = (U ⊕ V )×X = Rm ×X ,

T (ξ ⊕ η) = T (εU⊕V ) = (U ⊕ V )∞ ∧X+ = ΣmX+ ,

ωn(D(ξ);−ξ) = ω̃m+n(T (η)) = {T (η);Σn(U ⊕ V )∞} = ω̃m+n(T (η)) ,

ωn(D(ξ), S(ξ);−ξ) = ωm+n(T (η), T (η|S(ξ)))

= {T (ξ ⊕ η);Σn(U ⊕ V )∞} = {X+;Sn} = ωn(X) .

ut

Definition 3.47. (Crabb [12, §§2,5])
Let ξ be a U -bundle over a space X, and let −ξ = η be a V -bundle over X
such that ξ ⊕ η = εU⊕V .
(i) The stable cohomotopy Thom class

u(ξ) ∈ ω0(D(ξ), S(ξ);−ξ) ∼= {X+;S0}

is represented by

1 : X+ → S0 ; x 7→ −1 , ∞ 7→ 1 .
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(ii) The stable cohomotopy Euler class of ξ

γ(ξ) = z∗u(ξ) ∈ ω0(X;−ξ) ∼= ω0(D(ξ);−ξ) ∼= {T (η); (U ⊕ V )∞}

is represented by

T (η)
z // T (ξ ⊕ η) = (U ⊕ V )∞ ∧X+ → (U ⊕ V )∞ .

ut

Example 3.48. For the trivial U -bundle ξ = εU over X we can take V = {0},
η = 0, so that γ(εU ) is represented by the constant map

T (η) = X+ → U∞ ; x 7→ 0

and
γ(εU ) = 0 ∈ ω0(X;−εU ) = {X+;U∞} .

ut

Example 3.49. Let M be an m-dimensional manifold, with tangent bundle
τM : M → BO(m), and let M ⊂ Rm+k be an embedding with normal bundle
νM : M → BO(k), so that

τM ⊕ νM = εRm+k : M → BO(m+ k) .

The stable cohomotopy Euler class of τM

γ(τM ) ∈ ω0(M ;−τM ) = {T (νM );Sm+k}

is represented by the composite

T (νM )
z // T (τM ⊕ νM ) = Σm+kM+ → Sm+k .

ut

Proposition 3.50. (Crabb [12, §§2,5])
(i) The stable cohomotopy Euler class of the Whitney sum V ⊕ W -bundle
ξ⊕η of a V -bundle ξ over M and a W -bundle η over X is the product of the
stable cohomotopy Euler classes of ξ, η

γ(ξ ⊕ η) = γ(ξ)γ(η) ∈ ω0(X;−(ξ ⊕ η)) .

(ii) For any V -bundle ξ over X there is a bijective correspondence between
the splittings ξ ∼= ξ1 ⊕ εR and sections s : X → S(ξ) of pS(ξ) : S(ξ) → X. If
there exists such a splitting (or section) then
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γ(ξ) = γ(ξ1)γ(εR) = 0 ∈ ω0(X;−ξ)

(since γ(εR) = 0).
(iii) If ξ is a V -bundle over X and s : Y → S(ξ|Y ) is a section of pS(ξ|Y ) :
S(ξ|Y )→ Y (for some subcomplex Y ⊆ X of the CW complex X) then using
any extension s̃ : (X,Y ) → (D(ξ), S(ξ)) of s there is defined an Euler class
rel Y

γ(ξ, s) = s̃∗(u) ∈ ω0(X,Y ;−ξ) ,

with image
[γ(ξ, s)] = γ(ξ) ∈ ω0(X;−ξ) .

(iv) If ξ is a V -bundle over X and s0, s1 : Y → S(ξ|Y ) are sections of
pS(ξ|Y ) : S(ξ|Y ) → Y which agree on Z ⊆ Y there is defined a difference
class

δ(s0, s1) ∈ ω−1(Y,Z;−ξ)

with image γ(ξ, s0)− γ(ξ, s1) ∈ ω0(X,Y ;−ξ).
(v) Let X be an n-dimensional manifold, and let X ⊂ Rn⊕U be an embedding,
with normal U -bundle νX . Given a V -bundle ξ over X let g : X → E(ξ) be a
generic section transverse at the zero section X ⊂ E(ξ), so that the restriction

(f, b) = g| : Mm = g−1(X)→ X

is the normal map defined by the inclusion of an m-dimensional submanifold
Mm ⊂ X with

m = n− dim(V ) , νM⊂X = ξ|M ,

b : νM = νM⊂X⊂Rn⊕U = (ξ ⊕ νX)|M → ξ ⊕ νX .

For any W -bundle η over X such that ξ ⊕ η = εV⊕W the restriction η|M is
trivial, and the Euler class

γ(ξ) ∈ ω0(X;−ξ) = {T (η); (V ⊕W )∞}

is the stable homotopy class of the composite

T (η)
F // T (η|M ) = M+ ∧ (V ⊕W )∞ // (V ⊕W )∞

with F the adjunction Umkehr map (2.2) of the inclusion

E(η|M ) = M × (V ⊕W ) ⊂ E(η) .

In terms of the S-dual formulation

γ(ξ) = T (b)∗(M, 1)

∈ ω0(X;−ξ) = ωm+dim(U)+dim(V )(X; ξ ⊕ νX) = Ωm(X; ξ ⊕ νX)
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with (M, 1) ∈ ωm+dim(U)+dim(V )(M ; νM ).
(vi) Let n,U, V,W,X, νX , ξ, η be as in (v). The fibre product bundles

S(U)× S(U)→ S(ξ)×X S(ξ)→ X ,

S(U ⊕ U)→ S(ξ ⊕ ξ) = S(ξ)×X D(ξ) ∪D(ξ)×X S(ξ)→ X

are such that there are defined bundle isomorphisms

νS(ξ)×XS(ξ)↪→S(ξ⊕ξ) ∼= εR ,

ν∆:S(ξ)↪→S(ξ)×XS(ξ) ⊕ εR ∼= ν∆:S(ξ)↪→S(ξ⊕ξ) ∼= εU .

Given two sections s0, s1 : X → S(ξ) of ξ which agree on a submanifold
Y ⊆ X the section (s0,−s1) : X → S(ξ) ×X S(ξ) is homotopic to a section
(t0,−t1) : X → S(ξ)×XS(ξ) transverse at the diagonal ∆S(ξ) ⊂ S(ξ)×XS(ξ).
The inverse image

C = (t0,−t1)−1(∆S(ξ)) ⊆ X\Y

is an (m+ 1)-dimensional submanifold with

m = n− dim(V ) , (νC⊂X)⊕ εR ∼= ξ|C .

Inclusion defines a normal map (f, b) : C → X\Y with

b : νC = νC⊂X⊂Rn⊕U ⊕ εR = νC⊂X ⊕ εR ⊕ νX |C → (ξ ⊕ νX)|X\Y .

The rel Y difference class

δ(s0, s1) ∈ ω−1(X,Y ;−ξ) = {Σ(T (η)/T (η|Y )); (U ⊕ V )∞}

is the stable homotopy class of the composite

Σ(T (η)/T (η|Y )) = T (η ⊕ εR)/T (η ⊕ εR|Y )
F //

T (ξ ⊕ η|C) = C+ ∧ (U ⊕ V )∞ // (U ⊕ V )∞

with F the adjunction Umkehr map of the inclusion

E((η ⊕ εR)|C) = C × (U ⊕ V ) ⊂ E(η ⊕ εR) .

In terms of the S-dual formulation

δ(s0, s1) = T (b)∗(C, 1) ∈ ω−1(X,Y ;−ξ)
= ωm+dim(U)+dim(V )+1(X\Y ; (ξ ⊕ νX)|X\Y ) = Ωm+1(X\Y ; (ξ ⊕ νX)|X\Y )

with (C, 1) ∈ ωm+dim(U)+dim(V )+1(C; νC).
ut
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Example 3.51. (i) A non-zero section of the trivial V -bundle εV over a space
X is essentially the same as a map of the type

X → S(εV ) = X × S(V ) ; x 7→ (x, s(x)) ,

as determined by a map s : X → S(V ). Any such map s determines a map

ps : CX+ → V∞ ; (t, x) 7→ ts(x)

1− t

sending X = {0}×X ⊂ CX+ to 0 ∈ V∞. The rel X ∪CY difference class of
the non-zero sections (3.50 (iv)) given by two such maps s0, s1 : X → S(V )
which agree on Y ⊆ X is just the rel X ∪CY difference (1.8 (iii)) of ps0 , ps1 :
CX+ → V∞

δ(s0, s1) = δ(ps0 , ps1) ∈ ω−1(X,Y ;−εV ) = {Σ(X/Y );V∞} .

(ii) If X is an n-dimensional manifold and s0, s1 : X → S(V ) are maps such
that

d : X → S(V )× S(V ) ; x 7→ (s0(x),−s1(x))

is transverse regular at ∆S(V ) ⊂ S(V )× S(V ) then

C = d−1(∆S(V )) = {x ∈ X | s0(x) = −s1(x) ∈ S(V )} ⊂ X

is an (m+ 1)-dimensional submanifold with

m = n− dim(V ) , νC⊂X = (d|C)∗ν∆:S(V )↪→S(V )×S(V ) = (d|C)∗τS(V )

such that νC⊂X ⊕ εR ∼= εV , and

δ(s0, s1) : ΣX+ ΣF // ΣT (νC⊂X) = C+ ∧ V∞ // V∞

with F : X+ → T (νC⊂X) the adjunction Umkehr map of E(νC⊂X) ⊂ X.
(iii) For any maps s0, s1 : X = S(V )→ S(V ) with

C = {x ∈ X | s0(x) = −s1(x) ∈ S(V )}

a 0-dimensional submanifold (= finite subset) of X, the difference class of
the corresponding sections

si : X → S(εV ) = X × S(V ) ; x 7→ (x, si(x)) (i = 0, 1)

of pS(εV ) is

δ(s0, s1) = |C| ∈ {ΣX+;V∞} = Z ,

counting the points of C algebraically. In particular, if
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s0(x) = x , s1(x) = x0 ∈ S(V ) (x ∈ S(V ))

for some point x0 ∈ S(V ) then C = {−x0} ⊂ X and

δ(s0, s1) = |C| = 1 ∈ {ΣX+;V∞} = Z .

ut

Definition 3.52. An element c ∈ O(V,U ⊕ V ) is a linear isometry c : V →
U ⊕ V . The adjoint of a map c : X → O(V,U ⊕ V ) is the pointed map

Fc : V∞ ∧X+ → (U ⊕ V )∞ ; (v, x) 7→ c(x)(v) .

ut

Proposition 3.53. (i) The stable cohomotopy Euler class of the canonical
V -bundle ξ(V ) : G = G(V,U ⊕ V )→ BO(V )

γ(ξ(V )) ∈ ω0(G;−ξ(V )) = {T (ξ(V )); (U ⊕ V )∞}

is the stable homotopy class of the adjoint map

γ(ξ(V )) : T (ξ(U)) = O(U,U ⊕V )∧O(U)U
∞ → (U ⊕V )∞ ; (i, x) 7→ i(x) .

(ii) Any V -bundle ξ : X → BO(V ) over a finite CW complex X is isomorphic
to the pullback f∗ξ(V ) of ξ(V ) along a map f : X → G = G(V,U ⊕ V ), for
sufficiently large dim(U). The pullback η = f∗ξ(U) : X → BO(U) is a U -
bundle over X such that ξ ⊕ η ∼= εU⊕V , and the stable cohomotopy Euler
class

γ(ξ) = f∗γ(ξ(V )) ∈ ω0(X;−ξ) = {T (η); (U ⊕ V )∞}

is the stable homotopy class of the composite

γ(ξ) : T (η)
f // T (ξ(U)) = O(U,U ⊕ V )+ ∧O(U) U

∞γ(ξ(U))
// (U ⊕ V )∞ .

A U ⊕ V -bundle isomorphism δξ : ξ ⊕ εU ∼= εU⊕V corresponds to a lift of
ξ : X → BO(V ) to a map δξ : X → O(U,U ⊕ V ), in which case η ∼= εU and
γ(ξ) ∈ ω0(X;−ξ) = {X+;V∞} is the stable homotopy class of the adjoint
of δξ

γ(ξ) : U∞ ∧X+ → (U ⊕ V )∞ ; (u, x) 7→ δξ(x)(u) .

(iii) A section s : X → S(ξ) of ξ : X → BO(V ) determines a null-homotopy

γ(s) : γ(ξ) ' ∗ : T (η)→ (U ⊕ V )∞ ,
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as given by an extension of γ(ξ) to a map γ(s) : CT (η) → (U ⊕ V )∞. The
rel Y difference class (3.50 (iv)) of sections s0, s1 : X → S(ξ) which agree
on Y ⊆ X is just the rel T (η) ∪ CT (η|Y ) difference (1.8 (iii))

δ(s0, s1) = δ(γ(s0), γ(s1)) ∈ ω−1(X,Y ;−ξ) = {Σ(T (η)/T (η|Y )); (U⊕V )∞} .

Proof. (i) The composite

T (ξ(U)) = O(U,U ⊕ V )+ ∧O(U) U
∞ z = 1 ∧ j //

T (ξ(U)⊕ ξ(V )) = O(U,U ⊕ V )+ ∧O(U) (U ⊕ V )∞

∼= G+ ∧ (U ⊕ V )∞ // (U ⊕ V )∞

is given by (h, x) 7→ h(x).
(ii) SinceX is a finite CW complex there exists a sufficiently high-dimensional
U such that the classifying map ξ : X → BO(V ) factors up to homotopy as

ξ : X
f // G = G(V,U ⊕ V ) // BO(V )

with ξ ∼= f∗ξ(V ), ξ ⊕ f∗ξ(U) ∼= εU⊕V .
(iii) The stable map representing γ(ξ) is the composite

γ(ξ) : T (η)
z // T (ξ ⊕ η) ∼= (U ⊕ V )∞ ∧X+ // (U ⊕ V )∞ .

The Thom space of ξ ⊕ η fits into a homotopy cofibration sequence

T (p∗η)
T (p)

// T (η)
z // T (ξ ⊕ η) // . . .

with p = pS(ξ) : S(ξ) → X, and T (p) : T (p∗η) → T (η) the map of Thom
spaces induced by the map of V -bundles p : p∗η → η over p : S(ξ)→ X. For
any section s : X → S(ξ) of p : S(ξ)→ X it follows from p ◦ s = 1 : X → X
that s∗(p∗η) = η, so that s lifts to a map of U -bundles s : η → p∗η inducing
a section T (s) : T (η) → T (p∗η) of T (p), giving the null-homotopies z ' ∗,
γ(ξ) ' ∗.

ut



Chapter 4

Z2-equivariant homotopy and bordism
theory

Intersections and self-intersections of maps of manifolds are expressed in
terms of algebraic topology by means of the Z2-equivariant homotopy prop-
erties of the diagonal maps

∆ : X → X ×X ; x 7→ (x, x) (X unpointed) ,

∆ : X → X ∧X ; x 7→ (x, x) (X pointed) .

4.1 π-equivariant homotopy theory

Let π be a group. We shall be concerned with pointed spaces X with a π-
action

π ×X → X ; (g, x) 7→ gx

fixing the base point, particularly for π = Z2.

Definition 4.1. (i) Given a (pointed) π-space X let |X| be the (pointed)
space defined by X with the π-action forgotten.
(ii) Given pointed π-spaces X,Y let [X,Y ]π be the set of (pointed) π-
equivariant homotopy classes of π-equivariant maps. For any pointed π-spaces
X,Y there is defined a forgetful function

[X,Y ]π → [|X|, |Y |] .

(iii) The fixed point set of a π-space X is

Xπ = {x ∈ X | gx = x ∈ X for all g ∈ π} .

77
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A π-equivariant map f : X → Y restricts to a map of the fixed point sets

ρ(f) : Xπ → Y π .

Similarly for π-equivariant homotopies, with a fixed point function

ρ : [X,Y ]π → [Xπ, Y π]

for any pointed π-spaces X,Y .
(iv) A π-space X has the trivial π-action if

gx = x (x ∈ X, g ∈ π) ,

or equivalently Xπ = X. Given a (pointed) space X let X also denote the
(pointed) π-space defined by the trivial π-action on X.
(v) A π-space X is free if for each x ∈ X the only g ∈ π with gx = x is
g = 1 ∈ π. For π = Z2 this is equivalent to

XZ2 = ∅ ,

or equivalently if the quotient map X → X/π is a regular covering projection.
(vi) A pointed π-space X is semifree if if X\{∗} is a free π-space.

ut

Example 4.2. (i) If X is a free π-space then X+ is a semifree π-space.
(ii) For any π-spaces X,Y

(X × Y )π = Xπ × Y π

so that if X is free then so is X × Y .
(iii) For any pointed Z2-spaces X,Y

(X ∧ Y )π = Xπ ∧ Y π

so that if X is semifree then so is X ∧ Y .
ut

Definition 4.3. (i) For any pointed spaces A,B let map∗(A,B) be the
space of pointed maps A→ B, with path component set

π0(map∗(A,B)) = [A,B] .

(ii) For any pointed π-spaces A,B let mapπ∗ (A,B) be the space of π-
equivariant pointed maps A→ B, with path component set

π0(mapπ∗ (A,B)) = [A,B]π .
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ut

Proposition 4.4. (i) For any space X and π-space Y a π-equivariant map
f : X → Y is the composite

f : X // Y π // Y

of a map X → Y π and the inclusion Y π → Y .
(ii) For a pointed space X and pointed π-space Y

mapπ∗ (X,Y ) = map∗(X,Y
π) , [X,Y ]π = [X,Y π] .

Proof. By construction.
ut

We now specialize to the case π = Z2. In Chapter 7 we shall deal with
arbitrary π.

Example 4.5. (i) A (pointed) Z2-space X is a (pointed) space with an invo-
lution

T : X → X .

(ii) For any pointed space Y regard Y ∧ Y as a pointed Z2-space by the
transposition

T : Y ∧ Y → Y ∧ Y ; (y1, y2) 7→ (y2, y1) .

The inclusion of the fixed point set is just the diagonal map

∆ : (Y ∧ Y )Z2 = Y → Y ∧ Y ; y 7→ (y, y) ,

so that for any pointed space X

[X,Y ∧ Y ]Z2
= [X,Y ] .

ut

Definition 4.6. (i) An inner product Z2-space V is an inner product space
with a Z2-action T : V → V which is an isometry. We shall write |V | for the
underlying inner product space. Let S(V ) and P (V ) denote the Z2-spaces
defined by the unit sphere S(|V |) and the projective space P (|V |) with the
Z2-action induced by T .
(ii) An inner product space V can be regarded as an inner product Z2-space
with the trivial Z2-action T = 1 : V → V , so that |V | = V . The Z2-actions
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on S(V ) and P (V ) are trivial.
(iii) Let L be the R[Z2]-module R with the involution −1. For any inner
product space V there is then defined an inner product Z2-space

LV = L⊗R V , TLV : LV → LV ; v 7→ −v ,

with |LV | = |V |. The Z2-action on S(LV ) is non-trivial, and the Z2-action
on P (LV ) is trivial. For V = Rn write

LV∞ = LSn .

ut

Proposition 4.7. Let V be an inner product Z2-space.
(i) The inner product spaces

V+ = V Z2 = {x ∈ V |Tx = x} ,
V− = (LV )Z2 = {x ∈ V |Tx = −x} ⊆ V

are such that as an inner product Z2-space V has a decomposition as a sum
of inner product Z2-spaces

V = V+ ⊕ LV− , T (x+, x−) = (x+,−x−)

with LV− short for L(V−).
(ii) The one-point compactification V∞ of V = V+ ⊕ LV− is a pointed Z2-
space

V∞ = V∞+ ∧ LV∞−
with

T : V∞ → V∞ ; (x+, x−) 7→ (x+,−x−) ,

(V∞)Z2 = (V∞+ )Z2 ∧ (LV∞− )Z2 = V∞+ ∧ {0}∞ = V∞+ ,

V∞/Z2 = V∞+ /Z2 ∧ LV∞− /Z2 = V∞+ ∧ sP (V−) .

(iii) The unit sphere S(V ) of V = V+ ⊕ LV− is a Z2-space such that the
homeomorphism of Proposition 2.8

λV+,LV− : S(V+) ∗ S(LV−)→ S(V+ ⊕ LV−) ;

(t, v+, v−) 7→
(
v+ cos(πt/2), v− sin(πt/2)

)
is Z2-equivariant, with

T : S(V+) ∗ S(LV−)→ S(V+) ∗ S(LV−) ; (t, v+, v−) 7→ (t, v+,−v−) ,

S(V )Z2 = S(V+) ∗ ∅ = S(V+) , S(V )/Z2 = S(V+) ∗ P (V−) .
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The induced Z2-action on the projective space P (V )

T : P (V )→ P (V ) ; [v+, v−] 7→ [v+,−v−]

is such that
P (V )Z2 = P (V+) t P (V−) .

(iv) A subspace W ⊆ V is Z2-invariant (i.e. TW = W ) if and only if
W = W+ ⊕W− for subspaces W+ ⊆ V+, W− ⊆ V−.

Proof. (i) It is clear that V+ ∩ V− = {0}, and every x ∈ V can be written as

x =
x+ Tx

2
+
x− Tx

2
∈ V+ + V− .

(ii)+(iii)+(iv) By construction.
ut

Proposition 4.8. Let X,Y be pointed Z2-spaces.
(i) The pointed Z2-space

S(LR)+ ∧X = X ∨X , T (±x) = ∓ Tx (x ∈ X)

is the one-point union of two copies of X which are transposed by the Z2-
action. The map

S(LR)+ ∧X → S(LR)+ ∧ |X| ;

{
(+, x) 7→ (+, x)

(−, x) 7→ (−, Tx)

is a Z2-equivariant homeomorphism.
(ii) A Z2-equivariant map S(LR)+∧X → Y is essentially the same as a map
|X| → |Y |, so that

[S(LR)+ ∧X,Y ]Z2 = [|X|, |Y |] .

(iii) The Z2-equivariant homotopy cofibration sequence

S(LR)+ → S0 → LR∞ → ΣS(LR)+ → . . .

induces the exact sequence

· · · → [ΣS(LR)+ ∧X,Y ]Z2
= [ΣX,Y ]→ [LR∞ ∧X,Y ]Z2

→ [X,Y ]Z2 → [S(LR)+ ∧X,Y ]Z2 = [|X|, |Y |]

with [X,Y ]Z2
→ [|X|, |Y |] the function which forgets Z2-equivariance, and
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[LR∞ ∧X,Y ]Z2
→ [X,Y ]Z2

; F 7→ (x 7→ F (0, x)) .

ut

Example 4.9. The zero map 0LR : S0 → LR∞ induces a bijection

0∗LR : [LR∞, LR∞]Z2
→ [S0, LR∞]Z2

which sends 1 : LR∞ → LR∞ to 0LR.
ut

Proposition 4.10. (i) For any inner product Z2-spaces U, V

P (U ⊕ V )/P (V ) = S(U)+ ∧Z2
V∞ .

(ii) The continuous bijection V∞ → sS(V ) of Proposition 2.5 (which is
a homeomorphism for finite-dimensional V ) is Z2-equivariant, allowing the
identifications

V∞ = sS(V ) , (V∞)Z2 = sS(V+) , V∞/Z2 = S(V+) ∗ sP (V−) .

(iii) For an inner product space V with the trivial Z2-action

S(LV )Z2 = ∅ , S(LV )/Z2 = P (V ) .

For any Z2-space X the Z2-space S(LV )×X is free; for any pointed Z2-space
X the pointed Z2-space S(LV )+ ∧X is semifree.

Proof. (i) Immediate from the Z2-equivariant homotopy cofibration sequence

S(V )→ S(U ⊕ V )→ S(U)+ ∧ V∞ .

(ii)+(iii) By construction.
ut

Proposition 4.11. For any pointed Z2-spaces X,Y and inner product space
V there is defined a long exact sequence of abelian groups/pointed sets

. . . // [ΣX,Y ]Z2

s∗LV // [ΣS(LV )+ ∧X,Y ]Z2

α∗LV //

[LV∞ ∧X,Y ]Z2

0∗LV // [X,Y ]Z2
.

Proof. Immediate from the Z2-equivariant homotopy cofibration sequence
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S(LV )+ sLV // S0 0LV // LV∞
αLV // ΣS(LV )+ // . . . .

of Proposition 2.14 (iii).
ut

Terminology 4.12 The infinite-dimensional inner product space

R(∞) = lim−→
k

Rk

is denoted by R(∞) to avoid confusion with the one-point compactification
R∞ of R. The unit sphere

S(∞) = S(LR(∞)) = lim−→
k

S(LRk)

is a contractible space with a free Z2-action, with quotient the infinite-
dimensional real projective space

P (∞) = S(∞)/Z2 .

The unreduced suspension

sS(∞) = lim−→
k

sS(LRk) = lim−→
k

(LRk)∞

is a contractible space with a non-free Z2-action, such that there are two
fixed points

sS(∞)Z2 = S0 .

In dealing with inner product spaces V we interpret LV∞ in the infinite-
dimensional case V = R(∞) to be

sS(∞) = lim−→
U⊂R(∞) finite−dimensional

LU∞

(which is not compact, and in particular not the actual one-point compacti-
fication LR(∞)∞ of LR(∞) = lim−→

U

LU).

ut

Proposition 4.13. For any pointed Z2-spaces X,Y and inner product space
V let

ρV : mapZ2
∗ (X,LV∞ ∧ Y )→ map∗(X

Z2 , Y Z2)

be the fixed point map, and let
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ρ∞ = lim−→
V

ρV : lim−→
V

mapZ2
∗ (X,LV∞ ∧ Y ) = mapZ2

∗ (X,LR(∞)∞ ∧ Y )

→ map∗(X
Z2 , Y Z2)

be the map obtained by passing to the limit over finite-dimensional V .
(i) If X is a CW Z2-complex then ρ∞ is a fibration with contractible point
inverses, and so induces isomorphisms in the homotopy groups. In particular,
there is induced a bijection

ρ∞ : π0(mapZ2
∗ (X,LR(∞)∞ ∧ Y )) = [X,LR(∞)∞ ∧ Y ]Z2

∼= // π0(map∗(X
Z2 , Y Z2)) = [XZ2 , Y Z2 ] .

(ii) If the Z2-action on X is trivial then ρV is a homeomorphism, with the
inclusion

σV : Y Z2 = (LV∞ ∧ Y )Z2 → LV∞ ∧ Y ; y 7→ (0, y)

such that

ρ−1
V = σV : map∗(X,Y

Z2)→ mapZ2
∗ (X,LV∞ ∧ Y ) ,

and
[X,LV∞ ∧ Y ]Z2

= [X,Y Z2 ] .

The Z2-equivariant homotopy group [LV∞ ∧X,LV∞ ∧Y ]Z2
fits into a direct

sum system

[ΣS(LV )+ ∧X,LV∞ ∧Y ]Z2

γ //
oo
δ

[LV∞ ∧X,LV∞ ∧Y ]Z2

ρ //
oo
σ

[X,Y Z2 ]

with
δγ = 1 , ρσ = 1 , γδ + σρ = 1 .

Here γ = α∗LV , and σ is defined by

σ : [X,Y Z2 ]→ [LV∞ ∧X,LV∞ ∧ Y ]Z2 ; G 7→ 1LV∞ ∧ σVG .

A Z2-equivariant map F : LV∞ ∧ X → LV∞ ∧ Y with fixed point map
G = ρ(F ) : X → Y Z2 is such that F and σ(G) agree on 0+ ∧X, and δ(F ) is
defined to be the relative difference Z2-equivariant map

δ(F ) = δ(F, σ(G)) : ΣS(LV )+ ∧X → LV∞ ∧ Y ,

such that

F − σ(G) = α∗LV δ(F, σ(G)) ∈ im(α∗LV ) = ker(ρ) .
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Proof. (i) We repeat the argument of Sinha [73, p.277] (a space level ver-
sion of Crabb [12, Lemma (A.1), p.60]). The fibre over a component of
map∗(X

Z2 , Y Z2) is the space of Z2-maps f : X → LR(∞)∞ ∧ Y which are
specified onXZ2 by ρ(f) : XZ2 → Y Z2 . We consider the effect on this mapping
space of attaching Z2-cells to X. There are two types: single cells with trivial
Z2-action Dn and pairs of cells with free Z2-action Z2 ×Dn. For the single
cells the extension of f is itself specified by the extension of ρ(f). For the pairs
of cells note that for any space W the Z2-maps g : Z2×W → LR(∞)∞∧Y are
just the maps g : W → LR(∞)∞ ∧ Y , and that LR(∞)∞ ∧ Y is contractible,
so that the space of Z2-maps g : Z2 ×Dn → LR(∞)∞ ∧ Y extending a given
Z2-map ∂g : Z2 × Sn−1 → LR(∞)∞ ∧ Y is contractible.
(ii) By Proposition 4.11 there is defined an exact sequence

· · · → [ΣS(LV )+ ∧X,LV∞ ∧ Y ]Z2

α∗LV // [LV∞ ∧X,LV∞ ∧ Y ]Z2

0∗LV // [X,LV∞ ∧ Y ]Z2
= [X,Y Z2 ]

ut

4.2 The bi-degree

The degree is a Z-valued homotopy invariant of a pointed map V∞ → V∞

for a non-zero finite-dimensional inner product space V , which defines an
isomorphism

[V∞, V∞] ∼= Z .

Similarly, the bi-degree is a Z⊕Z-valued Z2-homotopy invariant of a pointed
Z2-equivariant map LV∞∧W∞ → LV∞∧W∞ for non-zero finite-dimensional
inner product spaces V,W , which defines an isomorphism

[LV∞ ∧W∞, LV∞ ∧W∞]Z2
∼= Z⊕ Z .

We start by recollecting the main properties of the degree.

Definition 4.14. Let V be a finite-dimensional inner product space. The
degree of a pointed map F : V∞ → V∞ is the homotopy invariant defined by

degree(F ) = F∗(1) ∈ Z ,

with
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F∗ : Ḣdim(V )(V
∞)→ Ḣdim(V )(V

∞)

and 1 ∈ Ḣdim(V )(V
∞) ∼= Z either generator if V is non-zero. If dim(V ) = 0

the degree of F is understood to be 0 if F is constant, and to be 1 if F is the
identity. ut

Example 4.15. (i) The identity 1 : V∞ → V∞; v 7→ v has degree(1) = 1.
(ii) The constant map ∞ : V∞ → V∞; v 7→ ∞ has degree(∞) = 0.

ut

Proposition 4.16. Let V be a finite-dimensional inner product space.
(i) The degree function

[V∞, V∞]→

{
Z if dim(V ) > 0

{0, 1} if dim(V ) = 0
; F 7→ degree(F )

is a bijection of pointed sets, which is an isomorphism of abelian groups for
dim(V ) > 0.
(ii) For any pointed map F : V∞ → V∞ and finite-dimensional inner product
space W the pointed map

F ′ = F ∧ 1 : (V ⊕W )∞ = V∞ ∧W∞ → (V ⊕W )∞ = V∞ ∧W∞

has
degree(F ′) = degree(F ) ∈ Z .

ut

We now move on to the bi-degree itself.

Proposition 4.17. Let V be a non-zero inner product space.
(i) The cellular Z[Z2]-module chain complexes of S(LV ) and LV∞ are given
by

Ccell(S(LV )) : C(S(LV ))dim(V )−1 = Z[Z2]
1+(−)dim(V )−1T//

C(S(LV ))dim(V )−2 = Z[Z2]
1+(−)dim(V )T// . . .

1−T // C(S(LV ))0 = Z[Z2] ,

Ċcell(LV∞) = Sdim(V )(Z, (−1)dim(V ))

where (Z,±1) denotes the Z[Z2]-module Z with T ∈ Z2 acting by ±1.
(ii) A Z[Z2]-module chain map

e : Ċcell(ΣS(LV )+) = SCcell(S(LV ))→ Ċcell(LV∞)



4.2 The bi-degree 87

induces a Z[Z2]-module morphism

e∗ : Hdim(V )−1(S(LV )) =

{
(Z, (−)dim(V )) if dim(V ) > 1

Z[Z2] if dim(V ) = 1

→ Ḣdim(V )(LV
∞) = (Z, (−)dim(V ))

with

{
e∗(1) ∈ 2Z
e∗(1) = −e∗(T ) ∈ Z.

Proof. (i) By construction.
(ii) The generator 1 ∈ Hdim(V )−1(S(LV )) = Z is represented by

1 + (−)dim(V )T ∈ C(S(LV ))dim(V )−1 = Z[Z2] .

A Z[Z2]-module morphism

e : C(S(LV ))dim(V )−1 = Z[Z2]→ (Z, (−)dim(V ))

is of the form

e(a+ bT ) = na+ (−)dim(V )nb (a, b ∈ Z)

for some n ∈ Z, and{
e(1 + (−)dim(V )T ) = 2n if dim(V ) > 1

e(1) = −e(T ) = n if dim(V ) = 1 .

ut

Definition 4.18. (i) The semidegree of a Z[Z2]-module chain map

e : Ċcell(ΣS(LV )+)→ Ċcell(LV∞)

is

semidegree(e) =

{
e∗(1)/2 ∈ Z if dim(V ) > 1

e∗(1) = −e∗(T ) ∈ Z if dim(V ) = 1.

(ii) Let V,W be finite-dimensional inner product spaces. The semidegree of
a Z2-equivariant pointed map

E : ΣS(LV )+ ∧W∞ → LV∞ ∧W∞

is the semidegree of the induced Z[Z2]-module chain map, that is
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semidegree(E) =

{
E∗(1)/2 ∈ Z if dim(V ) > 1

E∗(1) = −E∗(T ) ∈ Z if dim(V ) = 1

with

E∗ : Ḣdim(V )+dim(W )(ΣS(LV )+ ∧W∞) =

{
Z if dim(V ) > 1

Z[Z2] if dim(V ) = 1

→ Ḣdim(V )+dim(W )(LV
∞ ∧W∞) = Z .

ut

Proposition 4.19. (i) The function

H0(HomZ[Z2](Ċ
cell(ΣS(LV )+), Ċcell(LV∞)))→ Z ; e 7→ semidegree(e)

is an isomorphism of abelian groups.
(ii) The semidegree of a Z2-equivariant pointed map

E : ΣS(LV )+ ∧W∞ → LV∞ ∧W∞

is a Z2-equivariant homotopy invariant, such that for any j, k > 0 the semide-
grees of E and the Z2-equivariant pointed map defined by

Σj,kE : ΣS(LV ⊕ LRk)+ ∧ (W ⊕ Rj)∞

jLV,LR ∧ 1
// ΣS(LV )+ ∧ (LRk)∞ ∧W∞ ∧ (Rj)∞

E ∧ 1 // LV∞ ∧ (LRk)∞ ∧W∞ ∧ (Rj)∞ = (LV ⊕ LRk)∞ ∧ (W ⊕ Rj)∞

are related by

semidegree(Σj,kE) = semidegree(E) ∈ Z .

Proof. (i) For each n ∈ Z construct a chain map e with semidegree n as in
the proof of Proposition 4.17.
(ii) The only non-trivial case is for V = R, W = {0}, j = 0, k = 1. Consider
the commutative diagram

Ḣ2(ΣS(LR2)+) = Z
Σ0,1E∗ //

1− T
��

Ḣ2((LR2)∞) = Z

1
��

Ḣ1(ΣS(LR)+) = Z[Z2]
E∗ // Ḣ1(LR∞) = Z



4.2 The bi-degree 89

The evaluations of the two composites on the generator 1 ∈ Ḣ2(ΣS(LR2)+) =
Z are

E∗(1− T )(1) = 2 semidegree(E) ,

Σ1,0E∗(1) = 2 semidegree(Σ1,0E) ∈ Z ,

so
semidegree(Σ0,1E) = semidegree(E) ∈ Z .

ut

Definition 4.20. Given a Z2-equivariant pointed map

F : LV∞ ∧W∞ → LV∞ ∧W∞

define the pointed map of the Z2-fixed point sets

G = ρ(F ) : (LV∞ ∧W∞)Z2 = W∞ →W∞ ;

w 7→

{
w′ if F (0, w) = (0, w′)

∞ if F (0, w) =∞ .

The Z2-equivariant pointed map

σ(G) = 1 ∧G : LV∞ ∧W∞ → LV∞ ∧W∞ ; (v, w) 7→ (v,G(w))

is such that

F (0, w) = (0, G(w)) = σ(G)(0, w) ∈ LV∞ ∧W∞ (w ∈W ) ,

so that the relative difference is defined, a Z2-equivariant pointed map

δ(F, σ(G)) : ΣS(LV )+ ∧W∞ → LV∞ ∧W∞ .

The bi-degree of F is defined by

bi-degree(F ) = (semidegree(δ(F, σ(G))),degree(G))

∈

{
Z⊕ Z if dim(W ) > 0

Z× {0, 1} if dim(W ) = 0 .

ut

Proposition 4.21. (i) The bi-degree of a Z2-equivariant pointed map F :
LV∞ ∧W∞ → LV∞ ∧W∞ is
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bi-degree(F ) =
(degree(F )− degree(G)

2
,degree(G))

∈

{
Z⊕ Z if dim(W ) > 0

Z× {0, 1} if dim(W ) = 0

with G = ρ(F ) : W∞ →W∞. In particular

deg(F ) ≡ deg(G) (mod 2) .

(ii) The degree of a Z2-equivariant pointed map F : LV∞ → LV∞ is odd

deg(F ) ≡ 1 (mod 2) ,

and for any pointed map G : W∞ →W∞ the bi-degree of the Z2-equivariant
pointed map

F ∧G : LV∞ ∧W∞ → LV∞ ∧W∞

is

bi-degree(F ∧G) =
( (degree(F )− 1)

2
degree(G),degree(G))

∈

{
Z⊕ Z if dim(W ) > 0

Z× {0, 1} if dim(W ) = 0 .

(iii) If F1, F2 : LV∞ ∧W∞ → LV∞ ∧W∞ are Z2-equivariant pointed maps
with

ρ(F1) = ρ(F2) = G : W∞ →W∞

then

bi-degree(F1)− bi-degree(F2) =
(degree(F1)− degree(F2)

2
, 0) ∈ Z⊕ Z .

In particular
degree(F1) ≡ degree(F2) (mod 2) ,

with
degree(F1)− degree(F2) = 2 semidegree(δ(F1, F2)) ∈ Z .

(iv) The degree, semidegree and bi-degree functions define an isomorphism of
direct sum systems of abelian groups
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[ΣS(LV )+ ∧W∞, LV∞ ∧W∞]Z2

semidegree
∼=

//

γ = α∗LV
��

Z1
0


��

[LV∞ ∧W∞, LV∞ ∧W∞]Z2

bi-degree
∼=

//

δ

OO

ρ = s∗LV
��

Z⊕ Z(
0 1

)
��

(
1 0

) OO

[W∞, LV∞ ∧W∞]Z2 = [W∞,W∞]

σ

OO

degree
∼=

// Z

0
1


OO

for non-zero W . The forgetful map

[LV∞ ∧W∞, LV∞ ∧W∞]Z2 = Z⊕ Z→ [LV∞ ∧W∞, LV∞ ∧W∞] = Z

sends a Z2-equivariant map F : LV∞ ∧W∞ → LV∞ ∧W∞ with bi-degree
(a, b) ∈ Z⊕ Z to a map F with

degree(F ) = 2a+ b ∈ Z .

For W = {0} the functions define a bijection of products of pointed sets

[ΣS(LV )+, LV∞]Z2

semidegree
∼=

//

α∗LV
��

Z

��
[LV∞, LV∞]Z2

bi-degree
∼=

//

δ

OO

s∗LV
��

Z× {0, 1}

��

OO

[S0, LV∞]Z2
= [S0, S0]

σ

OO

degree
∼=

// {0, 1}

OO

Proof. (i) The map αLV : LV∞ → ΣS(LV )+ induces

(αLV )∗ =

{
1

1− T
: Ḣdim(V )(LV

∞) = Z

→ Ḣdim(V )(ΣS(LV )+) = Hdim(V )−1(S(LV )) =

{
Z
Z[Z2]

if

{
dim(V ) > 1

dim(V ) = 1 .

The composite

F − σ(G) : LV∞ ∧W∞
αLV ∧ 1// ΣS(LV )+ ∧W∞

δ(F, σ(G))
// LV∞ ∧W∞

has degree

degree(δ(F, σ(G))(αLV ∧ 1)) = degree(F )− degree(σ(G))
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so

semidegree(δ(F, σ(G))) =
degree(F )− degree(σ(G))

2

=
degree(F )− degree(G)

2
∈ Z .

(ii) Immediate from (i).
(iii) Taking X = Y = S0 in Proposition 4.11 (ii), we have a direct sum system

[ΣS(LV )+ ∧W∞, LV∞ ∧W∞]Z2

γ //
oo
δ

[LV∞ ∧W∞, LV∞ ∧W∞]Z2

ρ //
oo
σ

[W∞,W∞] .

The function

(α∗LV , σ) : [ΣS(LV )+ ∧W∞, LV∞ ∧W∞]Z2 × [W∞,W∞]

// [LV∞ ∧W∞, LV∞ ∧W∞]Z2

is an isomorphism such that

F = (α∗LV , σ)(δ(F, σ(G)), G)

∈ im((α∗LV , σ) : [ΣS(LV )+ ∧W∞, LV∞ ∧W∞]Z2 × [W∞,W∞]

∼= // [LV∞ ∧W∞, LV∞ ∧W∞]Z2) .

ut

Example 4.22. Given a Z2-equivariant pointed map f : LV∞ → LV∞ and a
pointed map g : W∞ →W∞ define the Z2-equivariant pointed map

F = f ∧ g : LV∞ ∧W∞ → LV∞ ∧W∞ ; (v, w) 7→ (f(v), g(w)) .

The Z2-fixed point map is

G = ρ(F ) : W∞ →W∞ ; w 7→

{
g(w) if f(0) = 0

∞ if f(0) =∞

and

σ(G) : LV∞ ∧W∞ → LV∞ ∧W∞ ; (v, w) 7→

{
(v, g(w)) if f(0) = 0

∞ if f(0) =∞ ,

so that
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bi-degree(F ) = (semidegree(δ(F, σ(G))),degree(G))

= (
degree(F )− degree(G)

2
,degree(G))

=


( (degree(f)− 1)degree(g)

2
,degree(g)

)
if f(0) = 0(degree(f)degree(g)

2
, 0) if f(0) =∞ .

ut

Example 4.23. The Z2-equivariant pointed map defined for any λ ∈ R by

F = λ : LR∞ → LR∞ ; x 7→ x/λ

has

G = ρ(F ) : (LR∞)Z2 = {0,∞} → {0,∞} ; ∞ 7→ ∞ , 0 7→

{
0 if λ 6= 0

∞ if λ = 0,

bi-degree(F ) = (semidegree δ(F, σ(G)),degreeG) =


(0, 1) if λ > 0

(0, 0) if λ = 0

(−1, 1) if λ < 0

∈ [LR∞, LR∞]Z2 = [ΣS(LR)+, LR∞]Z2 × [S0, S0] = Z× {0, 1} .

ut

4.3 Stable Z2-equivariant homotopy theory

Definition 4.24. The stable Z2-equivariant homotopy group of pointed Z2-
spaces X,Y is defined by

{X;Y }Z2
= lim−→

V

[V∞ ∧X,V∞ ∧ Y ]Z2

with the direct limit running over all the finite-dimensional inner product
Z2-spaces V .

ut

Remark 4.25. In dealing with
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{X;Y }Z2
= lim−→

j

lim−→
k

[(LRj ⊕ Rk)∞ ∧X, (LRj ⊕ Rk)∞ ∧ Y ]Z2

there is no loss of generality in only considering j = k. Noting that (LRk ⊕
Rk)∞ ∧X is Z2-equivariantly homeomorphic to

Σk,kX = Sk ∧ Sk ∧X , T : Σk,kX → Σk,kX ; (s, t, x) 7→ (t, s, Tx)

(see Definition 4.35 below for details) we can identify

{X;Y }Z2
= lim−→

k

[Σk,kX,Σk,kY ]Z2
.

ut

Example 4.26. For any non-zero inner product space V Proposition 4.21 (ii)
gives an isomorphism of direct sum systems of abelian groups

{ΣS(LV )+;LV∞}Z2

semidegree
∼=

//

γ = α∗LV
��

Z1
0


��

{LV∞;LV∞}Z2
= {S0;S0}Z2

bi-degree
∼=

//

δ

OO

ρ = s∗LV
��

Z⊕ Z(
0 1

)
��

(
1 0

) OO

{S0;LV∞}Z2 = {S0;S0}

σ

OO

degree
∼=

// Z

0
1


OO

ut

Proposition 4.27. Let X,Y be pointed Z2-spaces.
(i) Given a pointed map F : |X| → |Y | define the Z2-equivariant map

F ∨ TFT : S(LR)+ ∧X → Y ;

{
(+, x) 7→ F (x)

(−, x) 7→ TFT (x) .

The functions

{|X|; |Y |} → {S(LR)+ ∧X;Y }Z2 ; F 7→ F ∨ TFT ,

{S(LR)+ ∧X;Y }Z2
→ {|X|; |Y |} ; G 7→ G|(+,X)

are inverse isomorphisms of abelian groups. The Z2-equivariant homotopy
cofibration sequence

S(LR)+ → S0 → LR∞ → ΣS(LR)+ → . . .
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induces the exact sequence

· · · → {ΣS(LR)+ ∧X,Y }Z2 = {ΣX,Y } → {LR∞ ∧X,Y }Z2

→ {X,Y }Z2
→ {S(LR)+ ∧X,Y }Z2

= {|X|, |Y |} → . . . .

(ii) Given a pointed map F : |X| → |Y | define the Z2-equivariant map

F + TFT : LR∞ ∧X → LR∞ ∧ (S(LR)+ ∧ Y ) ;

(t, x) 7→

{
(2t, (+, F (x))) if 0 6 t 6 1/2

(2t− 1, (−, TFT (x))) if 1/2 6 t 6 1 .

The function

q : {|X|; |Y |} → {X;S(LR)+ ∧ Y }Z2
; F 7→ F + TFT

is an isomorphism of abelian groups.

Proof. (i) By Proposition 4.8 (i)

[S(LR)+ ∧ V∞ ∧X,V∞ ∧ Y ]Z2
= [|V∞| ∧ |X|, |V∞| ∧ |Y |] .

The exact sequence is the stable version of 4.8 (iii).
(ii) Use the projection p : S(LR)+ ∧ Y → S(LR)+ ∧Z2

Y and the homeomor-
phism

|Y | → S(LR)+ ∧Z2
Y ; y 7→ (+, y)

to define a morphism

p∗ : {X;S(LR)+ ∧ Y }Z2
→ {|X|;S(LR)+ ∧Z2

Y } = {|X|; |Y |}

such that p∗q = 1, qp∗ = 1.
ut

Given pointed Z2-spaces A,B and a Z2-equivariant pointed map F : A→
B let G : B → C (F ) be the inclusion in the mapping cone, and let H :
C (F )→ ΣA be the projection, so that

A
F // B

G // C (F )
H // ΣA

ΣF // ΣB // . . .

is a Z2-equivariant homotopy cofibration sequence. By analogy with the
nonequivariant case (3.2):

Proposition 4.28. For any pointed Z2-space X there is induced a Barratt-
Puppe exact sequence of stable Z2-equivariant homotopy groups
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. . . // {ΣX; C (F )}Z2

H // {X;A}Z2

F // {X;B}Z2

G // {X; C (F )}Z2

H // {X;ΣA}Z2
// . . . .

ut

By analogy with the braid of stable homotopy groups of Proposition 3.3 :

Proposition 4.29. For any inner product Z2-spaces U, V and pointed Z2-
spaces X,Y there is defined a commutative braid of exact sequences of stable
homotopy groups

A1

��

αV

  
{X;S(V )+ ∧ Y }Z2

sV

$$

%%
{S(U)+ ∧X;Y }Z2

!!
A2

::

$$

{X;Y }Z2

s∗U
::

0V

$$

A3

A4

FF

α∗U

??
{U∞ ∧X;Y }Z2 99

0∗U
::

{X;V∞ ∧ Y }Z2

==

with

A1 = {ΣX;LV∞ ∧ Y }Z2
, A2 = {ΣS(U ⊕ V )+ ∧X;V∞ ∧ Y }Z2

,

A3 = {S(U ⊕ V )+ ∧X;V∞ ∧ Y }Z2
, A4 = {ΣS(U)+ ∧X;Y }Z2

.

Proof. These are the Barratt-Puppe exact sequences (4.28) determined by
the homotopy commutative braid of Z2-equivariant homotopy cofibrations

U∞ ∧ S(V )+

1 ∧ sV
  

$$
ΣS(U)+

$$
S(U ⊕ V )+

sU⊕V ��

BB

U∞ ∧ S0 = U∞

1 ∧ 0V

%%

αV
99

ΣS(U ⊕ V )+

S0

0U⊕V
;;

0U
>>

U∞ ∧ V∞ = (U ⊕ V )∞

αU⊕V
::
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with two homotopy pushouts.
ut

Definition 4.30. A Z2-spectrum X = {X(V ) |V } is a sequence of pointed
Z2-spaces X(V ) indexed by finite-dimensional inner product Z2-spaces V ,
with structure maps

(V ⊥)∞ ∧X(V )→ X(W )

defined whenever V ⊆ W , where V ⊥ ⊆ W is the orthogonal complement of
V in W . For n ∈ Z let

πZ2
n (X) =


lim−→
V

[ΣnV∞, X(V )]Z2
if n > 0

lim−→
V

[V∞, Σ−nX(V )]Z2 if n 6 −1 .

Proposition 4.31. Let Y be a pointed Z2-space.
(i) For any pointed Z2-space X the forgetful map {X;Y }Z2

→ {|X|; |Y |} fits
into a long exact sequence

· · · → {LR∞∧X;Y }Z2
→ {X;Y }Z2

→ {|X|; |Y |} → {LR∞∧X;ΣY }Z2
→ . . .

(ii) For any CW Z2-spectrum X the fixed point map

ρ : {X;LR(∞)∞ ∧ Y }Z2
→ {XZ2 ;Y Z2}

is an isomorphism, and the fixed point map

ρ : {X;Y }Z2 → {XZ2 ;Y Z2} ;

(F : V∞ ∧X → V∞ ∧ Y ) 7→ (ρ(F ) : V∞+ ∧XZ2 → V∞+ ∧ Y Z2)

fits into a long exact sequence

· · · → {X;S(∞)+ ∧ Y }Z2
→ {X;Y }Z2

ρ // {XZ2 ;Y Z2}
→ {X;ΣS(∞)+ ∧ Y }Z2 → . . . .

(iii) For any semifree CW Z2-spectrum X

{X;S(∞)+ ∧ Y }Z2
= {X;Y }Z2

, {XZ2 ;Y Z2} = 0 .

(iv) For CW Z2-spectrum X with the trivial Z2-action the fixed point
map ρ : {X;Y }Z2

→ {X;Y Z2} is a surjection which is split by the map
σ : {X;Y Z2} → {X;Y }Z2

induced by

σ : Y Z2 = (LR(∞)∞ ∧ Y )Z2 → LR(∞)∞ ∧ Y ; y 7→ (0, y) .
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Thus {X;Y }Z2
fits into a direct sum system

{X;S(∞)+ ∧ Y }Z2

γ //
oo
δ

{X;Y }Z2

ρ //
oo
σ

{X;Y Z2}

(v) The direct sum system in (iv) is natural with respect to Z2-equivariant
maps. A stable Z2-equivariant map F : V∞ ∧ Y → V∞ ∧ Y ′ induces

F =

(
1 ∧ F δ(FiY , iY ′ρ(F ))

0 ρ(F )

)
:

{X;Y }Z2
= {X;S(∞)+ ∧ Y }Z2

⊕ {X;Y Z2}

→ {X;Y ′}Z2
= {X;S(∞)+ ∧ Y ′}Z2

⊕ {X;Y ′
Z2}

with iY : Y Z2 → Y , iY ′ : Y ′
Z2 → Y ′ the inclusions.

Proof. (i) Immediate from the Z2-equivariant homotopy cofibration sequence

S(LR)+ sLR // S0 0LR // LR∞
αLR // ΣS(LR)+ // . . .

of Proposition 2.14 (iii) and the isomorphism

{X;Y } → {S(LR)+ ∧X;Y }Z2
; F 7→ F ∨ TF

given by Proposition 4.8.
(ii) Combine Proposition 4.13 (i) with the long exact sequence

· · · → {X;S(∞)+ ∧ Y }Z2
→ {X;Y }Z2

→ {X;LR(∞)∞ ∧ Y }Z2

→ {X;ΣS(∞)+ ∧ Y }Z2
→ . . . .

induced by the Z2-equivariant homotopy cofibration sequence

S(∞)+
sS(∞) // S0

0LR(∞) // LR(∞)∞
αLR(∞) // ΣS(∞)+ // . . .

given by Proposition 2.14 (iii).
(iii) This is the stable version of Proposition 4.13, with each of the fixed point
maps

ρ : [LV∞∧W∞∧X,LR(∞)∞∧LV∞∧W∞∧Y ]Z2
→ [W∞∧XZ2 ,W∞∧Y Z2 ]

is an isomorphism.
(iv)+(v) By construction.

ut
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Proposition 4.11 has an analogue for the stable Z2-equivariant homotopy
groups:

Definition 4.32. (i) The reduced stable Z2-equivariant homotopy and coho-
motopy groups of a pointed Z2-space X are

ω̃Z2
n (X) = {Sn;X}Z2

, ω̃nZ2
(X) = {X;Sn}Z2

(n ∈ Z) .

(ii) The absolute stable Z2-equivariant homotopy and cohomotopy groups of
a Z2-space X are

ωZ2
n (X) = ω̃Z2

n (X+) , ωnZ2
(X) = ω̃nZ2

(X+) (n ∈ Z) .

(iii) The stable Z2-equivariant homotopy groups of spheres are

ωZ2
n = ωZ2

n ({∗}) = ω−nZ2
({∗}) = {Sn;S0}Z2 (n ∈ Z) .

ut

Stable Z2-equivariant maps arise from double covers:

Proposition 4.33. (i) (Adams [3, p.511]) For any semifree pointed Z2-
space X the projection f : X → X/Z2 induces a transfer Z[Z2]-module chain
map

f ! : Ċ(X/Z2)→ Ċ(X) ; y 7→
∑

x∈f−1(y)

x

of the reduced singular chain complexes. If X is a finite pointed CW Z2-
complex the Umkehr map f ! is induced by a stable Z2-equivariant Umkehr
map

F : (LV ⊕W )∞ ∧X/Z2 → (LV ⊕W )∞ ∧X .

(ii) Let A be a pointed Z2-space with a Z2-equivariant map ε : A → [0,∞)
such that ε−1(0) = {∗} ⊂ A, with ∗ ∈ A the base point. For any non-zero
inner product space V let X = S(LV )+ ∧A. The maps

f = projection : X → X/Z2 = S(LV )+ ∧Z2
A ,

g : LV ×X → LV ; (u, (v, a)) 7→ ε(a)(v +
u

1 + ‖u‖
)

are such that there are defined an open Z2-equivariant embedding

e = (g, f) : LV ×X ↪→ LV ×X/Z2

and a Z2-equivariant Umkehr map

F : LV∞ ∧X/Z2 → LV∞ ∧X .
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(iii) (Adams [3, Thms. 5.3,5.4,5.5]) Let X be a semifree finite pointed CW
Z2-complex, let f : X → X/Z2 be the projection, and let F ∈ {X/Z2;X}Z2

be the stable Z2-equivariant Umkehr map of (i). For any pointed finite CW
complex Y the functions

{X/Z2;Y } → {X;Y }Z2
; G 7→ Gf ,

{Y ;X/Z2} → {Y ;X}Z2 ; H 7→ FH ,

lim−→
V

[V∞ ∧X,V∞ ∧ Y ]Z2
→ {X;Y }Z2

are isomorphisms, with V running over all finite-dimensional inner product
spaces (with the trivial Z2-action).

Proof. (i) There exist finite-dimensional inner product spaces V,W and a
Z2-equivariant map

g : LV ⊕W ×X → LV ⊕W

with the property that

e = (g, f) : LV ⊕W ×X → LV ⊕W ×X/Z2 ; (v, w, x) 7→ (g(v, w), f(x))

restricts to an open Z2-equivariant embedding

e| : LV ⊕W × (X\{x0})→ LV ⊕W ×X/Z2

and as x approaches x0 then g(LV ⊕W × {x}) approaches {0} ⊂ LV ⊕W .
The construction of Definition 3.9 gives a stable Z2-equivariant Umkehr map

F : (LV ⊕W )∞ ∧X/Z2 → (LV ⊕W )∞ ∧X

representing a stable Z2-equivariant homotopy class F ∈ {X/Z2;X}Z2
in-

ducing the transfer chain map F = f ! : Ċ(X/Z2)→ Ċ(X).
(ii) The map g has the property that as a ∈ A approaches the base point
∗ ∈ A then g(LV × (S(LV )+ ∧ {a})) approaches 0 ∈ LV . Then

e = (g, f) : LV ×X ↪→ LV ×X/Z2 ; (u, (v, a)) 7→ (g(u, (v, a)), f(v, a))

is an open Z2-equivariant embedding with Z2-equivariant Umkehr map

F : LV∞ ∧X/Z2 → LV∞ ∧X ;

(u, (v, a)) 7→


(

u− v
1− ‖u− v‖

, (v, a)) if (v, a) ∈ X, ‖u− v‖ < 1

(
u+ v

1− ‖u+ v‖
, (−v, a)) if (v, a) ∈ X, ‖u+ v‖ < 1

∗ otherwise .
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(iii) See [3].
ut

Example 4.34. The special case Y = Si of 4.33 (iii) gives identifications

ω̃Z2
i (X) = ω̃i(X/Z2) , ω̃iZ2

(X) = ω̃i(X/Z2)

for any finite pointed semifree CW Z2-complex.
ut

Definition 4.35. For any inner product space V regard V ⊕ V as an inner
product Z2-space via the transposition involution Z2-action

T : V ⊕ V → V ⊕ V ; (u, v) 7→ (v, u) .

The Z2-equivariant linear isomorphism

κV : LV ⊕ V ∼= V ⊕ V ; (u, v) 7→ (u+ v,−u+ v)

has inverse

κ−1
V : V ⊕ V ∼= LV ⊕ V ; (x, y) 7→

(
x− y

2
,
x+ y

2

)
and induces a Z2-equivariant homeomorphism

κV : LV∞ ∧ V∞ ∼= V∞ ∧ V∞ .

The restriction of κV is a Z2-equivariant homeomorphism

κV | : (LV \{0})× V ∼= (V ⊕ V )\∆(V )

which induces a Z2-equivariant homeomorphism

κV | : (LV \{0})∞ ∧ V∞ ∼= ((V ⊕ V )\∆(V ))∞

where (LV \{0})∞ ∼= ΣS(LV )+. ut

Proposition 4.36. (i) For any pointed Z2-spaces X,Y and inner product
spaces U, V there is defined a commutative braid of exact sequences of stable
Z2-equivariant homotopy groups
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A1

��

αLV

!!
{X;S(LV )+ ∧ Y }Z2

sLV

$$

%%
{S(LU)+ ∧X;Y }Z2

!!
A2

99

%%

{X;Y }Z2

s∗LU
::

0LV

$$

A3

A4

EE

α∗LU

==
{LU∞ ∧X;Y }Z2 ::

0∗LU
::

{X;LV∞ ∧ Y }Z2

==

with

A1 = {ΣX;LV∞ ∧ Y }Z2
, A2 = {ΣS(LU ⊕ LV )+ ∧X;LV∞ ∧ Y }Z2

,

A3 = {S(LU ⊕ LV )+ ∧X;LV∞ ∧ Y }Z2
, A4 = {ΣS(LU)+ ∧X;Y }Z2

.

The morphism

0LV : {X;X∧X}Z2 → {X;LV∞∧X∧X}Z2 = {V∞∧X;V∞∧LV∞∧X∧X}Z2

sends ∆X to 0LV ∧∆X = (κ−1
V ∧ 1)∆V∞∧X .

(ii) For any pointed space X and any pointed Z2-space Y

{X;Y }Z2 = {X;S(∞)+ ∧ Y }Z2 ⊕ {X;Y Z2} ,

with a direct sum system

{X;S(∞)+ ∧ Y }Z2

γ //
oo
δ

{X;Y }Z2

ρ //
oo
σ

{X;Y Z2} .

The map γ is induced by the projection sLR(∞) : S(∞)+ → S0. The map δ is
defined by sending a Z2-equivariant map

F : U∞ ∧ LV∞ ∧X → U∞ ∧ LV∞ ∧ Y

to the stable Z2-equivariant homotopy class of the relative difference of F and

σρ(F ) : U∞ ∧ LV∞ ∧X → U∞ ∧ LV∞ ∧ Y ;

(u, v, x) 7→ (w, v, y) (F (u, 0, x) = (w, 0, y)) ,

that is
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δ(F ) = δ(F, σρ(F )) ∈ lim−→
U,V

{U∞ ∧ΣS(LV )+ ∧X;U∞ ∧ LV∞ ∧ Y }Z2

= lim−→
V

{X;S(LV )+ ∧ Y }Z2
= {X;S(∞)+ ∧ Y }Z2

.

(iii) For any inner product space U , any pointed space X and any pointed
Z2-space Y there is defined a long exact sequence

. . . // {ΣS(LU ⊕ LR(∞))+ ∧X;LR(∞)∞ ∧ Y }Z2

// {LU∞ ∧X;Y }Z2

ρ // {X;Y Z2}
// {S(LU ⊕ LR(∞))+ ∧X;LR(∞)∞ ∧ Y }Z2

// . . .

with ρ defined by the fixed points of the Z2-action, and

{S(LU ⊕ LR(∞))+ ∧X;LR(∞)∞ ∧ Y }Z2

= {LU∞ ∧X;ΣS(LU ⊕ LR(∞))+ ∧ Y }Z2
.

Proof. (i) Immediate from the Z2-equivariant homotopy cofibration sequences

S(LU)+ → S0 → LU∞ → ΣS(LU)+ → . . . ,

S(LV )+ → S0 → LV∞ → ΣS(LV )+ → . . . .

(ii) This is the Z2-equivariant version of the braid of Proposition 3.3, noting
that the fixed point function

ρ : {X;LR(∞)∞ ∧ Y }Z2 → {X;Y Z2}

is an isomorphism by Proposition 4.31. The identification

0LV ∧∆X = (κ−1
V ∧ 1)∆V∞∧X

is immediate from the commutative triangle of Z2-equivariant maps

V∞

∆V %%

0LV // LV∞ ∧ V∞

V∞ ∧ V∞
κV

77

(iii) The Z2-equivariant homotopy cofibration sequence

S(∞)+
sLR(∞)// S0

0LR(∞)// LR(∞)∞

induces an exact sequence
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· · · → {X;S(∞)+ ∧ Y }Z2

γ // {X;Y }Z2

ρ // {X;LR(∞)∞ ∧ Y }Z2
= {X;Y Z2} → . . .

ut

Example 4.37. Let Y be a pointed Z2-space.
(i) The splitting of Proposition 4.36 (ii)

{X;Y }Z2
= {X;S(∞)+ ∧ Y }Z2

⊕ {X;Y Z2}

decomposes the stable Z2-equivariant homotopy theory of Y according to the
actual fixed point space Y Z2 and the Z2-homotopy orbit space S(∞)+∧Z2

Y .
In particular,

ω̃Z2
∗ (Y ) = ω̃∗(Y

Z2)⊕ ω̃∗(S(∞)+ ∧Z2
Y ) .

(ii) If Y is semifree

Y Z2 = {∗} , ω̃∗(Y Z2) = 0 , S(∞)+ ∧Z2
Y ' Y/Z2 ,

ω̃Z2
∗ (Y ) = ω̃∗(S(∞)+ ∧Z2 Y ) = ω̃∗(Y/Z2) .

while if the Z2-action on Y is trivial then

Y Z2 = Y , S(∞)+ ∧Z2
Y = P (∞)+ ∧ Y ,

ω̃Z2
∗ (Y ) = ω̃∗(Y )⊕ ω̃∗(P (∞)+ ∧ Y ) .

ut

Remark 4.38. The decomposition of the stable Z2-equivariant homotopy groups
of a Z2-space X as a sum of ordinary stable homotopy groups of the fixed
point space XZ2 and the homotopy orbit space S(∞)×Z2

X of the Z2-action

ωZ2
∗ (X) = ω∗(X

Z2)⊕ ω∗(S(∞)×Z2
X)

is the special case G = Z2 of a general decomposition of the stable G-
equivariant homotopy groups of a G-space for an arbitrary compact Lie (e.g.
finite) group G – see Segal [70], tom Dieck [80], Hauschild [27], May et al.
[52].

ut

Example 4.39. (i) The braid of Proposition 4.36 (i) for U = Ri−j , X = Sj ,
V = R(∞) can be written
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A1

��

0

  
ω̃j(S(∞)+ ∧Z2

Y )

!!

$$
{Sj ∧ S(LRi−j)+;Y }Z2

""
A2

;;

##

ω̃Z2
j (Y )

::

$$

A3

A4

FF

>>
ω̃i,j(Y )

ρ
::

==

ω̃j(Y
Z2)

<<

with

ω̃i,j(Y ) = {Sj ∧ LSi−j ;Y }Z2
,

A1 = ω̃j+1(Y Z2) , A2 = ω̃i,j(S(∞)+ ∧ Y ) ,

A3 = ω̃i−1,j−1(S(∞)+ ∧ Y ) , A4 = {Σj+1S(LRi−j)+;Y }Z2 .

For i = j ω̃j,j(Y ) = ω̃Z2
j (Y ).

(ii) The braid of Proposition 4.36 (i) for U = R can be written

A1

��

αLV

!!
{X;S(LV )+ ∧ Y }Z2

sLV

$$

$$
{X;Y }

��
A2

99

%%

{X;Y }Z2

s∗LR
;;

0LV

##

A3

A4

FF

α∗LR

>>
{LS1 ∧X;Y }Z2 ::

0∗LR
::

{X;LV∞ ∧ Y }Z2

@@

with

A1 = {ΣX;LV∞ ∧ Y }Z2 , A2 = {ΣS(LV ⊕ LR)+ ∧X;LV∞ ∧ Y }Z2 ,

A3 = {S(LV ⊕ LR)+ ∧X;LV∞ ∧ Y }Z2
, A4 = {ΣX;Y } .

The braid includes the exact sequence
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· · · → {ΣX;Y }Z2

α∗LR // {LR∞ ∧X;Y }Z2

0∗LR // {X;Y }Z2

s∗LR // {X;Y } → . . .

with s∗LR : {X;Y }Z2 → {S(LR)+ ∧X;Y }Z2 = {X;Y } the forgetful map.
(iii) The special case X = Sj ∧ LSi−j , Y = S0, V = R(∞) of the braid in
(ii) is

ωj+1

##

αLR(∞)

&&
ωi,j(S(L(R(∞)))

sLR(∞)

""

��
ωi

%%
ω̃j(P (∞, j − i− 1))

77

''

ωi,j

s∗LR

CC

0LR(∞)

��

ω̃j−1(P (∞, j − i− 1))

ωi+1

;;

α∗LR

88
ωi+1,j

ρ
>>

0∗LR
;;

ωj

99

(iv) Proposition 4.21 gives the bi-degree isomorphism

ω0,0
∼= Z⊕ Z ;

(F : Sj ∧ LSi−j → Sj ∧ LSi−j) 7→
(degree(F )− degree(G)

2
,degree(G))

with G = ρ(F ) : Sj → Sj . If degree(F ) = 0 ∈ Z then

degree(G) ≡ 0(mod 2) .

The function

ω1,0 → Z ; (H : Sj ∧ LSi−j+1 → Sj ∧ LSi−j)
7→ degree(H(1 ∧ 0LR) : Sj ∧ LSi−j → Sj ∧ LSi−j)/2

is an isomorphism, and the special case i = j = 0 of the braid in (iii) is given
by
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ω1 = Z2

##

αLR(∞)

&&
ω0,0(S(L(R(∞))) = Z

sLR(∞)

&&

2

##
ω0 = Z

$$
ω̃0(P (∞,−1)) = 0

77

''

ω0,0 = Z⊕ Z

s∗LR
@@

0LR(∞)

��

ω̃−1(P (∞,−1)) = Z2

ω1 = Z2

;;

α∗LR

88
ω1,0 = Z

ρ = 2
;;

0∗LR
88

ω0 = Z

::

ut

Proposition 4.40. For any pointed Z2-space X the Z2-equivariant homo-
topy cofibration sequence

XZ2 → X → X/XZ2

induces long exact sequences in stable Z2-homotopy and cohomotopy

· · · → ω̃Z2
i (XZ2)→ ω̃Z2

i (X)→ ω̃Z2
i (X/XZ2)→ ω̃Z2

i−1(XZ2)→ . . . ,

· · · → ω̃iZ2
(X/XZ2)→ ω̃iZ2

(X)→ ω̃iZ2
(XZ2)→ ω̃i+1

Z2
(X/XZ2)→ . . .

with
ω̃Z2
i (XZ2) = ω̃i(X

Z2)⊕ ω̃i(P (∞)+ ∧XZ2) ,

ω̃Z2
i (X) = ω̃i(X

Z2)⊕ ω̃i(S(∞)+ ∧Z2 X) ,

ω̃Z2
i (X/XZ2) = ω̃i((X/X

Z2)/Z2) ,

ω̃iZ2
(XZ2) = ω̃i(XZ2)⊕ ω̃i(P (∞)+ ∧XZ2

) ,

ω̃iZ2
(X) = ω̃i(XZ2)⊕ ω̃i(S(∞)+ ∧Z2

X) ,

ω̃iZ2
(X/XZ2) = ω̃i((X/XZ2)/Z2) .

Proof. These are Z2-equivariant analogues of the Barratt-Puppe exact se-
quence. Proposition 4.36 (ii) (= Proposition 3.13 of Crabb [12]) gives the
direct sum system

ω̃Z2
i (S(∞)+ ∧X)

γ //
oo
δ

ω̃Z2
i (X)

ρ //
oo
σ

ω̃i(X
Z2)

and Proposition 4.33 gives the identification

ω̃Z2
i (S(∞)+ ∧XZ2) = ω̃i(P (∞)+ ∧XZ2) .
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Similarly for ω̃i.
ut

Proposition 4.41. For any space X and pointed Z2-space Y there are
defined direct sum systems

{X;S(∞)+ ∧Z2
Y }

γ //
oo
δ

{X;Y }Z2

ρ //
oo
σ

{X;Y Z2} ,

{X;P (∞)+ ∧ Y Z2}
γ //
oo
δ

{X;Y Z2}Z2

ρ //
oo
σ

{X;Y Z2}

which fit together in a commutative braid of exact sequences

{ΣX; (Y/Y Z2)/Z2}

&&

''
{X;Y Z2}Z2

""

ρ

##
{X;Y Z2}

{X;P (∞)+ ∧ Y Z2}

88

&&

{X;Y }Z2

ρ
<<

""
{X;S(∞)+ ∧Z2 Y } ;;

<<

{X; (Y/Y Z2)/Z2}

Proof. The direct sum systems are given by Proposition 4.36 (ii).
ut

Example 4.42. In the special case Y = A ∧ A for a pointed space A the
commutative braid in Proposition 4.41 is given by
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{ΣX;B}

!!

%%
{X;A}Z2

∆A

&&

ρ

$$
{X;A}

{X;P (∞)+ ∧A}

77

1 ∧∆A

''

{X;A ∧A}Z2

ρ
AA

��
{X;S(∞)+ ∧Z2

(A ∧A)}
;;

88

{X;B}

with B = ((A ∧A)/∆A)/Z2 and

{X;A}Z2
= {X;A} ⊕ {X;P (∞)+ ∧A} ,

{X;A ∧A}Z2
= {X;A} ⊕ {X;S(∞)+ ∧Z2

(A ∧A)} .

ut

4.4 Z2-equivariant bundles

We shall be mainly concerned with Z2-equivariant U -bundles for finite-
dimensional inner product spaces U .

Definition 4.43. (i) Let U be an inner product space, and X a Z2-space.
A Z2-equivariant U -bundle ξ over X is a U -bundle

ξ : U // E(ξ)
p // X

such that E(ξ) is a Z2-space, p is Z2-equivariant, and the restrictions of
T : E(ξ)→ E(ξ) to the fibres

T | : ξx = p−1(x)→ ξTx = p−1(Tx) = Tξx (x ∈ X)

are isometries, with

dim(ξx) = dim(ξT (x)) = dim(U)

and the Thom space T (ξ) is a pointed Z2-space. For x ∈ XZ2 the fibre ξx is
an inner product Z2-space, and for finite-dimensional U the dimension of the
fixed point subspace is a continuous function



110 4 Z2-equivariant homotopy and bordism theory

dim ξ+ : XZ2 → N ; x 7→ dim(ξx)+

which is constant on each component of XZ2 .
(ii) Let V be an inner product Z2-space. The trivial Z2-equivariant |V |-bundle
εV over a Z2-space X is defined by

εV : |V | → E(εV ) = X × V → X ,

with
X × V → X ; (x, v) 7→ x , (εV )x = V (x ∈ X) ,

T : E(εV ) = X × V → X × V ; (x, v) 7→ (Tx, Tv) .

(iii) The Thom Z2-spectrum of a Z2-equivariant U -bundle ξ is the suspension
Z2-spectrum of T (ξ)

T (ξ) = {T (ξ ⊕ εV ) |V }

with V running over finite-dimensional inner product Z2-spaces, and

T (ξ ⊕ εV ) = V∞ ∧ T (ξ) .

For the trivial Z2-equivariant V -bundle εV over X

E(εV )Z2 = V+ ×XZ2 , T (εV ) = V∞ ∧X∞ ,

T (εV )Z2 = (V+)∞ ∧ (XZ2)∞ .

ut

Example 4.44. Let U be an inner product space.
(i) A Z2-equivariant U -bundle ξ over {∗} is a Z2-action on E(ξ) = U , so that

ξ = εU = εU+ ⊕ εU− .

(ii) For a Z2-equivariant U -bundle ξ over a Z2-space X, forgetting the Z2-
structure determines a U -bundle ξ over X.
(iii) A U -bundle ξ over a space X can be regarded as Z2-equivariant U -bundle
ξ over X (with the trivial Z2-action).
(iv) A U -bundle ξ over a space X determines a Z2-equivariant U -bundle Lξ
over X with

E(Lξ) = E(ξ) , T : E(Lξ)→ E(Lξ) ; (x, u) 7→ (x,−u) ,

such that
(Lξ)+ = 0 , (Lξ)− = ξ .

In particular, for the trivial U -bundle ξ = εU the construction gives the Z2-
equivariant U -bundle Lξ = εLU .

ut
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Proposition 4.45. Let ξ be a Z2-equivariant Ri-bundle over a Z2-space X.
(i) Each fibre ξx (x ∈ XZ2) is an inner product Z2-space, and

E(ξ)Z2 =
⋃

x∈XZ2

(ξx)Z2 .

The subspaces

X(ξ, k) = {x ∈ XZ2 |dim((ξx)+) = k} ⊆ XZ2 (0 6 k 6 i)

are unions of components of XZ2 such that

XZ2 =

i∐
k=0

X(ξ, k) .

The restriction Z2-equivariant bundle (ξ, k) = ξ|X(ξ,k) over X(ξ, k) splits as
a Whitney sum

(ξ, k) = (ξ, k)+ ⊕ L(ξ, k)−

with

(ξ, k)+ : X(ξ, k)→ BO(Rk) , (ξ, k)− : X(ξ, k)→ BO(Ri−k)

nonequivariant bundles such that

E((ξ, k)+) =
⋃

x∈X(ξ,k)

(ξx)+ , E((ξ, k)−) =
⋃

x∈X(ξ,k)

(ξx)− ,

E(ξ)Z2 =
i∐

k=0

E((ξ, k)+) , T (ξ)Z2 =
i∨

k=0

T ((ξ, k)+) .

(ii) For a trivial Z2-equivariant bundle εV over a Z2-space X

X(εV , k) =

{
XZ2 if k = dim(V+)

∅ if k 6= dim(V+) .

(iii) For the Whitney sum ξ⊕η of Z2-equivariant bundles ξ, η over a Z2-space
X

X(ξ ⊕ η, k) =
∐
i+j=k

X(ξ, i) ∩X(η, j) .

In particular, if η = εV

X(ξ ⊕ εV , k) =

{
X(ξ, k − dim(V+)) if k > dim(V+)

∅ if k < dim(V+) .

(iv) If ξ ⊕ η = εV for some inner product Z2-space V , then
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(ξx)+ ⊕ (ηx)+ = V+ (x ∈ XZ2) ,

so that
X(ξ, k) = {x ∈ XZ2 |dim((ξx)+) = k}

= {x ∈ XZ2 |dim((ηx)+) = dim(V+)− k)}
= X(η,dim(V+)− k) .

Proof. By construction.
ut

Proposition 4.46. Let U be a finite-dimensional inner product space, and
let X be a Z2-space, with p : X → X/Z2 the projection.
(i) For any U -bundle ξ over X/Z2 the pullback p∗ξ is a Z2-equivariant U -
bundle over X, with the trivial Z2-action on each fibre p∗ξx = ξp(x) (x ∈ X).
(ii) If X is a free Z2-space the projection p : X → X/Z2 is a double covering,
and the function

{U -bundles over X/Z2} → {Z2-equivariant U -bundles over X} ; ξ 7→ p∗ξ

is a bijection of the sets of isomorphism classes, with

E(p∗ξ)Z2 = ∅ , T (p∗ξ)Z2 = {∞} ,
E(p∗ξ)/Z2 = E(ξ) , T (p∗ξ)/Z2 = T (ξ) .

(iii) For any Z2-equivariant U -bundle ξ over a Z2-space X the function

{(Z2-equivariant map f : M → X with M Z2-free,

. Z2-equivariant bundle map b : νM → ξ)}
→ {(g : M/Z2 → S(∞)×Z2

X, bundle map c : ν/Z2 → 0×Z2
ξ)}

is a bijection of homotopy classes.

Proof. (i) By construction.
(ii) For any Z2-equivariant U -bundle Ξ over X the Z2-action on the total
Z2-space E(Ξ) is free, and the quotient is the total space

E(Ξ)/Z2 = E(ξ)

of a U -bundle ξ over X/Z2 such that Ξ = p∗ξ.
(iii) For a Z2-free space M there is a Z2-equivariant map a : M → S(∞), so
(f : M → X, b : νM → ξ) induces (g : M/Z2 → S(∞) ×Z2

X, c : νM/Z2 →
0 ×Z2

ξ) with g([x]) = [a(x), f(x)] (x ∈ M), c = [b]. Conversely, given (g, c)
let (f, b) = (ḡ, c̄) be the double cover.

ut
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Example 4.47. Let V be an inner product Z2-space. The trivial Z2-equivariant
|V |-bundle εV over a free Z2-space X is the pullback εV = p∗(εV /Z2) along
the projection p : X → X/Z2 of the |V |-bundle εV /Z2 over X/Z2 with

V → E(εV /Z2) = E(εV )/Z2 = X ×Z2
V → X/Z2 .

ut

Proposition 4.48. (i) An m-dimensional Z2-manifold M has a tangent
Z2-equivariant Rm-bundle τM , namely the nonequivariant tangent Rm-bundle
τM with the Z2-action T : E(τM )→ E(τM ) defined by the differentials of the
Z2-action T : M →M .
(ii) The tangent Rm-bundle of an m-dimensional free Z2-manifold M is the
pullback τM = p∗τM/Z2

along the projection p : M →M/Z2 of τM/Z2
, with

E(τM/Z2
) = E(τM )/Z2 , τM/Z2

= τM/Z2 .

ut

Example 4.49. Let U be a finite-dimensional inner product space.
(i) The Z2-manifold LU has tangent Z2-equivariant U -bundle

τLU = εLU .

(ii) The free Z2-manifold S(LU) ⊂ LU is such that there is defined a Z2-
equivariant homeomorphism

S(LU)× R→ LU\{0} ; (u, x) 7→ exu ,

so that the tangent Z2-equivariant bundle τS(LU) is such that

τS(LU) ⊕ εR = εLU .

(iii) The tangent bundle of the projective space P (U) = S(LU)/Z2

τP (U) = τS(LU)/Z2

As usual, it is possible to identify

P (U) = G(R, U) = {K ⊆ U |dim(K) = 1} ,
E(τS(LU)) = {(x ∈ LU, y ∈ S(LU)) | 〈x, y〉 = 0} ,
E(τP (U)) = E(τS(LU))/Z2 = {(K,x ∈ K⊥) |K ⊆ U, dim(K) = 1} .

ut
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Definition 4.50. Let U, V be finite-dimensional inner product spaces. The
Z2-equivariant embedding S(LU) ⊂ S(LU ⊕LV ) has normal Z2-equivariant
V -bundle

νS(LU)⊂S(LU⊕LV ) = εLV .

(i) The Hopf V -bundle over the projective space P (U)

HV = εLV /Z2 : V → E(HV ) = S(LU)×Z2
LV → P (U)

is the normal V -bundle of the embedding P (U) ⊂ P (U ⊕ V )

HV = νP (U)⊂P (U⊕V ) : P (U)→ BO(V ) .

Also, for V = U

HU = τP (U) ⊕ εR = τP (U⊕R)| : P (U)→ BO(U) .

(ii) The Thom space of HV is the stunted projective space

T (HV ) = S(LU)+ ∧Z2 LV
∞ .

For U = Rm, V = Rn write

P (Rm+n)/P (Rn) = P (m+ n, n) = S(LRm)+ ∧Z2
LSn ,

with P (m, 0) = P (Rm)+.
(iii) The infinite stunted projective space P (∞, n) is defined for any n ∈ Z
to be the virtual Thom space (3.29) of the virtual bundle sgn(n)HR|n| over
P (Rm) for sufficiently large m > 0. For n > 0 this is the actual Thom space

P (∞, n) = T (HRn) = P (R(∞)⊕ Rn)/P (Rn) = S(∞)+ ∧Z2
LSn

(= P (∞)+ for n = 0) ,

so that
ω̃j(P (∞, n)) = {Sj ;S(∞)+ ∧ LSn}Z2 .

For n < 0 this is the ‘space’ P (∞, n) with

ω̃j(P (∞, n)) = {Sj ∧ LS−n;S(∞)+}Z2
.

ut

Example 4.51. The Hopf R-bundle HR over P (U) is such that
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E(HR) = {(K,x ∈ K) |K ⊆ U, dim(K) = 1} = S(LU)×Z2
LR ,

S(HR) = {(K,x ∈ K) |K ⊆ U, dim(K) = 1, ‖x‖ = 1} = S(LU) ,

HR = νP (U)⊂P (U⊕R) : P (U)→ lim−→
p

P (U ⊕ Rp) = BO(R) ,

τP (U) ⊕ εR = τP (U⊕R)| = HU : P (U)→ BO(U) ,

T (HR) = P (U ⊕ R)/P (R) = S(LU)+ ∧Z2
LR∞ ,

and for any n > 1

νP (U)⊂P (U⊕Rn) = HRn =
⊕
n
HR : P (U)→ BO(Rn) ,

τP (U) ⊕ εR ⊕HRn−1 = τP (U⊕Rn)| = HU⊕Rn−1 : P (U)→ BO(U ⊕ Rn−1) .

ut

Definition 4.52. Let ξ − ξ′ be a virtual Z2-equivariant bundle over a Z2-
space X, and let η be a Z2-equivariant bundle over X such that ξ′⊕η = εV for
some finite-dimensional inner product Z2-space V , so that ξ−ξ′ = ξ⊕η−εV .
(i) The virtual Thom Z2-space of ξ − ξ′ is the Z2-spectrum

T (ξ − ξ′) = {T (ξ − ξ′)U |U}

defined by
T (ξ − ξ′)U = T (ξ ⊕ η ⊕ εU/V )

for finite-dimensional inner product Z2-spaces U such that V ⊆ U .
(ii) Write

ω∗Z2
(X; ξ − ξ′) = ω̃∗Z2

(T (ξ − ξ′)) ,
ωZ2
∗ (X; ξ − ξ′) = ω̃Z2

∗ (T (ξ − ξ′))

so that
ωmZ2

(X; ξ − ξ′) = {T (ξ ⊕ η);ΣmV∞}Z2
,

ωZ2
m (X; ξ − ξ′) = {ΣmV∞;T (ξ ⊕ η)}Z2

.

ut

Proposition 4.53. (i) Let X be a pointed Z2-space and let p : X → X/Z2

be the projection, so that there are induced morphisms

p∗ : ω̃m(X/Z2)→ ω̃mZ2
(X) ;

(F : V∞ ∧X/Z2 → ΣmV∞) 7→ (F (1 ∧ p) : V∞ ∧X → ΣmV∞) ,

p∗ : ω̃Z2
m (X)→ ω̃m(X/Z2) ;

(F : ΣmV∞ → V∞ ∧X) 7→ ((1 ∧ p)F : ΣmV∞ → V∞ ∧X/Z2) .

If X is semifree then p∗ is an isomorphism, and if in addition X is a finite
CW Z2-complex then p∗ is also an isomorphism.
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(ii) For a virtual Z2-equivariant bundle ξ − ξ′ over a free Z2-space X

ω∗Z2
(X; ξ − ξ′) = ω∗(X/Z2; ξ/Z2 − ξ′/Z2)

and if in addition X is a finite CW Z2-complex then

ωZ2
∗ (X; ξ − ξ′) = ω∗(X/Z2; ξ/Z2 − ξ′/Z2) .

Proof. (i) For any finite-dimensional inner product Z2-space V there is de-
fined a V -bundle εV /Z2 over X/Z2 with

E(εV /Z2) = V ×Z2
X .

For sufficiently large n > 0 there exists a bundle λV over X/Z2 such that

(εV /Z2)⊕ λV = εRn .

An element G ∈ ωmZ2
(X) is represented by a Z2-equivariant map G : V∞ ∧

X → ΣmV∞, and the composite

H : (V∞ ∧Z2
X) ∧X/Z2

T (λV ) = ΣnX+ G ∧ 1 //

Σm(V∞ ∧Z2
X) ∧X/Z2

T (λV ) = Σm+nX → Sm+n

is a stable map such that

ωmZ2
(X)→ ωm(X/Z2) ; G 7→ H

is an inverse to p∗.
For X a finite CW Z2-complex the stable Z2-equivariant Umkehr map F ∈
{X/Z2;X}Z2

of Proposition 4.33 (ii) induces a morphism

ωm(X/Z2)→ ωZ2
m (X) ; G 7→ FG

inverse to p∗, by 4.33 (iii).
(ii) Let η be a bundle over X such that ξ′/Z2 ⊕ η = εV for some finite-
dimensional inner product space V , so that ξ′ ⊕ p∗η = εV ,

ωmZ2
(X; ξ − ξ′) = {T (ξ ⊕ p∗η);ΣmV∞}Z2

,

ωm(X/Z2; ξ/Z2 − ξ′/Z2) = {T (ξ/Z2 ⊕ η);ΣmV∞} ,
ωZ2
m (X; ξ − ξ′) = {ΣmV∞;T (ξ ⊕ η)}Z2

,

ωm(X/Z2; ξ/Z2 − ξ′/Z2) = {ΣmV∞;T (ξ/Z2 ⊕ η)} .

The Z2-action on T (ξ ⊕ p∗η) is semifree, with quotient

T (ξ ⊕ p∗η)/Z2 = T (ξ/Z2 ⊕ η) ,
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so that by (i)

ωmZ2
(X; ξ − ξ′) = {T (ξ ⊕ p∗η);ΣmV∞}Z2

= {T (ξ/Z2 ⊕ η);ΣmV∞} = ωm(X/Z2; ξ/Z2 − ξ′/Z2) ,

ωZ2
m (X; ξ − ξ′) = {ΣmV∞;T (ξ ⊕ p∗η)}Z2

= {ΣmV∞;T (ξ/Z2 ⊕ η)} = ωm(X/Z2; ξ/Z2 − ξ′/Z2) .

ut

Terminology 4.54 For i > j > 0 the i-dimensional inner product Z2-
space V = Rj ⊕ LRi−j has a j-dimensional fixed point space V+ = Rj . For
any Z2-space X write

ωi,j(X) = ω0
Z2

(X;−εV ) = {X+;V∞}Z2
,

ωi,j(X) = ωZ2
0 (X;−εV ) = {V∞;X+}Z2

exactly as in Crabb [12, pp. 28,29].
ut

Example 4.55. If X is a free Z2-space and V = Rj ⊕ LRi−j then

ωi,j(X) = ω0
Z2

(X;−εV ) = ω0(X/Z2;−εV /2) ,

ωi,j(X) = ωZ2
0 (X;−εV ) = ω0(X/Z2;−εV /2)

by Proposition 4.53, assuming X is a finite CW Z2-complex for ωi,j(X).
ut

Example 4.56. The Z2-equivariant homotopy cofibration sequence

S(∞)+ → S0 → LR(∞)∞ → ΣS(∞)+ → . . .

induces the exact sequence

. . . // ω̃j(P (∞, j − i)) // ωi,j
ρ // ωj // ω̃j−1(P (∞, j − i)) // . . .

of Crabb [12, Proposition 4.6], with ωi,j = ωi,j({∗}).
ut

Example 4.57. (i) For i = j

ωi,i(X) = ωiZ2
(X) = {X+;Si}Z2

,

ωi,i(X) = ωZ2
i (X) = {Si;X+}Z2

.
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(ii) For V = Rj ⊕ LRi−j , V ′ = Rj′ ⊕ LRi′−j′ ,

ωnZ2
(X; εV − εV ′) = {V∞ ∧X+; (V ′ ⊕ Rn)∞}Z2

= ωn+i′−i,n+j′−j(X) ,

ωZ2
n (X; εV − εV ′) = {(V ′ ⊕ Rn)∞;V∞ ∧X+}Z2 = ωn+i′−i,n+j′−j(X) .

ut

Proposition 4.58. Let ξ be a Z2-equivariant Ri-bundle over a Z2-space X,
so that 0× ξ is a Z2-equivariant Ri-bundle over the free Z2-space S(∞)×X
with

E(0× ξ) = S(∞)× E(ξ) , T (0× ξ) = S(∞)+ ∧ T (ξ) ,

and 0×Z2
ξ is an Ri-bundle over S(∞)×Z2

X with

E(0×Z2 ξ) = S(∞)×Z2 E(ξ) , T (0×Z2 ξ) = S(∞)+ ∧Z2 T (ξ) .

(i) For any inner product Z2-space V the stable Z2-equivariant homotopy
groups ωZ2

∗ (X; ξ − εV ) fit into a long exact sequence

· · · → ωZ2
m (S(∞)×X; 0× (ξ − εV ))→ ωZ2

m (X; ξ − εV )

ρ // ωm(T (ξ − εV )Z2)→ ωZ2
m−1(S(∞)×X; 0× (ξ − εV ))→ . . .

with ρ the fixed point map, and

ωZ2
m (X; ξ − εV ) = {(V ⊕ Rm)∞;T (ξ)}Z2

,

ωm(T (ξ − εV )Z2) = {(V+ ⊕ Rm)∞;T (ξ)Z2}

=
i⊕

k=0

ωm+dim(V+)(X(ξ, k); (ξ, k)+) .

Furthermore, if X is a finite CW Z2-complex

ωZ2
m (S(∞)×X; 0× (ξ − εV )) = ωm(S(∞)×Z2

X; 0×Z2
(ξ − εV )) .

(ii) For V = {0} the sequence in (i) breaks up into split short exact sequences:
the stable Z2-equivariant homotopy groups ωZ2

∗ (X; ξ) split as

ωZ2
m (X; ξ) = ω̃Z2

m (T (ξ))

= ω̃m(S(∞)+ ∧Z2 T (ξ))⊕ ω̃m(T (ξ)Z2)

= ωm(S(∞)×Z2
X; 0×Z2

ξ)⊕
i⊕

k=0

ωm(X(ξ, k); (ξ, k)+) .

Proof. These are special cases of Proposition 4.31 (ii)+(iii), combined with
Proposition 4.53.

ut



4.4 Z2-equivariant bundles 119

The stable cohomotopy Thom and Euler classes (3.50) have Z2-equivariant
versions:

Definition 4.59. (i) The stable Z2-equivariant cohomotopy Thom class of
a Z2-equivariant V -bundle ξ over X

uZ2(ξ) = 1 ∈ ω0
Z2

(D(ξ), S(ξ);−ξ) = ω0
Z2

(X)

is represented by the pointed Z2-map 1 : X+ → S0 sending X to the non-
base point.
(ii) The stable Z2-equivariant cohomotopy Euler class of a Z2-equivariant
V -bundle ξ over X

γZ2(ξ) = z∗uZ2(ξ) ∈ ω0
Z2

(X;−ξ) = {T (η); (V ⊕W )∞}Z2

is represented by the Z2-equivariant map

T (η)
z // T (ξ ⊕ η) = (V ⊕W )∞ ∧X+ // (V ⊕W )∞

with ξ ⊕ η = εV⊕W and

z : E(η)→ E(ξ ⊕ η) ; (w, x) 7→ ((0, w), x) .

ut

Example 4.60. Let V be a finite-dimensional inner product Z2-space. The
stable Z2-equivariant cohomotopy Euler class of the trivial Z2-equivariant
V -bundle εV : X → BOZ2(V ) over a Z2-space X

γZ2(εV ) = 0V ∈ ω0
Z2

(X;−εV ) = {X+;V∞}Z2

is represented by the pointed Z2-map 0V : X+ → V∞ sending X to 0V ∈ V∞.
ut

Example 4.61. (i) The special case

X = (Rj ⊕ LRi−j)∞ = Σj(LSi−j) , Y = S0

of Proposition 4.36 (i) is the exact sequence

. . . // ωi+1,j
b // ωi,j // ωi // ωi,j−1

// . . .

of Crabb [12, Lemma (4.3)], with
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ωi = ωi(pt.) = {Si;S0} = πSi ,

ωi,j = ωi,j(pt.) = {Σj(LSi−j);S0}Z2

=


0 if i < 0 and j < 0

ω̃j(P (∞, j − i)) if j < −1

ω̃j(P (∞, j − i))⊕ ωj if i 6 j

with P (∞, j−i) = P (∞)/P (Rj−i) the infinite stunted projective space (4.50),
and

b = γZ2(εLR) = 1 ∈ ω−1,0 = {S0;LS1}Z2
= ω0 = Z

the Z2-equivariant Euler class of εLR, represented by 0 : S0 → LS1 ([12,
Remarks 4.7]).
(ii) The degree defines an isomorphism

ω0 = {S0;S0}
∼= // Z ; (G : W∞ →W∞) 7→ degree(G) .

By Example 4.26 there is defined an isomorphism

bi-degree : ω0,0 = {S0;S0}Z2

∼= // ω0(P (∞))⊕ ω0 = Z⊕ Z .

ut

Definition 4.62. An element c ∈ O(V,U ⊕ V ) is a linear isometry c : V →
U ⊕ V . The Z2-equivariant adjoint of a map c : X → O(V,U ⊕ V ) is the
Z2-equivariant pointed map

Fc : LV∞ ∧X+ → (LU ⊕ LV )∞ ; (v, x) 7→ c(x)(v) .

ut

Proposition 4.63. (i) Let V,W be finite-dimensional inner product Z2-
spaces. For a stably trivial Z2-equivariant V -bundle ξ and a Z2-equivariant
V ⊕W -bundle isomorphism δξ : ξ ⊕ εW ∼= εV⊕W

γZ2(ξ) ∈ ω0
Z2

(X;−ξ) = {X+;V∞}Z2

is the stable Z2-equivariant homotopy class of the adjoint of δξ

γZ2(ξ) : V∞ ∧X+ → (V ⊕W )∞ ; (v, x) 7→ δξ(x)(v) ,

exactly as in the nonequivariant case (3.53).
(ii) If s : Y → S(ξ|Y ) is a Z2-equivariant section of pS(ξ|Y ) : S(ξ|Y ) → Y
(for some Y ⊆ X) then
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γZ2(ξ) ∈ ker(ω0
Z2

(X;−ξ)→ ω0
Z2

(Y ;−ξ|Y )) = im(ω0
Z2

(X,Y ;−ξ)→ ω0
Z2

(X;−ξ))

and there is defined a rel Y Euler class γZ2(ξ, s) ∈ ω0
Z2

(X,Y ;−ξ) with image

γZ2(ξ) ∈ ω0
Z2

(X;−ξ).
(iii) The rel Y Euler classes of Z2-equivariant sections s0, s1 : Y → S(ξ|Y )
which agree on a subspace Z ⊆ Y are such that

γZ2(ξ, s0)− γZ2(ξ, s1) ∈ ker(ω0
Z2

(X,Y ;−ξ)→ ω0
Z2

(X,Z;−ξ))
= im(ω−1

Z2
(Y,Z;−ξ)→ ω0

Z2
(X,Y ;−ξ))

and there is a Z2-equivariant difference class

δ(s0, s1) ∈ ω−1
Z2

(Y, Z;−ξ) = {Σ(Y/Z);V∞}Z2

with image

γZ2(ξ, s0)− γZ2(ξ, s1) ∈ ω0
Z2

(X,Y ;−ξ) = {X/Y ;V∞}Z2 .

ut

Example 4.64. (i) Let V be a finite-dimensional inner product space. Given
a V -bundle ξ : X → BO(V ) let η : X → BO(W ) be a W -bundle such that

ξ ⊕ η = εV⊕W : X → BO(V ⊕W ) ,

so that
Lξ ⊕ Lη = εLV⊕LW : X → BOZ2(V ⊕W ) .

The Z2-equivariant Euler class of Lξ : X → BOZ2(V )

γZ2(Lξ) ∈ ω0
Z2

(X;−Lξ) = {T (Lη); (LV ⊕ LW )∞}Z2

is represented by the composite Z2-equivariant map

T (Lη)
z // T (Lξ ⊕ Lη) = (LV ⊕ LW )∞ ∧X+ → (LV ⊕ LW )∞

with

z : E(Lη)→ E(Lξ ⊕ Lη) = (LV ⊕ LW )×X ; (v, x) 7→ ((0, v), x) .

(ii) For ξ = εV can take W = {0}, η = 0 in (i), so that

γZ2(εLV ) ∈ ω0
Z2

(X;−εLV ) = {X+;LV∞}Z2

is represented by the Z2-equivariant map

X+ → LV∞ ; x 7→ 0 , ∞ 7→ ∞ .
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If V is non-zero then εLV does not admit a Z2-equivariant section, and
γZ2(εLV ) is non-zero – see Example 4.61 above.

ut

4.5 Z2-equivariant S-duality

We recall the Z2-equivariant S-duality theory of Wirthmüller [92]. (The the-
ory is for G-spaces with G a compact Lie group, although we shall only
be concerned with the case G = Z2). The theory deals with the stable Z2-
equivariant homotopy groups

{X;Y }Z2
= lim−→

U

[U∞ ∧X,U∞ ∧ Y ]Z2

as in Definition 4.24, with the direct limit running over all the finite-
dimensional inner product Z2-spaces U .

Definition 4.65. Let X,Y be pointed Z2-spaces, and let U −V be a formal
difference of finite-dimensional inner product Z2-spaces.
(i) Define cap products

ω̃Z2
0 (X ∧ Y ; εU − εV )⊗ ω̃iZ2

(X)→ ω̃Z2
−i(Y ; εU − εV ) ;

(σ : V∞ → U∞ ∧X ∧ Y )⊗ (f : X → Si) 7→ ((1 ∧ f)σ : V∞ → ΣiU∞ ∧ Y ) .

(ii) An element σ ∈ ω̃Z2
0 (X ∧ Y ; εU − εV ) is a Z2-equivariant S-duality if the

products
σ ⊗− : ω̃iZ2

(X)→ ω̃Z2
−i(Y ; εU − εV ) (i ∈ Z)

are isomorphisms.
ut

Proposition 4.66. (Wirthmüller [92])
(i) If σ ∈ ω̃Z2

0 (X ∧Y ; εU − εV ) is a Z2-equivariant S-duality there are induced
isomorphisms

σ : {X ∧A;B}Z2

∼= // {V∞ ∧A;U∞ ∧B ∧ Y }Z2
; F 7→ (F ∧ 1Y )(σ ∧ 1A) ,

σ : {A ∧ Y ;B}Z2

∼= // {V∞ ∧A;U∞ ∧X ∧B}Z2
; G 7→ (1X ∧G)(1A ∧ σ)

for any pointed CW Z2-complexes A,B.
(ii) For any finite pointed CW Z2-complex X there exist a finite-dimensional
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inner product Z2-space V , a finite pointed CW Z2-complex Y and a Z2-
equivariant map σ : V∞ → X ∧ Y such that σ ∈ ω̃Z2

0 (X ∧ Y ;−εV ) is a
Z2-equivariant S-duality, and for any pointed CW Z2-complex B

{X;B}Z2
∼= {V∞;B ∧ Y }Z2

, {Y ;B}Z2
∼= {V∞;B ∧X}Z2

.

ut

Example 4.67. Let X be a pointed CW complex, let Y a finite pointed CW
Z2-complex, and let i : Y Z2 → Y be the inclusion. For any stable Z2-
equivariant map F : X → Y the fixed point stable map G = ρ(F ) : X → Y Z2

is such that F and σ(G) = iG : X → Y agree on the fixed points, with the
relative difference Z2-equivariant map

δ(F, σ(G)) : ΣS(∞)+ ∧X → LR(∞)∞ ∧ Y

Z2-equivariantly S-dual (by 4.66 (ii), with V = R(∞)) to a stable Z2-
equivariant map

δ′(F, σ(G)) : X → S(∞)+ ∧ Y

such that
F − σ(G) = δ′(F, σ(G)) ∈ im(δ) = ker(ρ)

in the direct sum system of Proposition 4.39

{X;S(∞)+ ∧ Y }Z2

γ //
oo
δ

{X;Y }Z2

ρ //
oo
σ

{X;Y Z2} .

ut

Proposition 4.68. Let V be a finite-dimensional inner product Z2-space,
and let M be an m-dimensional V -restricted Z2-manifold, so that there exists
a Z2-equivariant embedding M ⊂ V ⊕Rm with a Z2-equivariant normal |V |-
bundle νM such that

τM ⊕ νM = εV⊕Rm .

The composite of the Z2-equivariant Pontryagin-Thom map α : (V ⊕Rm)∞ →
T (νM ) and the diagonal map ∆ : T (νM )→M+ ∧ T (νM ) is a Z2-equivariant
map

σ = ∆α : (V ⊕ Rm)∞ →M+ ∧ T (νM )

such that

σ ∈ ωZ2
0 (M ×M, 0×−τM ) = ωZ2

m (M ×M, 0× (νM − εV ))

= ωZ2
0 (M+ ∧ T (νM );−εV⊕Rm)

= {(V ⊕ Rm)∞;M+ ∧ T (νM )}Z2
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is a Z2-equivariant S-duality between M+ and T (νM ) inducing Poincaré du-
ality isomorphisms

σ ∩ − : ω∗Z2
(M) ∼= ωZ2

m−∗(M,νM − εV ) .

The isomorphism ω0
Z2

(M) ∼= ωZ2
m (M ; νM−εV ) sends 1 ∈ ω0

Z2
(M) = {M+;S0}Z2

to

α ∈ ωZ2
0 (M,−τM ) = ωZ2

m (M,νM − εV ) = {(V ⊕ Rm)∞;T (νM )}Z2 .

ut

Example 4.69. Let M be an m-dimensional free Z2-manifold, with a Z2-
equivariant embedding M ⊂ V ⊕ Rm as in 4.68, and let p : M → M/Z2

be the double covering projection, so that

τM = p∗τM/Z = εV⊕Rm − νM = p∗(εV⊕Rm/Z2)− p∗(νM/Z2) ,

τM/Z = εV⊕Rm/Z2 − νM/Z2 .

The normal bundle of an embedding M/Z2 ⊂ U ⊕ Rm (for some finite-
dimensional inner product space U) is such that

νM/Z2
= εU⊕Rm − τM/Z2

= εU − εV /Z2 + νM/Z2 ,

and

α ∈ ωZ2
0 (M,−τM ) = {(V ⊕ Rm)∞;T (νM )}Z2

= ω0(M/Z2,−τM/Z2) = {(U ⊕ Rm)∞;T (νM/Z2
)}

is the Pontryagin-Thom map of M/Z2 ⊂ U ⊕ Rm. The Z2-equivariant S-
duality between M+ and T (νM ) can also be regarded as a nonequivariant
S-duality between (M/Z2)+ and T (νM/Z2

)

σ ∈ ωZ2
0 (M ×M, 0×−τM ) = ωZ2

m (M × T (νM ),−εV )

= ω0(M/Z2 ×M/Z2, 0×Z2
−τM )

= ωm((M/Z2)+ ∧ T (νM/Z2
);−εU ) ,

with the Z2-equivariant Poincaré duality isomorphisms

σ ∩ − : ω∗Z2
(M) ∼= ωZ2

m−∗(M,νM − εV )

regarded as nonequivariant Poincaré duality isomorphisms

σ ∩ − : ω∗(M/Z2) ∼= ωm−∗(M/Z2, νM/Z2
− εU ) .

ut
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Example 4.70. (i) For any finite-dimensional inner product space V the in-
clusion S(LV ) ⊂ LV is a Z2-equivariant embedding with trivial normal Z2-
equivariant R-bundle νS(LV )⊂LV = εR. The composite of

αLV : LV∞ → T (εR) = ΣS(LV )+ ; [t, u] 7→ (t, u)

and the diagonal map ∆ : ΣS(LV )+ → S(LV )+ ∧ΣS(LV )+

σLV = ∆αLV : LV∞ → S(LV )+ ∧ΣS(LV )+

represents a Z2-equivariant S-duality

σLV ∈ ω0(S(LV )+ ∧ΣS(LV )+;−εLV ) .

Thus for any pointed CW Z2-complexes A,B there is defined an S-duality
isomorphism

{ΣS(LV )+∧A;LV∞∧B}Z2
→ {A;S(LV )+∧B}Z2

; F 7→ (1∧F )(∆αLV ∧1) .

The Z2-equivariant S-duality map σLV induces a Z[Z2]-module chain map

σLV : Ċcell(LV∞)→ Ccell(S(LV ))⊗Z SC
cell(S(LV ))

with adjoint an isomorphism of Z[Z2]-module chain complexes

σLV : HomZ[Z2](SC
cell(S(LV )), Ċcell(LV∞))

∼= // HomZ[Z2](Ċ
cell(LV∞), Ccell(S(LV ))⊗Z Ċ

cell(LV∞)) = Ccell(S(LV )) .

(ii) For any Z[Z2]-module chain complexes D,E the isomorphism of (i) de-
termines a chain level Z2-equivariant S-duality isomorphism

σLV : HomZ[Z2](SC
cell(S(LV ))⊗Z D, Ċ

cell(LV∞)⊗Z E)

∼= // HomZ[Z2](D,C
cell(S(LV ))⊗Z E) .

(iii) The Z2-equivariant S-duality isomorphism

σLV : {ΣS(LV )+ ∧A;LV∞ ∧B}Z2

∼= // {A;S(LV )+ ∧B}Z2

induces the chain level Z2-equivariant S-duality isomorphism of (ii) with D =
C(A), E = C(B). A stable Z2-equivariant map F : ΣS(LV )+∧A→ LV∞∧B
as in 4.66 (ii) induces a Z[Z2]-module chain map

f : SCcell(S(LV ))⊗Z Ċ(A)→ Ċcell(LV∞)⊗Z Ċ(B) .

The S-dual stable Z2-equivariant map
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G = (1 ∧ F )(∆αLV ∧ 1) : A→ S(LV )+ ∧B

induces a Z[Z2]-module chain map

g : Ċ(A)→ Ccell(S(LV ))⊗Z Ċ(B)

which is just the adjoint of f , i.e. f and g correspond under the isomorphism
of (ii). Thus there is defined a commutative diagram

{ΣS(LV )+ ∧A;LV∞ ∧B}Z2

σLV ∼=
��

Hurewicz// H ′

σLV ∼=
��

{A,S(LV )+ ∧B}Z2

Hurewicz // H ′′

where

H ′ = H0(HomZ[Z2](SC
cell(S(LV ))⊗Z Ċ(A), Ccell(LV∞)⊗Z Ċ(B))) ,

H ′′ = H0(HomZ[Z2](Ċ(A), Ccell(S(LV ))⊗Z Ċ(B))) .

(iv) For A = B = S0 in (iii) there is defined a commutative diagram of
isomorphisms

{ΣS(LV )+;LV∞}Z2

σLV ∼=
��

Hurewicz

∼=
// H ′

σLV ∼=
��

{S0;S(LV )+}Z2

Hurewicz

∼=
// H ′′

with

{ΣS(LV )+;LV∞}Z2
→ H ′ = Z ;

(F ′ : ΣS(LV )+ → LV∞) 7→ semidegree(F ′) = (F ′)∗(1)/2 ,

{S0;S(LV )+}Z2 → H ′′ = H0(P (V )) = Z ;

(F ′′ : S0 → S(LV )+) 7→ (F ′′)∗(1)/2 .

ut



Chapter 5

The geometric Hopf invariant

We shall now construct the geometric Hopf invariant of a stable map F :
V∞ ∧X → V∞ ∧ Y .

5.1 The Q-groups

In the first instance we recall the definition of the various Z2-hypercohomology
Q-groups required for the quadratic construction.

Let A be a ring with an involution

A→ A ; a 7→ a ,

a function such that

a+ b = a+ b , ab = b.a , a = a , 1 = 1 ∈ A .

The two main examples are:

1. A commutative ring A with the identity involution

A→ A ; a 7→ a = a .

2. A group ring A = Z[π] with the involution

Z[π]→ Z[π] ;
∑
g∈π

ngg 7→
∑
g∈π

ngw(g)g−1

127
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for a group morphism w : π → Z2 = {±1}.

The involution on A can be used to define the dual of a (left) A-module
M to be the A-module

M∗ = HomA(M,A) , A×M∗ →M∗ ; (a, f) 7→ (x 7→ f(x)a) ,

with a duality morphism

HomA(M,N)→ HomA(N∗,M∗) ; f 7→ (f∗ : g 7→ gf) .

The involution can also be used to define a right A-module structure on the
additive group of an A-module M

M ×A→M ; (x, a) 7→ ax .

For A-modules M,N there is defined a Z-module

M ⊗A N = M ⊗Z N/{ax⊗ y − x⊗ ay | a ∈ A, x ∈M, y ∈ N}

and the natural Z-module morphism

M ⊗A N → HomA(M∗, N) ; x⊗ y 7→ (f 7→ f(x)y)

is an isomorphism for f.g. projective M . In particular, for N = A and a f.g.
projective A-module M there is defined a natural isomorphism

M →M∗∗ ; x 7→ (f 7→ f(x)) .

Given A-module chain complexes C,D let C ⊗A D, HomA(C,D) be the
Z-module chain complexes with

(C ⊗A D)n =
∑

p+q=n
Cp ⊗A Dq , d(x⊗ y) = x⊗ dD(y) + (−)qdC(x)⊗ y ,

HomA(C,D)n =
∑

q−p=n
HomA(Cp, Dq) , d(f) = dDf + (−)qfdC .

A cycle f ∈ HomA(C,D)0 is a chain map f : C → D, and H0(HomA(C,D))
is the abelian group of chain homotopy classes of chain maps f : C → D.

The suspension of an A-module chain complex C is the A-module chain
complex SC with

dSC = dC : (SC)r = Cr−1 → (SC)r−1 = Cr−2 .

Let C−∗ be the A-module chain complex with

(C−∗)r = C−r = HomA(C−r, A) , dC−∗ = (dC)∗ .
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The natural Z-module chain map

C ⊗A D → HomA(C−∗, D) ; x⊗ y 7→ (f 7→ f(x)y)

is an isomorphism if C is a bounded f.g. projective A-module chain complex,
in which case a homology class f ∈ Hn(C ⊗A D) = H0(HomA(Cn−∗, D)) is
a chain homotopy class of A-module chain maps f : Cn−∗ → D, with

dCn−∗ = (−)rd∗C : (Cn−∗)r = Cn−r → (Cn−∗)r−1 = Cn−r+1 .

For an A-module chain complex C let the generator T ∈ Z2 act on the
Z-module chain complex C ⊗A C by the signed transposition

T : Cp ⊗A Cq → Cq ⊗A Cp ; x⊗ y 7→ (−)pqy ⊗ x ,

so that C ⊗A C is a Z[Z2]-module chain complex. If C is a bounded f.g. pro-
jective A-module chain complex transposition corresponds to duality under
the natural isomorphism C ⊗A C ∼= HomA(C−∗, C), with

T : HomA(C∗p , Cq)→ HomA(C∗q , Cp) ; f 7→ (−)pqf∗ .

Definition 5.1. For −∞ 6 i 6 j 6 ∞ let W [i, j] be the Z[Z2]-module
chain complex with

W [i, j]r =

{
Z[Z2] if i 6 r 6 j

0 otherwise
, d = 1+(−)rT : W [i, j]r →W [i, j]r−1 .

(i) The [i, j]-symmetric Q-groups of C are

Qn[i,j](C) = Hn(HomZ[Z2](W [i, j], C ⊗A C)) .

An element φ ∈ Qn[i,j](C) is an equivalence class of collections

φ = {φs ∈ (C ⊗A C)n+s | i 6 s 6 j}

satisfying

(d⊗ 1)φs + (−)rφs(1⊗ d) + (−)n+s−1(φs−1 + (−)sTφs−1) = 0

∈ (C ⊗A C)n+s−1 =
∑
r
Cn−r+s−1 ⊗A Cr (φi−1 = 0) .

(ii) The [i, j]-quadratic Q-groups of C are

Q[i,j]
n (C) = Hn(W [i, j]⊗Z[Z2] (C ⊗A C)) .

An element ψ ∈ Q[i,j]
n (C) is an equivalence class of collections
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ψ = {ψs ∈ (C ⊗A C)n−s | i 6 s 6 j}

satisfying

(d⊗ 1)ψs + (−)rψs(1⊗ d) + (−)n−s−1(ψs+1 + (−)sTψs+1) = 0

∈ (C ⊗A C)n−s−1 =
∑
r
Cn−r−s−1 ⊗A Cr (ψj+1 = 0) .

ut

Proposition 5.2. ([60, 1.1]) Let −∞ 6 i 6 j 6 k 6∞.
(i) The functions

Qn[i,j](C)→ Q
[−1−j,−1−i]
n−1 (C) ; φ 7→ ψ , ψs = φ−1−s ,

Qn[i,j](C)→ Qn+1
[i+1,j+1](SC) ; φ 7→ Sφ , Sφs = φs−1

are isomorphisms.
(ii) There are defined long exact sequences of Q-groups

· · · → Qn[j+1,k+1](C)→ Qn[i,k+1](C)→ Qn[i,j](C)→ Qn−1
[j+1,k+1](C)→ . . .

· · · → Q
[i,j]
n (C)→ Q

[i,k+1]
n (C)→ Q

[j+1,k+1]
n (C)→ Q

[i,j]
n−1(C)→ . . .

Proof. (i) The functions are already isomorphisms on the chain level.
(ii) Immediate from the short exact sequence of Z[Z2]-module chain com-
plexes

0→W [i, j]→W [i, k + 1]→W [j + 1, k + 1]→ 0 .

ut

For an inner product space V with dim(V ) = k (1 6 k 6∞) give S(LV )
the standard Z2-equivariant CW structure with cells

e0 , T e0 , e1 , T e1 , . . . , ek−1 , T ek−1

and (k − 1)-dimensional free Z[Z2]-module cellular chain complex

Ccell(S(LV )) = W [0, k − 1] .

Definition 5.3. ([60, pp. 100-101]) (i) Given Z[Z2]-modules M,N define a
Z[Z2]-module structure on HomZ(M,N) by

T : HomZ(M,N)→ HomZ(M,N) ; f 7→ TNfTM .

(ii) Given an inner product space V and Z[Z2]-module chain complexes C,D
define a V -coefficient Z2-isovariant chain map f : C → D to be a cycle
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f = {fs | 0 6 s 6 dim(V )− 1} ∈ HomZ[Z2](C
cell(S(LV )),HomZ(C,D))0 ,

with fs ∈ HomZ(Cr, Dr+s) such that

dDfs + (−)s−1fsdC + (−)s−1(fs−1 + (−)sTDfs−1TC) = 0 :

Cr → Dr+s−1 (f−1 = 0) ,

which can be regarded as a Z[Z2]-module chain map f : Ccell(S(LV ))⊗ZC →
D. Thus f0 : C → D is a Z-module chain map, f1 : f0 ' TDf0TC is a chain
homotopy, f2 is a higher chain homotopy, etc.
(iii) There is a corresponding notion of V -coefficient Z2-isovariant chain ho-
motopy h : f ' g : C → D, and

H0(HomZ[Z2](C
cell(S(LV )),HomZ(C,D)))

= H0(HomZ[Z2](C
cell(S(LV ))⊗Z C,D))

is the abelian group of V -coefficient Z2-isovariant chain homotopy classes of
V -coefficient Z2-isovariant chain maps.
(iv) A V -coefficient Z2-isovariant chain map f : C → D induces a Z-module
chain map

f% : HomZ[Z2](C
cell(S(LV )), C)→ HomZ[Z2](C

cell(S(LV )), D) ;

g = {gs} 7→ (f ⊗ g)∆

with

∆ : Ccell(S(LV ))→ Ccell(S(LV ))⊗Z C
cell(S(LV )) ; 1r 7→

r∑
s=0

1s⊗ (Tr−s)
s

the cellular diagonal chain approximation Z[Z2]-module chain map.
(v) The composite of V -coefficient Z2-isovariant chain maps f : C → D,
g : D → E is the V -coefficient Z2-isovariant chain map gf : C → E with

gf = f%(g) : Ccell(S(LV ))⊗Z C
∆⊗ 1//

Ccell(S(LV ))⊗Z C
cell(S(LV ))⊗Z C

1⊗ f // Ccell(S(LV ))⊗Z D
g // E .

(vi) The cup product of V -coefficient Z2-isovariant chain maps f : C → D,
g : E → F is the V -coefficient Z2-isovariant chain map with

f ∪ g = (f ⊗ g)∆ : Ccell(S(LV ))⊗Z C ⊗Z E
∆⊗ 1//

Ccell(S(LV ))⊗Z C
cell(S(LV ))⊗Z C ⊗Z E

f ⊗ g // D ⊗Z F .

ut
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Example 5.4. (i) For V = R a V -coefficient Z2-isovariant chain map f : C →
D is just a Z-module chain map f0 : C → D.
(ii) For V = R2 a V -coefficient Z2-isovariant chain map f : C → D is a
Z-module chain map f0 : C → D together with a Z-module chain homotopy
f1 : f0 ' TDf0TC : C → D.

ut

Proposition 5.5. Let f : C → D be a V -coefficient Z2-isovariant chain
map of Z[Z2]-module chain complexes which are bounded below. If f0 : C → D
induces isomorphisms (f0)∗ : H∗(C) ∼= H∗(D) the Z-module chain map f%

induces isomorphisms

(f%)∗ : H∗(HomZ[Z2](C
cell(S(LV )), C)) ∼= H∗(HomZ[Z2](C

cell(S(LV )), D)) .

Proof. Standard homological algebra.
ut

Let Ŝ(LV ) be the suspension Z2-spectrum with

Ŝ(LV )j = Σj−kS(LV ⊕ LRj)+ (j > k)

and Z[Z2]-module cellular chain complex

Ċcell(Ŝ(LV )) = Ccell(S(LV ⊕ LV ))∗+k = W [−k, k − 1] .

Definition 5.6. Let C be an A-module chain complex, and let V be an
inner product space with dim(V ) = k (1 6 k 6∞).
(i) The V -coefficient symmetric Q-groups of C are

QnV (C) = Hn(HomZ[Z2](C
cell(S(LV )), C ⊗A C)) = Qn[0,k−1](C) .

(ii) The V -coefficient quadratic Q-groups of C are

QVn (C) = Hn(Ccell(S(LV ))⊗Z[Z2] (C ⊗A C)) = Q[0,k−1]
n (C) .

(iii) The V -coefficient hyperquadratic Q-groups of C are

Q̂nV (C) = Hn(HomZ[Z2](C
cell(Ŝ(LV )), C ⊗A C)) = Qn[−k,k−1](C) .

ut

Proposition 5.7. (i) An A-module chain map f : C → D determines a
Z[Z2]-module chain map



5.1 The Q-groups 133

f ⊗ f : C ⊗A C → D ⊗A D

which can be regarded as a V -coefficient Z2-isovariant chain map with

(f ⊗ f)s =

{
f ⊗ f if s = 0

0 if s > 1
: (C ⊗A C)r → (D ⊗A D)r+s .

(ii) An A-module chain homotopy g : f ' f ′ : C → D determines a V -
coefficient Z2-isovariant chain homotopy

g ⊗ g : f ⊗ f ' f ′ ⊗ f ′ : C ⊗A C → D ⊗A D

with

(g ⊗ g)s =


f ⊗ g + (−)qg ⊗ f ′ if s = 0

(−)qg ⊗ g if s = 1

0 if s > 2

:

(C ⊗A C)r → (D ⊗A D)r+s+1 =
∑
q
D−q+r+s+1 ⊗A Dq .

(iii) An A-module chain map f : C → D induces morphisms in the Q-groups

f% : QnV (C)→ QnV (D) ,

f% : QVn (C)→ QVn (D) ,

f̂% : Q̂nV (C)→ Q̂nV (D)

which depend only on the chain homotopy class of f , and are isomorphisms
if f is a chain equivalence.
(iv) The chain level cup products

HomZ(CcellS(LV )), C ⊗A C)⊗Z HomZ(CcellS(LV )), D ⊗B D)

→ HomZ(CcellS(LV )), (C ⊗Z D)⊗A⊗ZB (C ⊗Z D)) ;

φ⊗ θ 7→ φ ∪ θ = (φ⊗ θ)∆

induce cup products in the V -coefficient symmetric Q-groups

∪ : QmV (C)⊗Z Q
n
V (D)→ Qm+n

V (C ⊗Z D) ; φ⊗ θ 7→ φ ∪ θ .

Similarly for products involving the V -coefficient quadratic and hyperquadratic
Q-groups

QmV (C)⊗Z Q
V
n (D)→ QVm+n(C ⊗Z D) ,

Q̂Vm(C)⊗Z Q̂
n
V (D)→ Q̂m+n

V (C ⊗Z D) .
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Proof. See [60, pp. 100-101, §8].
ut

Definition 5.8. Let σ ∈ HomZ[Z2](W [0, 1], SZ⊗ASZ)1 be the cycle defined
by

σ1 = 1 : (SZ)1 = Z→ (SZ)1 = Z .

The suspension chain map is defined for any A-module chain complex C to
be the evaluation of the cup product on σ

S = σ ∪ − :

HomZ[Z2](W [0, k], C ⊗A C)→ HomZ[Z2](W [0, k + 1], SC ⊗A SC)∗+1 ;φ 7→ Sφ ,

Sφs = φs−1 ∈ (SC ⊗A SC)n+s+1 = (C ⊗A C)n+s−1 (0 6 s 6 k + 1, φ−1 = 0)

inducing suspension maps in the symmetric Q-groups.

S : QnV (C)→ Qn+1
V⊕R(SC) .

Similarly, product with σ induces suspension maps in the quadratic and hy-
perquadratic Q-groups

S : QVn (C)→ QV⊕Rn+1 (SC) ,

S : Q̂nV (C)→ Q̂n+1
V⊕R(SC) .

ut

Proposition 5.9. ([60, 1.3])
(i) For any inner product spaces U, V there is defined a long exact sequence
of Q-groups

· · · → QVn (C)
1+T // QnU (C)

Sdim(V )
// Qn+dim(V )

U⊕V (Sdim(V )C)→ QVn−1(C)→ . . .

with Sdim(V )C = C∗−dim(V ) and

1 + T : QUn (C)→ QnV (C) ; ψ 7→ (1 + T )ψ ,

(1 + T )ψs =

{
ψ0 + Tψ0 if s = 0

0 if s > 1 ,

Q
n+dim(V )
U⊕V (Sdim(V )C)→ QVn−1(C) ;

φ 7→ ψ , ψs = φdim(V )−s−1 (0 6 s 6 dim(V )− 1)

(ii) If U = {0} then Q∗U (C) = 0 and the sequence in (i) gives the isomor-
phisms
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Q
n+dim(V )
V (Sdim(V )C)→ QVn−1(C) ; φ 7→ ψ , ψs = φdim(V )−s−1

of 5.2 (i), which are induced by the chain level Z2-equivariant S-duality iso-
morphism of Example 4.70 (ii)

HomZ[Z2](SC
cell(S(LV )), Ċcell(LV∞)⊗Z (C ⊗A C))

∼= // Ccell(S(LV ))⊗Z (C ⊗A C) .

(iii) If U = V there are defined isomorphisms

Q
n+dim(V )
V⊕V (Sdim(V )C)→ Q̂nV (C) ;

φ 7→ φ̂ , φ̂s = φs+dim(V ) (−dim(V ) 6 s 6 dim(V )− 1)

and the sequence in (i) is

. . . // QVn (C)
1 + T // QnV (C)

J // Q̂nV (C)
H // QVn−1(C) // . . .

with

J : QnV (C)→ Q̂nV (C) ; φ 7→ Jφ , Jφs =

{
φs if 0 6 s 6 dim(V )− 1

0 if −dim(V ) 6 s 6 −1 ,

H : Q̂nV (C)→ QVn−1(C) ; φ̂ 7→ Hφ̂ , Hφ̂s = φ̂−s−1 .

(iv) The suspension maps in the hyperquadratic Q-groups

S : Q̂nV (C)→ Q̂n+1
V⊕R(SC)

are isomorphisms, and there is defined a commutative braid of exact sequences
of Q-groups

Q̂n+1
V (C)

H

""

H

##
QV⊕Rn (SC)

1 + T

##

%%
Hn−1(C ⊗A C)

QVn (C)

S
==

1 + T

!!

QnV⊕R(SC)

99

J

%%
Hn(C ⊗A C)

;;

<<

QnV (C)

J

99

S
;;

Q̂nV (C)
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Proof. (i) This is a special case of Proposition 5.2

· · · → QVn (C) = Qn+1
[−dim(V ),−1](C)→ QnU (C) = Qn[0,dim(U)−1](C)→

Q
n+dim(V )
U⊕V (C) = Qn[−dim(V ),dim(U)−1](C)→ QVn−1(C) = Qn[−dim(V ),−1](C)→ . . . .

Specifically, let dim(U) = j, dim(V ) = k, and note that the homotopy cofi-
bration sequence of pointed CW -Z2-complexes

S(LV )+ → S(LU ⊕ LV )+ → S(LU)+ ∧ LV∞

induces the short exact sequence of cellular free Z[Z2]-module chain com-
plexes

0→ Ccell(S(LV )) = W [0, k − 1]→ Ccell(S(LU ⊕ LV )) = W [0, j + k − 1]

→ Ċcell(S(LU)+ ∧ LV∞) = W [k, j + k − 1]→ 0

inducing a long exact sequence

· · · → QVn (C) = Q
[0,k−1]
n (C) = Qn+k+1

[0,k−1](S
kC)

→ QnU (C) = Qn[0,j−1](C) = Qn+k
[k,j+k−1](S

kC)

→ Q
n+dim(V )
U⊕V (Sdim(V )C) = Qn+k

[0,j+k−1](S
kC)

→ QVn−1(C) = Qn+k
[0,k−1](S

kC)→ . . . .

(ii) Immediate from (i).
(iii) Immediate from (i), noting that the long exact sequence is induced from
the short exact sequence of Z[Z2]-module cellular chain complexes

0→ Ccell(S(LV ))−∗−1 → Ċcell(Ŝ(LV ))→ Ccell(S(LV ))→ 0 .

(iv) Immediate from (ii) and (iii).
ut

Terminology 5.10 ([60, §1])
The infinite-dimensional inner product space

V = R(∞) = lim−→
k

Rk

has unit sphere
S(LV ) = S(∞) = EZ2

a contractible space with a free Z2-action, and
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Ccell(S(∞)) = W [0,∞] = W :

· · · →W2 = Z[Z2]
1 + T // W1 = Z[Z2]

1− T // W0 = Z[Z2]

is the standard free Z[Z2]-module resolution of Z.
(i) The symmetric Q-groups of an A-module chain complex C are

Qn(C) = QnR(∞)(C) = Qn[0,∞](C) .

(ii) The quadratic Q-groups of an A-module chain complex C are

Qn(C) = QR(∞)
n (C) = Q[0,∞]

n (C) .

(ii) The hyperquadratic Q-groups of an A-module chain complex C are

Q̂n(C) = Q̂nR(∞)(C) = Qn[−∞,∞](C) .

ut

Proposition 5.11. ([60, 1.2]) Let C be an A-module chain complex.
(i) The symmetric and quadratic Q-groups are related by a long exact sequence

. . . // Q[0,k−1]
n (C)

1 + T // Qn(C)
Sk // Qn+k(SkC)

H // Q[0,k−1]
n−1 (C) // . . .

for any k > 0.
(ii) The symmetric, quadratic and hyperquadratic Q-groups are related by a
long exact sequence

. . . // Qn(C)
1 + T // Qn(C)

J // Q̂n(C)
H // Qn−1(C) // . . .

and
Q̂n(C) = lim−→

k

Qn+k(SkC)

is the direct limit of the suspension maps

Qn(C)
S // Qn+1(SC)

S // Qn+2(S2C) // . . . .

Proof. (i) This is the special case U = R(∞), V = Rk of 5.9.
(ii) This is the special case U = V = R(∞) of 5.9.

ut

Definition 5.12. Let C be an A-module chain complex, and 1 6 k 6∞.
(i) A symmetric k-class is an element φ ∈ Qn[0,k−1](C). A symmetric ∞-class
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is an element φ ∈ Qn[0,∞](C) = Qn(C), and this is called a symmetric class.

A symmetric class φ determines a symmetric k-class φ[0, k − 1] for every k,
via the morphism

Qn(C)→ Qn[0,k−1](C) ; φ = {φs | 0 6 s <∞} 7→ φ[0, k−1] = {φs | 0 6 s < k} .

(ii) A quadratic k-class is an element ψ ∈ Q[0,k−1]
n (C). For k = ∞ this is an

element ψ ∈ Qn(C), and this is called a quadratic class.
(iii) A quadratic refinement of a symmetric k-class φ is a quadratic k-class ψ
such that (1 + T )ψ = φ.

ut

Proposition 5.13. (i) For any A-module chain complex C and 0 6 k 6∞
there is defined a commutative braid of exact sequences

Q
[0,k−1]
n (C)

  

""
Qn[0,k−1](C)

Sk

%%

&&
Qn−1

[k,∞](C)

Qn(C)

==

Sk

!!

Qn+k
[−k,k−1](S

kC)

99

%%
Qn[k,∞](C)

<<

>>

Qn+k(SkC)
88

99

Q
[0,k−1]
n−1 (C)

with

Qn[−k,k−1](C) = Qn+k
[−k,k−1](S

kC) ,

Qn[−k,∞](C) = Qn+k(SkC) , Qn[k,∞](C) = Qn+k
[0,k−1](S

kC) .

(ii) The following conditions on symmetric class φ ∈ Qn(C) are equivalent:

(a) there exists a quadratic refinement ψ ∈ Q[0,k−1]
n (C)

(b) Skφ = 0 ∈ Qn+k(SkC),

(c) Skφ[0, k − 1] = 0 ∈ Qn+k
[0,k−1](S

kC),

In particular, a chain level solution of Skφ = 0 gives a particular ψ, in which
case
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(1 + T )ψ = φ

∈ im(1 + T : Q
[0,k−1]
n (C)→ Qn(C)) = ker(Sk : Qn(C)→ Qn+k(SkC)) .

This applies also for k =∞, with Q
[0,k−1]
n (C) = Qn(C), Sk = J .

(iii) Let A = Z[π] be a group ring with an involution, so that for any A-
modules M,N the diagonal π-action can be used to regard M ⊗Z N as an
A-module with

Z⊗A (M ⊗Z N) = M ⊗A N .

For any A-module chain complexes C,D and k > 1 there is a natural iso-
morphism of short exact sequences of Z-module chain complexes

0

��

0

��
HomA[Z2](W [k,∞]⊗Z S

kC, SkD ⊗Z S
kD)

��

∼= // HomA[Z2](W ⊗Z C,D ⊗Z D)

Sk
��

HomA[Z2](W ⊗Z S
kC, SkD ⊗Z S

kD)

��

∼= // HomA[Z2](W ⊗Z S
kC, SkD ⊗Z S

kD)

��
HomA[Z2](W [0, k − 1]⊗Z S

kC, SkD ⊗Z S
kD)

��

∼= // HomA[Z2](C, SW [0, k − 1]⊗Z (D ⊗Z D))

��
0 0

as well as an isomorphism

HomA[Z2](SW [0, k−1]⊗ZS
kC, SkD⊗ZS

kD) ∼= HomA[Z2](C,W [0, k−1]⊗Z(D⊗ZD))

Suppose given A-module chain complexes C,C ′, D,D′ with A-module chain
maps

EC : SkC → C ′ , ED : SkD → D′ , F : C → D , F ′ : C ′ → D′ ,

such that EC , ED are chain equivalences with

F ′EC = EDF : C → D′ .

Suppose given also A[Z2]-module chain maps

φC : W ⊗Z C → C ⊗Z C , φC′ : W ⊗Z C
′ → C ′ ⊗Z C

′ ,

φD : W ⊗Z D → D ⊗Z D , φD′ : W ⊗Z D
′ → D′ ⊗Z D

′

such that
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(F ′ ⊗ F ′)φC′ = φD′(1⊗ F ′) : W ⊗Z C
′ → D′ ⊗Z D

′

and a chain homotopy commutative diagram of A[Z2]-module chain complexes
and chain maps

W ⊗Z S
kC

δφC

,,

1⊗F

��

1⊗EC
'

((

SkφC // SkC ⊗Z S
kC

F⊗F

��

EC⊗EC
'

uu
W ⊗Z C

′ φC′ //

1⊗F ′

��

C ′ ⊗Z C
′

F ′⊗F ′

��
W ⊗Z D

′ φD′ // D′ ⊗Z D
′

W ⊗Z S
kD

δφD

22
1⊗ED

'

66

SkφD // SkD ⊗Z S
kD

ED⊗ED
'

ii

with chain homotopies

δφC : (EC ⊗ EC)(SkφC) ' φC′(1⊗ EC) : W ⊗Z S
kC → C ′ ⊗Z C

′ ,

δφD : (ED ⊗ ED)(SkφD) ' φD′(1⊗ ED) : W ⊗Z S
kD → D′ ⊗Z D

′ .

The data determines an A-module chain map

ψ = δ(F, φC , φD) : C →W [0, k − 1]⊗Z[Z2] (D ⊗Z D)

such that

(1 + T )ψ ' (F ⊗ F )φC − φDF : C → HomZ[Z2](W,D ⊗Z D) .

The induced Z-module chain maps

φC : Z⊗A C → HomZ[Z2](W,C ⊗A C) ,

φD : Z⊗A D → HomZ[Z2](W,D ⊗A D) ,

ψ = δ(f, φC , φD) : Z⊗A C →W [0, k − 1]⊗Z[Z2] (D ⊗A D)

are such that

(1 + T )ψ ' (F ⊗ F )φC − φDF : Z⊗A C → HomZ[Z2](W,D ⊗A D) .

Proof. (i) The short exact sequence of Z-module chain complexes underlying
the proof of Proposition 5.11
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0→ HomZ[Z2](W [0, j − 1], C ⊗A C)

Sk // HomZ[Z2](W [0, j + k − 1], SkC ⊗A SkC)∗+k

→ S(W [0, k − 1]⊗Z[Z2] (C ⊗A C))→ 0

gives an identification

W [0, k − 1]⊗Z[Z2] (C ⊗A C) = C (Sk)∗+1

and a chain equivalence

C (1 + T : W [0, k − 1]⊗Z[Z2] (C ⊗A C)→ HomZ[Z2](W [0, j − 1], C ⊗A C))

' HomZ[Z2](W [0, j + k − 1], SkC ⊗A SkC)∗+k .

An n-cycle ψ ∈ (W [0, k − 1] ⊗Z[Z2] (C ⊗A C))n is thus essentially the same
(up to homology) as an n-cycle φ ∈ HomZ[Z2](W [0, j− 1], C ⊗A C)n together
with an (n+ k + 1)-chain

δφ ∈ HomZ[Z2](W [0, j + k − 1], SkC ⊗A SkC)n+k+1

such that Skφ = d(δφ), so that up to signs

φr = (d⊗ 1 + 1⊗ d)δφr+k + δφr+k−1 + Tδφr+k−1

∈ (C ⊗A C)n+r = (SkC ⊗A SkC)n+2k+r

(−k 6 r 6 j − 1, φq = 0 for q < 0) ,

ψs = δφk−s−1 ∈ (C ⊗A C)n−s = (SkC ⊗A SkC)n+2k−s (0 6 s 6 k − 1) .

and

φ = (1 + T )ψ ∈ im(1 + T : Q
[0,k−1]
n (C)→ Qn[0,j−1](C))

= ker(Sk : Qn[0,j−1](C)→ Qn+k
[0,j+k−1](S

kC)) .

For j = k = ∞ this is just the short exact sequence of Z-module chain
complexes underlying the proof of Proposition 5.11

0→ HomZ[Z2](W,C ⊗A C)

J // lim−→
k

HomZ[Z2](W,S
kC ⊗A SkC)∗+k = HomZ[Z2](Ŵ , C ⊗A C)

H // S(W ⊗Z[Z2] (C ⊗A C))→ 0

which gives an identification

W ⊗Z[Z2] (C ⊗A C) = C (J)∗+1



142 5 The geometric Hopf invariant

and a chain equivalence

C (1 + T : W ⊗Z[Z2] (C ⊗A C)→ HomZ[Z2](W,C ⊗A C))

' HomZ[Z2](Ŵ , C ⊗A C) .

An n-cycle ψ ∈ (W ⊗Z[Z2] (C ⊗A C))n is thus essentially the same (up to
homology) as an n-cycle φ ∈ HomZ[Z2](W,C ⊗A C)n together with an (n +
k + 1)-chain

δφ ∈ HomZ[Z2](W,S
kC ⊗A SkC)n+k+1

such that Skφ = d(δφ), and

φ = (1+T )ψ ∈ im(1+T : Q[0,k−1]
n (C)→ Qn(C)) = ker(Sk : Qn(C)→ Q̂n(C)) .

(ii) The A-module chain map

θ = (F ′EC ⊗ F ′EC)(φC)− (ED ⊗ ED)(φD)F :

C → HomZ[Z2](W,S
−kD′ ⊗Z S

−kD′)

and the A-module chain null-homotopy

(F ′ ⊗ F ′)δφC − δφD(1⊗ F ) : Skθ ' 0 : SkC → HomZ[Z2](W,D
′ ⊗Z D

′)

correspond by (i) to an A-module chain map

ψ′ : C →W [0, k − 1]⊗Z[Z2] (S−kD′ ⊗Z S
−kD′)

such that (1+T )ψ′ ' θ. Use any chain homotopy inverse (ED)−1 : S−kD′ →
D of ED to define an A-module chain map

ψ = ((ED)−1 ⊗ (ED)−1)ψ′ : C →W [0, k − 1]⊗Z[Z2] (D ⊗Z D)

such that (1 + T )ψ ' (F ⊗ F )φC − φDF .

ut

Remark 5.14. For a bounded f.g. projective A-module chain complex C the
forgetful map

Qn(C)→ Hn(C ⊗A C) ; φ 7→ φ0

sends a symmetric class φ ∈ Qn(C) to a chain homotopy class

φ0 ∈ Hn(C ⊗A C) = H0(HomA(C−∗, C))

of A-module chain maps φ0 : Cn−∗ → C with



5.2 The symmetric construction φV (X) 143

dCn−∗ = (−)rd∗C : (Cn−∗)r = Cn−r → (Cn−∗)r−1 = Cn−r+1 .

ut

The symmetric L-groups Ln(A) of Mishchenko [55] are the cobordism
groups of n-dimensional symmetric Poincaré complexes (C, φ) over A, as
defined by an n-dimensional f.g. free A-module chain complex C together with
a symmetric class φ ∈ Qn(C) such that φ0 : Cn−∗ → C is a chain homotopy
class of chain equivalences. The quadratic L-groups Ln(A) of Wall [85] were
expressed in Ranicki [60] as the cobordism groups of n-dimensional quadratic
Poincaré complexes (C,ψ) over A, as defined by an n-dimensional f.g. free
A-module chain complex C together with a quadratic class ψ ∈ Qn(C) such
that (1 + T )ψ0 : Cn−∗ → C is a chain homotopy class of chain equivalences.
The surgery obstruction of an n-dimensional normal map (f, b) : M → X
was expressed in Ranicki [61] as the cobordism class

σ∗(f, b) = (C,ψ) ∈ Ln(Z[π1(X)])

with C a Z[π1(X)]-module chain complex such that

H∗(C) = K∗(M) = ker(f̃∗ : H∗(M̃)→ H∗(X̃)) ,

with X̃ the universal cover of X and M̃ = f∗X̃ the pullback cover of M .
The above chain level mechanism was used in [61] to refine the symmetric
structure φ ∈ Qn(C) on the chain complex kernel C of a normal map (f, b)
to a quadratic structure ψ ∈ Qn(C) using a stable π1(X)-equivariant map

F : ΣkX̃+ → ΣkM̃+ (k large) S-dual to the induced π1(X)-equivariant map

of Thom spaces T (̃b) : T (ν̃M ) → T (ν̃X) to provide a chain level solution of
Skφ = 0 ∈ Qn+k(SkC). In the following sections we shall use the geometric
Hopf invariant to construct a homotopy theoretic mechanism inducing this
chain level mechanism. In the first instance we ignore the fundamental group
π1(X), returning to it in Chapter 7.

5.2 The symmetric construction φV (X)

As before, let C(X) denote the singular chain complex of a space X, with

H∗(C(X)) = H∗(X) , H∗(C(X)) = H∗(X)

the singular homology and cohomology groups of X.
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Proposition 5.15. (Eilenberg-Zilber)
(i) For any spaces X,Y there exist inverse Z-module chain equivalences

E(X,Y ) : C(X)⊗Z C(Y )→ C(X × Y ) ,

F (X,Y ) : C(X × Y )→ C(X)⊗Z C(Y )

which are natural in X,Y , and such that

E(X,Y )(a⊗ b) = a× b , F (X,Y )(a× b) = a⊗ b

for 0-simplexes a : ∆0 → X, b : ∆0 → Y .
(ii) The diagrams

C(X)⊗Z C(Y )

T
��

E(X,Y )
// C(X × Y )

T
��

C(Y )⊗Z C(X)
E(Y,X)

// C(Y ×X)

C(X × Y )

T
��

F (X,Y )
// C(X)⊗Z C(Y )

T
��

C(Y ×X)
F (Y,X)

// C(Y )⊗Z C(X)

are naturally chain homotopy commutative, with

T : X × Y → Y ×X ; (x, y) 7→ (y, x) ,

T : C(X)p ⊗Z C(Y )q → C(Y )q ⊗Z C(X)p ; x⊗ y 7→ (−)pqy ⊗ x .

(iii) There exist chain homotopy inverse R(∞)-coefficient Z2-isovariant chain
equivalences

E(X) = {E(X)s | s > 0} : C(X)⊗Z C(X)→ C(X ×X) ,

F (X) = {F (X)s | s > 0} : C(X ×X)→ C(X)⊗Z C(X)

which are natural in X, with E(X)0 = E(X,X), F (X)0 = F (X,X).

Proof. Standard acyclic model theory.
ut

Example 5.16. (i) The diagonal chain approximation for X

∆C(X) = F (X)0∆X : C(X)
∆X // C(X ×X)

F (X)0// C(X)⊗Z C(X)

is used to define the cup products

∪ : Hp(X)×Hq(X)→ Hp+q(X) ; (x, y) 7→ (z 7→ 〈x⊗ y,∆C(X)(z)〉) .

(ii) The diagonal chain approximation of (i) is the degree 0 component of an
R(∞)-coefficient Z2-isovariant chain map
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F (X)∆X : C(X)
∆X // C(X ×X)

F (X)
// C(X)⊗Z C(X)

which is used to define the Steenrod squares – see Example 5.20 below.
(iii) The restriction of the diagonal chain approximation ∆C(S(LV )) to the

chain homotopy deformation retract Ccell(S(LV )) ⊂ C(S(LV )) is chain ho-
motopic to the cellular diagonal chain approximation ∆ of 5.3 (iv).

ut

Definition 5.17. Let V be an inner product space, and X a space.
(i) The space level V -coefficient symmetric construction is the Z2-equivariant
map

φV (X) : S(LV )×X → X ×X ; (v, x) 7→ (x, x) .

(ii) The chain level V -coefficient symmetric construction is the V -coefficient
Z[Z2]-module chain map

φV (X) : Ccell(S(LV ))⊗Z C(X)→ C(X)⊗Z C(X) ,

given by the composite of the Z2-isovariant chain maps

Ccell(S(LV ))⊗Z C(X) ⊂ C(S(LV ))⊗Z C(X)

E(S(LV ), X)

'
// C(S(LV )×X)

φV (X)
// C(X ×X) ,

Ccell(S(LV ))⊗Z C(X ×X) ⊂ C(S(∞))⊗Z C(X ×X)

F (X)

'
// C(X)⊗Z C(X)

(using an embedding V ⊆ R(∞)), inducing morphisms

φV (X) : Hn(X)→ QnV (C(X)) .

ut

Proposition 5.18. For any inner product space V and spaces X,Y there
exists a natural Z[Z2]-module chain homotopy

δφV (X,Y ) :

φV (X × Y )E(X,Y ) ' (E(X,Y )⊗ E(X,Y ))(φV (X) ∪ φV (Y )) :

Ccell(S(LV ))⊗Z C(X)⊗Z C(Y )→ C(X × Y )⊗Z C(X × Y )

in the diagram
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Ccell(S(LV ))⊗Z C(X)⊗Z C(Y )

δφV (X,Y )

,,
1⊗E(X,Y )'
��

φV (X)∪φV (Y )// C(X)⊗Z C(Y )⊗Z C(X)⊗Z C(Y )

E(X,Y )⊗E(X,Y )'
��

Ccell(S(LV ))⊗Z C(X × Y )
φV (X×Y ) // C(X × Y )⊗Z C(X × Y )

Proof. Standard acyclic model theory.
ut

Terminology 5.19 For V = R(∞) write

φ(X) = φR(∞)(X) : S(∞)×X → X ×X ,

φ(X) = φR(∞)(X) : W ⊗Z C(X)→ C(X)⊗Z C(X) ,

δφ(X,Y ) = δφR(∞)(X,Y ) :

φ(X × Y )E(X,Y ) ' (E(X,Y )⊗ E(X,Y ))(φ(X) ∪ φ(Y )) :

C(X)⊗Z C(Y )→ C(X × Y )⊗Z C(X × Y ) .

ut

For V = Rk (1 6 k 6 ∞) the adjoint of the natural Z[Z2]-module chain
map

φV (X) : W [0, k − 1]⊗Z C(X)→ C(X)⊗Z C(X)

is a natural Z-module chain map

φV (X) : C(X)→ HomZ[Z2](W [0, k − 1], C(X)⊗ C(X))

inducing a natural transformation of homology groups

φV (X) : H∗(X)→ Q∗V (C(X)) = Q∗[0,k−1](C(X)) .

By Proposition 5.18 there is defined a commutative diagram

Hm(X)⊗Z Hn(Y )
E(X,Y )

//

φV (X) ∪ φV (Y )
��

Hm+n(X × Y )

φV (X × Y )
��

Qm+n
V (C(X)⊗Z C(Y ))

E(X,Y )%

∼=
// Qm+n

V (C(X × Y )) .

The V -coefficient symmetric constructions φV (X) are the restrictions of φ(X)
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φV (X) : S(LV )×X ⊆ S(∞)×X
φ(X)

// X ×X ,

φV (X) : W [0, k − 1]⊗Z C(X) ⊆W ⊗Z C(X)
φ(X)

// C(X)⊗Z C(X)

and similarly for δφV (X,Y ).

Remark 5.20. (i) The chain level symmetric construction

φ(X) : C(X)→ HomZ[Z2](W,C(X)⊗ C(X))

is the symmetric construction in Ranicki [61], with a natural transformation

φ(X) : H∗(X)→ Q∗(C(X)) .

The components of φ(X) are natural transformations

φ(X)s = φ(X)(1s ⊗−) : C(X)s → (C(X)⊗Z C(X))n+s (0 6 s 6 k − 1)

such that

dφ(X)s + (−)rφ(X)sd+ (−)n+s−1(φ(X)s−1 + (−)sTφ(X)s−1) = 0 :

C(X)n → (C(X)⊗ C(X))n+s−1 =
∑
r
C(X)n−r+s−1 ⊗ C(X)r (φ(X)−1 = 0) .

(ii) The Steenrod squares of X are given by

Sqi : Hr(X;Z2)→ Hr+i(X;Z2) ;

x 7→ (y 7→ 〈x⊗ x, φ(X)r−i(y)〉) (= 0 for r < i) .

The symmetric Poincaré complex associated by Mishchenko [55] to an n-
dimensional geometric Poincaré complex X is

σ∗(X) = (C(X), φ(X)[X] ∈ Qn(C(X))) ,

with [X] ∈ Hn(X) the fundamental class.
(iii) The R(∞)-coefficient Z2-isovariant chain homotopy δφ(X,Y ) is used in
the chain level proof of the Cartan product formula for the Steenrod squares

Sqk =
∑

i+j=k

Sqi ⊗ Sqj :

Hr(X × Y ;Z2) =
∑

p+q=r
Hp(X;Z2)⊗Hq(Y ;Z2)

→ Hr+k(X × Y ;Z2) =
∑

p+q+i+j=r+k

Hp+i(X;Z2)⊗Hq+j(Y ;Z2) .

(iv) As in Steenrod [77] the Hopf invariant Hopf(F ) ∈ Z of a map F :
S2n−1 → Sn is defined by
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Hopf(F ) : Hn(Sn ∪F D2n) = Z→ H2n(Sn ∪F D2n) = Z ; 1 7→ 1 ∪ 1

and the mod 2 Hopf invariant Hopf2(F ) ∈ Z2 of a map F : Sn+k → Sn can
be defined by

Sqk+1 = Hopf2(F ) :

Hn(Sn ∪F Dn+k+1;Z2) = Z2 → Hn+k+1(Sn ∪F Dn+k+1;Z2) = Z2 .

For n = k + 1 Hopf2(F ) ∈ Z2 is the mod 2 reduction of Hopf(F ) ∈ Z. By
Adams [1] Hopf(F ) ∈ 2Z ⊂ Z for n− 1 6= 1, 3, 7, and Hopf2(F ) = 0 ∈ Z2 for
k 6= 1, 3, 7.

ut

Definition 5.21. (i) The relative singular chain complex of a pair of spaces
(X,A ⊆ X) is defined by

C(X,A) = C(X)/C(A) ,

with H∗(C(X,A)) = H∗(X,A) the relative singular homology of (X,A).
(ii) For a pointed space X let

Ċ(X) = C(X, {∗}) = C(X)/C({∗})

be the reduced singular chain complex, with H∗(Ċ(X)) = Ḣ∗(X) the reduced
singular homology of X.
(iii) For a non-empty subspace A ⊆ X let

pX/A : C(X,A) = C(X)/C(A)→ Ċ(X/A)

be the projection. ut

In our applications pX/A will be a chain equivalence, e.g. if X is a CW
complex and A ⊂ X is a subcomplex.

Given pointed spaces X,Y let

Z = X × {∗} ∪ {∗} × Y ⊆ X × Y

so that
(X × Y )/Z = X ∧ Y ,

and there are defined Z-module chain maps

E(X,Y ) : Ċ(X)⊗Z Ċ(Y ) = C(X, {∗})⊗Z C(Y, {∗})→ C(X × Y,Z) ,

Ė(X,Y ) = pX∧Y E(X,Y ) : Ċ(X)⊗Z Ċ(Y )→ Ċ(X ∧ Y )
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with E(X,Y ) a chain equivalence, and pX∧Y : C(X × Y, Z) → Ċ(X ∧ Y )
the projection. As noted above, in our applications pX∧Y will be a chain
equivalence, e.g. for CW complexes X,Y , so that Ė(X,Y ) will also be a
chain equivalence.

Definition 5.17 and Proposition 5.18 have pointed versions:

Definition 5.22. Let V be an inner product space, and X a pointed space.
(i) The reduced space level V -coefficient symmetric construction is the Z2-
equivariant map

φ̇V (X) : S(LV )+ ∧X → X ∧X ; (v, x) 7→ (x, x) .

(ii) The chain level V -coefficient symmetric construction is the V -coefficient
Z[Z2]-module chain map

φ̇V (X) : Ccell(S(LV ))⊗Z Ċ(X)→ Ċ(X)⊗Z Ċ(X) ,

given by the composite of the Z2-isovariant chain maps

Ccell(S(LV ))⊗Z Ċ(X) ⊂ C(S(LV ))⊗Z Ċ(X)

E(S(LV ), X)

'
// Ċ(S(LV )+ ∧X)

φ̇V (X)
// Ċ(X ∧X) ,

Ccell(S(LV ))⊗Z Ċ(X ∧X) ⊂ C(S(∞))⊗Z Ċ(X ∧X)

F (X)

'
// Ċ(X)⊗Z Ċ(X)

(using an embedding V ⊆ R(∞)), inducing morphisms

φ̇V (X) : Ḣn(X)→ QnV (Ċ(X)) .

ut

Proposition 5.23. For any inner product space V and pointed spaces X,Y
there exists a natural Z[Z2]-module chain homotopy

δφ̇V (X,Y ) :

φ̇V (X × Y )E(X,Y ) ' (E(X,Y )⊗ E(X,Y ))(φ̇V (X) ∪ φ̇V (Y )) :

Ccell(S(LV ))⊗Z Ċ(X)⊗Z Ċ(Y )→ Ċ(X ∧ Y )⊗Z Ċ(X ∧ Y )

in the diagram
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Ccell(S(LV ))⊗Z Ċ(X)⊗Z Ċ(Y )

δφ̇V (X,Y )

,,
1⊗E(X,Y )'
��

φ̇V (X)∪φ̇V (Y )// Ċ(X)⊗Z Ċ(Y )⊗Z Ċ(X)⊗Z Ċ(Y )

E(X,Y )⊗E(X,Y )'
��

Ccell(S(LV ))⊗Z Ċ(X ∧ Y )
φ̇V (X∧Y ) // Ċ(X ∧ Y )⊗Z Ċ(X ∧ Y )

ut

Example 5.24. The Z[Z2]-module chain homotopy

δφ̇V (S1, X) :

φ̇V (S1 ∧X)Ė(S1, X) ' (Ė(S1, X)⊗ Ė(S1, X))(φ̇V (S1) ∪ φ̇V (X)) :

Ċ(S1)⊗Z Ċ(X)→ Ċ(S1 ∧X)⊗Z Ċ(S1 ∧X)

for V = R(∞) gives the stability of the Steenrod squares, i.e. that the dia-
grams

Ḣr(X;Z2)

Sqi

��

∼=
S // Ḣr+1(ΣX;Z2)

Sqi

��
Ḣr+i(X;Z2) ∼=

S // Ḣr+i+1(ΣX;Z2)

commute, with S the suspension isomorphisms induced by the natural chain
equivalence

S = E(S1, X)| : SĊ(X) = Ċcell(S1)⊗Z Ċ(X)→ Ċ(ΣX) = Ċ(S1∧X) .

For i = r + 1 this is just the vanishing of cup products in a suspension. ut

Example 5.25. It follows from the stability of the Steenrod squares and from

Sqi = 0 : Hr(X;Z2)→ Hr+i(X;Z2) for i > r

that if X = ΣkY is a k-fold suspension then

Sqi = 0 : Ḣr(X;Z2)→ Ḣr+i(X;Z2) for i > r − k .

ut

Proposition 4.36 for U = V ⊆ R(∞) and X = Y compact gives a commu-
tative braid of exact sequences of stable Z2-equivariant homotopy groups:
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{X;S(LV )+ ∧X ∧X}Z2

sLV

##

$$
{S(LV )+ ∧X;X ∧X}Z2

))
{X;X ∧X}Z2

s∗LV
;;

0LV

##

{S(LV ⊕ LV )+ ∧X;LV∞ ∧X ∧X}Z2

$$
{LV∞ ∧X;X ∧X}Z2 ::

0∗LV
;;

{X;LV∞ ∧X ∧X}Z2

55

77 A

with

∆X = (0, 1) ∈ {X;X ∧X}Z2
= {X;S(∞)+ ∧ (X ∧X)}Z2

⊕ {X;X} ,

s∗LV (∆X) = φ̇V (X) ∈ {S(LV )+ ∧X;X ∧X}Z2
,

[φ̇V (X)] = φ̇V⊕V (V∞ ∧X) ∈ {S(LV ⊕ LV )+ ∧X;LV∞ ∧X ∧X}Z2

= {S(LV ⊕ LV )+ ∧ (V∞ ∧X); (V∞ ∧X) ∧ (V∞ ∧X)}Z2
,

0LV (∆X) = ∆V∞∧X = (0, 1)

∈ {V∞ ∧X; (V∞ ∧X) ∧ (V∞ ∧X)}Z2 = {X;LV∞ ∧ (X ∧X)}Z2

= {X;S(∞)/S(LV ) ∧ (X ∧X)}Z2
⊕ {X;X} ,

A = {S(LV )+ ∧X;LV∞ ∧X ∧X}Z2
= {X;ΣS(LV )+ ∧ (X ∧X)}Z2

.

If X = V∞ ∧X0 for some pointed space X0 then

∆X0 ∈ {X0;X0 ∧X0}Z2 = {LV∞ ∧X;X ∧X}Z2 ,

∆X = 0∗LV (∆X0
) ∈ im(0∗LV : {LV∞ ∧X;X ∧X}Z2

→ {X;X ∧X}Z2
)

= ker(s∗LV : {X;X ∧X}Z2
→ {S(LV )+ ∧X;X ∧X}Z2

) ,

φ̇V (X) = 0 ∈ {S(LV )+ ∧X;X ∧X}Z2 ,

generalizing the vanishing of the cup product in a suspension (the special
case V = R, on the chain level). More precisely :

Proposition 5.26. (i) For any pointed spaces X,Y and inner product space
V

φ̇V (X ∧ Y ) = φ̇V (X) ∧∆Y = ∆X ∧ φ̇V (Y ) :

S(LV )+ ∧X ∧ Y → (X ∧ Y ) ∧ (X ∧ Y ) = (X ∧X) ∧ (Y ∧ Y ) .

(ii) The space level symmetric construction φ̇V (V∞) has a natural Z2-
equivariant null-homotopy
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δφ̇V (V∞) : φ̇V (V∞) ' ∗ : S(LV )+ ∧ V∞ → V∞ ∧ V∞ .

(iii) The space level V -coefficient symmetric construction φ̇V (V∞ ∧X) has a
natural Z2-equivariant null-homotopy

δφ̇V (V∞ ∧X) = δφ̇V (V∞) ∧∆X :

φ̇V (V∞ ∧X) ' ∗ : S(LV )+ ∧ V∞ ∧X → V∞ ∧X ∧ V∞ ∧X

inducing a natural Z[Z2]-module null-chain homotopy

δφ̇V (V∞ ∧X) : φ̇V (V∞ ∧X) ' 0 :

Ccell(S(LV ))⊗Z Ċ(V∞ ∧X)→ Ċ(V∞ ∧X)⊗Z Ċ(V∞ ∧X) .

Proof. (i) By construction.
(ii) Apply the construction of 2.7 to the Z2-equivariant map

p = κV : LV∞ ∧ V∞ → V∞ ∧ V∞ ; (r, s) 7→ (r + s,−r + s)

to obtain a Z2-equivariant null-homotopy

δφ̇V (V∞) = δp : CS(LV )+ ∧ V∞ → V∞ ∧ V∞ ; (t, u, v) 7→ p([t, u], v)

of

δφ̇V (V∞)| = φ̇V (V∞) : S(LV )+ ∧ V∞ → V∞ ∧ V∞ ; (u, v) 7→ (v, v) ,

using the projection

CS(LV )+ → LV∞ ; (t, u) 7→ [t, u] =
tu

1− t
.

(iii) Combine (i) and (ii). ut

More generally :

Proposition 5.27. Let U, V be inner product spaces.
(i) There is defined a Z2-equivariant homotopy

δφ̇U,V : κV φ̇U⊕V (V∞) ' (φ̇U (S0) ∧ 1LV∞∧V∞)(jLU,LV ∧ 1V∞)

: S(LU ⊕ LV )+ ∧ V∞ → LV∞ ∧ V∞ .

in the diagram
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S(LU ⊕ LV )+ ∧ V∞
jLU,LV ∧1V∞ //

φ̇U⊕V (V∞)

��

S(LU)+ ∧ LV∞ ∧ V∞

φ̇U (S0)∧1LV∞∧V∞

��
V∞ ∧ V∞ κV // LV∞ ∧ V∞

with

jLU,LV = projection :

S(LU ⊕ LV )+ = (D(LU)× S(LV ) ∪ S(LU)×D(LV ))+

→ S(LU)×D(LV )/S(LU)× S(LV ) = S(LU)+ ∧D(LV )/S(LV )

= S(LU)+ ∧ LV∞ .

(ii) For any pointed space X there is defined a natural Z2-equivariant homo-
topy

δφ̇U,V (X) :

(κV ∧ 1X∧X)φ̇U⊕V (V∞ ∧X) ' (φ̇U (X) ∧ 1LV∞∧V∞)(jLU,LV ∧ 1V∞)

: S(LU ⊕ LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧X ∧X .

in the diagram

S(LU ⊕ LV )+ ∧ V∞ ∧X
jLU,LV ∧1V∞∧X //

φ̇U⊕V (V∞∧X)

��

S(LU)+ ∧ LV∞ ∧ V∞ ∧X

φ̇U (X)∧1LV∞∧V∞

��
V∞ ∧ V∞ ∧X ∧X κV ∧1X∧X // LV∞ ∧ V∞ ∧X ∧X

(iii) The natural Z2-equivariant homotopy in (ii) induces a natural U ⊕ V -
coefficient Z2-isovariant chain homotopy

δφ̇U,V : φ̇U⊕V (V∞ ∧X) ' φ̇U (X)jLU,LV

: Ċ(V∞ ∧X)→ Ċ(V∞ ∧X)⊗Z Ċ(V∞ ∧X) .

Proof. (i) Use the pushout square of Z2-spaces given by Proposition 2.8 (ii)

S(LU ⊕ LV )+
jLU,LV //

��

S(LU)+ ∧ LV∞

kLU,LV
��

CS(LU ⊕ LV )+
δjLU,LV // ΣS(LV )+

to define

δφ̇U,V : I × S(LU ⊕ LV )+ ∧ V∞ → LV∞ ∧ V∞ ; (t, (u, v, w)) 7→ (tv, w) .
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(For U = {0} δφ̇U,V = δφ̇V was already defined in the proof of Proposition
5.26 (ii)).
(ii)+(iii) Immediate from (i), with δφ̇U,V (X) = δφ̇U,V ∧∆X . ut

We shall also need a relative version of the symmetric construction:

Definition 5.28. Given a pair of pointed spaces (A,B ⊆ A) there is de-
fined a relative space level reduced V -coefficient symmetric construction Z2-
equivariant map

φ̇V (A,B) : S(LV )+ ∧A/B → (A ∧A)/(B ∧B)

which fits into a natural transformation of homotopy cofibration sequences
of Z2-spaces

S(LV )+ ∧B //

φ̇V (B)

��

S(LV )+ ∧A //

φ̇V (A)

��

S(LV )+ ∧A/B //

φ̇V (A,B)

��

S(LV )+ ∧ΣB

Σφ̇V (B)

��
B ∧B // A ∧A // (A ∧A)/(B ∧B) // Σ(B ∧B)

ut

Proposition 5.29. Given a pointed map F : X → Y let

(A,B ⊆ A) = (M (F ), {1} ×X) , Z = A/B = C (F )

so that there is defined a homotopy cofibration sequence of pointed maps

X
F // Y

G // Z
H // ΣX

ΣF // ΣY // . . .

with G the inclusion, H the projection. The space level reduced V -coefficient
symmetric construction of Z is given by

φ̇V (Z) : S(LV )+ ∧ Z
φ̇V (A,B)

//

A ∧A/B ∧B // A×A/(A×B ∪B ×A) = Z ∧ Z

Proof. By construction.
ut
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5.3 The geometric Hopf invariant hV (F )

Let G : V∞∧X → V∞∧Y be a stable Z2-map, with X,Y pointed Z2-spaces
and V an inner product Z2-space, with

V = V− ⊕ V+ , V± = {v ∈ V | Tv = ±v} .

(We shall be mainly concerned with the case when G is the square of a stable
nonequivariant map F ). The geometric Hopf invariant uses the difference
construction to associate to G a Z2-map δ(p, q) whose Z2-homotopy class is
the primary obstruction to the desuspension of G. The diagram

V∞ ∧XZ2

1 ∧ ρ(G)

��

1 ∧ iX // V∞ ∧X

G

��
V∞ ∧ Y Z2

1 ∧ iY // V∞ ∧ Y

does not commute in general, with iX : XZ2 → X, iY : Y Z2 → Y the
inclusions and ρ(G) : V∞+ ∧XZ2 → V∞+ ∧Y Z2 the restriction of G to the fixed
point sets. However, the Z2-maps

p = G(1 ∧ iX) , q = (1 ∧ iY )(1 ∧ ρ(G)) : V∞ ∧XZ2 → V∞ ∧ Y

are such that

p(0, v, x) = G(0, v, x) = (0, v, ρ(G)(x)) = q(0, v, x) (v ∈ V+, x ∈ XZ2)

so the relative difference (2.15 (ii)) Z2-map

δ(p, q) : ΣS(V−)+ ∧ V∞+ ∧XZ2 → V∞ ∧ Y

is defined, with

p− q : V∞ ∧XZ2
αV− ∧ iX// ΣS(V−)+ ∧ V∞+ ∧X

δ(p, q)
// V∞ ∧ Y .

If G is Z2-homotopic to 1 ∧ G0 : V∞ ∧ X → V∞ ∧ Y for some Z2-map
G0 : X → Y then

δ(p, q) ' δ(1 ∧G0, 1 ∧G0) ' ∗ .

Now let X,Y be spaces, and V an inner product space. The square of a
nonequivariant stable map F : V∞ ∧X → V∞ ∧ Y is a stable Z2-map
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F ∧ F : V∞ ∧ V∞ ∧X ∧X → V∞ ∧ V∞ ∧ Y ∧ Y .

The geometric Hopf invariant of F is the above difference construction

hV (F ) = δ(p, q) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

applied to the stable Z2-map

G = (κ−1
V ∧ 1)(F ∧ F )(κV ∧ 1) :

LV∞ ∧ V∞ ∧X ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ;

(u, v, x1, x2) 7→ ((w1 − w2)/2, (w1 + w2)/2, y1, y2)

(F (u+ v, x1) = (w1, y1), F (−u+ v, x2) = (w2, y2))

with
ρ(G) = F : V∞ ∧X → V∞ ∧ Y .

In essence, the geometric Hopf invariant measures the difference (F ∧F )∆X−
∆Y F , given that (F∧F )∆V∞∧X = ∆V∞∧Y F . The diagram of Z2-equivariant
maps

LV∞ ∧ V∞ ∧X
1 ∧∆X //

1 ∧ F

��

LV∞ ∧ V∞ ∧X ∧X

G

��
LV∞ ∧ V∞ ∧ Y

1 ∧∆Y // LV∞ ∧ V∞ ∧ Y ∧ Y
does not commute in general. However, the Z2-equivariant maps defined by

p = G(1 ∧∆X) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ;

(u, v, x) 7→ ((w1 − w2)/2, (w1 + w2)/2, y1, y2)

(F (u+ v, x) = (w1, y1), F (−u+ v, x) = (w2, y2)) ,

q = (1 ∧∆Y )(1 ∧ F ) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ;

(u, v, x) 7→ (u,w, y, y) (F (v, x) = (w, y))

agree on 0+ ∧ V∞ ∧X = V∞ ∧X ⊂ LV∞ ∧ V∞ ∧X, with

p| = q| = (κ−1
V ∧ 1)∆V∞∧Y F = (κ−1

V ∧ 1)(F ∧ F )(κV ∧ 1)∆V∞∧X :

V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

on account of the commutative diagram
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V∞ ∧X
∆V∞∧X //

F

��

(V∞ ∧X) ∧ (V∞ ∧X)

F ∧ F

��

κ−1
V ∧ 1

// LV∞ ∧ V∞ ∧X ∧X

(κ−1
V ∧ 1)(F ∧ F )(κV ∧ 1)

��
V∞ ∧ Y

∆V∞∧Y // (V∞ ∧ Y ) ∧ (V∞ ∧ Y )
κ−1
V ∧ 1

// LV∞ ∧ V∞ ∧ Y ∧ Y .

Definition 5.30. The geometric Hopf invariant of a map F : V∞ ∧X →
V∞ ∧ Y is the Z2-equivariant map given by the relative difference of the
Z2-equivariant maps p = (κ−1

V ∧ 1)(F ∧ F )(κV ∧∆X), q = (1 ∧∆Y )(1 ∧ F )

hV (F ) = δ(p, q) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ;

(t, u, v, x) 7→

{
q([1− 2t, u], v, x) if 0 6 t 6 1/2

p([2t− 1, u], v, x) if 1/2 6 t 6 1

(t ∈ I, u ∈ S(LV ), v ∈ V, x ∈ X) .

ut

Remark 5.31. hV (F ) is the geometric Hopf invariant of Crabb [12, p. 61],
Crabb and James [14, p. 306]. ut

Example 5.32. Suppose that V = {0}, so that

V∞ = S0 , S(LV ) = ∅ , S(LV )+ = {∗} .

The geometric Hopf invariant of a map

F : V∞ ∧X = X → V∞ ∧ Y = Y

is

hV (F ) = ∗ : ΣS(LV )+∧V∞∧X = {∗} → LV∞∧V∞∧Y ∧Y = Y ∧Y .

ut

The geometric Hopf invariant hV (F ) of a map F : V∞∧X → V∞∧Y has
the following properties.

Proposition 5.33. (i) (Naturality) If f : X → X ′, g : Y → Y ′, F :
V∞ ∧X → V∞ ∧ Y , F ′ : V∞ ∧X ′ → V∞ ∧ Y ′ are maps such that there is
defined a commutative diagram
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V∞ ∧X F //

1 ∧ f
��

V∞ ∧ Y

1 ∧ g
��

V∞ ∧X ′ F ′ // V∞ ∧ Y ′

then there is defined a commutative diagram

ΣS(LV )+ ∧ V∞ ∧X
hV (F )

//

1 ∧ f
��

LV∞ ∧ V∞ ∧ Y ∧ Y

1 ∧ g ∧ g
��

ΣS(LV )+ ∧ V∞ ∧X ′
hV (F ′)

// LV∞ ∧ V∞ ∧ Y ′ ∧ Y ′

(ii) (Homotopy invariance) The Z2-equivariant homotopy class of hV (F ) de-
pends only on the homotopy class of F .
(iii) (Suspension formula) Let U be another inner product space. The geo-
metric Hopf invariant hU⊕V (1U∞ ∧ F ) of the stabilization of F : V∞ ∧X →
V∞ ∧ Y

1U∞∧F : (U⊕V )∞∧X = U∞∧V∞∧X → (U⊕V )∞∧Y = U∞∧V∞∧Y

is determined by hV (F ), with a commutative diagram

U∞ ∧ V∞ ∧ΣS(LU ⊕ LV )+ ∧X
1 ∧ΣjLV,LU

))
hU⊕V (1U∞ ∧ F )

��

(U ⊕ LU)∞ ∧ V∞ ∧ΣS(LV )+ ∧X

1(U⊕LU)∞ ∧ hV (F )
uu

(U ⊕ LU)∞ ∧ (V ⊕ LV )∞ ∧ Y ∧ Y

with jLV,LU the Z2-equivariant adjunction Umkehr map of the Z2-equivariant
embedding

S(LU)×D(LV ) ⊂ D(LU)× S(LV ) ∪ S(LU)×D(LV ) = S(LU ⊕ LV ) ,

that is

jLV,LU = projection : S(LU ⊕ LV )+ →
S(LU ⊕ LV )/(S(LU)×D(LV )) = LU∞ ∧ S(LV )+ .

(iv) (Symmetrization) Write
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A = V∞ ∧X , B = LV∞ ∧ V∞ ∧ Y ∧ Y .

The images of the Z2-equivariant homotopy class of the geometric Hopf in-
variant hV (F ) ∈ [ΣS(LV )+ ∧ A;B]Z2

under the maps in the commutative
braid of exact sequences of Z2-equivariant homotopy groups

[ΣS(LV )+ ∧A;B]Z2

α∗LV

$$

k∗LV,LV

%%
[S(LV )+ ∧ LV∞ ∧A;B]Z2

j∗LV,LV

''
[LV∞ ∧A;B]Z2

s∗LV
99

0∗LV

%%

[S(LV ⊕ LV )+ ∧A;B]Z2

[LV∞ ∧ LV∞ ∧A;B]Z2

0∗LV⊕LV
::

0∗LV
::

[A;B]Z2

s∗LV⊕LV
77

are given by

α∗LV hV (F ) = (F ∧ F )∆X −∆Y (1 ∧ F ) ∈ [LV∞ ∧A;B]Z2 ,

k∗LV,LV hV (F ) = (F ∧ F )φ̇V (X)− φ̇V (Y )F ∈ [S(LV )+ ∧ LV∞ ∧A;B]Z2
.

In particular, the diagram of Z2-equivariant maps

LV∞ ∧ V∞ ∧X
αLV ∧ 1 //

(F ∧ F )∆X −∆Y (1 ∧ F )
((

ΣS(LV )+ ∧ V∞ ∧X

hV (F )

��
LV∞ ∧ V∞ ∧ Y ∧ Y

commutes up to Z2-equivariant homotopy.
(v) (Composition formula) The geometric Hopf invariant of the composite

GF : V∞ ∧X → V∞ ∧ Z

of maps F : V∞ ∧ X → V∞ ∧ Y , G : V∞ ∧ Y → V∞ ∧ Z is given up to
Z2-equivariant homotopy by

hV (GF ) = hV (G)(1 ∧ F ) + (κ−1
V ∧ 1)(G ∧G)(κV ∧ 1)hV (F ) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Z ∧ Z .

(vi) (Product formula) Let Fi : V∞i ∧Xi → V∞i ∧ Yi, i = 1, 2, be two maps.
The geometric Hopf invariant hV1⊕V2

(F1 ∧ F2) of the smash product
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F1 ∧ F2 : (V1 ⊕ V2)∞ ∧ (X1 ∧X2)→ (V1 ⊕ V2)∞ ∧ (Y1 ∧ Y2)

is the composite(
(∆Y1

F1 ∧ hV2
(F2)) ∨ (hV1

(F1) ∧ hV2
(F2)) ∨ (hV1

(F1) ∧∆Y2
F2)
)
◦Σc :

ΣS(LV1 ⊕ LV2)+ ∧ (V1 ⊕ V2)∞ ∧X1 ∧X2

→ ((LV1 ⊕ LV2)∞ ∧ (V1 ⊕ V2)∞ ∧ (Y1 ∧ Y2) ∧ (Y1 ∧ Y2))

where
c : A = S(LV1 ⊕ LV2)+ → B1 ∨B2 ∨B3

is the Umkehr map for the inclusion of the submanifold

S(LV1) t S(LV2) t (S(LV1)× S(LV2)) ↪→ S(LV1 ⊕ LV2) .

The Z2-equivariant stable homotopy class

c = (c1, c2, c3) ∈ {A;B1∨B2∨B3}Z2
= {A;B1}Z2

⊕{A;B2}Z2
⊕{A;B3}Z2

has components

c1 = jLV2,LV1
: A = S(LV1 ⊕ LV2)

→ B1 = S(LV1 ⊕ LV2)/(S(LV1)×D(LV2)) = LV∞1 ∧ S(LV2)+ ,

c2 = jLV1,LV2 : A = S(LV1 ⊕ LV2)

→ B2 = S(LV1 ⊕ LV2)/(D(LV1)× S(LV2)) = S(LV1)+ ∧ LV∞2 ,

c3 = projection : A = S(LV1 ⊕ LV2)

→ B3 = S(LV1 ⊕ LV2)/(S(LV1)×D(LV2) tD(LV1)× S(LV2))

= Σ(S(LV1)+ ∧ S(LV2)+) .

(vii) (One-point union formula) The geometric Hopf invariant of a map from
a one-point union

F1 ∨ F2 : V∞ ∧ (X1 ∨X2) = (V∞ ∧X1) ∨ (V∞ ∧X2)→ V∞ ∧ Y

is given by

hV (F1 ∨ F2) = hV (F1) ∨ hV (F2) :

ΣS(LV )+ ∧ V∞ ∧ (X1 ∨X2)→ LV∞ ∧ V∞ ∧ Y ∧ Y .

(viii) (Sum map) For V 6= {0} the geometric Hopf invariant of the sum map

∇V : V∞ → V∞ ∨ V∞

is given up to Z2-equivariant homotopy by the composite
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hV (∇V ) = iV jV : ΣS(LV )+ ∧ V∞ → (V∞ ∨ V∞) ∧ (V∞ ∨ V∞)

with

iV : (V∞ ∧ V∞) ∨ (V∞ ∧ V∞)→ (V∞ ∨ V∞) ∧ (V∞ ∨ V∞) ;

(u, v)1 7→ (u1, v2) , (u, v)2 7→ (u2, v1)

and
jV : ΣS(LV )+ ∧ V∞ → (V∞ ∧ V∞) ∨ (V∞ ∧ V∞) ;

(t, u, v) 7→

{
(αV (2t, u), v)1 if 0 6 t 6 1/2

(v, αV (2t− 1, u))2 if 1/2 6 t 6 1 .

(ix) (Sum formula) For V 6= {0} the geometric Hopf invariant of the sum of
maps F,G : V∞ ∧X → V∞ ∧ Y

F +G : V∞ ∧X → V∞ ∧ Y

is given up to Z2-equivariant homotopy by

hV (F +G) = (hV (F ) ∨ hV (G) ∨ ((F ∧G) ∨ (G ∧ F ))(1 ∧∆X)) ◦ (d ∧ 1) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

with

d : A = ΣS(LV )+ ∧ V∞ →
B1 ∨B2 ∨B3 = (ΣS(LV )+ ∧ V∞) ∨ (ΣS(LV )+ ∧ V∞)

∨ ((V∞ ∧ V∞) ∨ (V∞ ∧ V∞))

a Z2-equivariant map with stable components

d = (d1, d2, d3) ∈ {A;B1∨B2∨B3}Z2 = {A;B1}Z2⊕{A;B2}Z2⊕{A;B3}Z2

given by

d1 = d2 = 1 : A = ΣS(LV )+ ∧ V∞ → B1 = B2 = ΣS(LV )+ ∧ V∞ ,

d3 = jV : A = ΣS(LV )+ ∧ V∞ → B3 = (V∞ ∧ V∞) ∨ (V∞ ∧ V∞)

Thus up to stable Z2-equivariant homotopy

hV (F +G) = hV (F ) + hV (G) + [(F ∧G) ∨ (G ∧ F )](jV ∧∆X) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y .

Proof. (i) By construction.
(ii) A homotopy G : F ' F ′ : V∞ ∧X → V∞ ∧ Y determines Z2-equivariant
homotopies
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1 ∧G : 1 ∧ F ' 1 ∧ F ′ : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ,

G ∧G : F ∧ F ' F ′ ∧ F ′ : (V∞ ∧X) ∧ (V∞ ∧X)→ (V∞ ∧ Y ) ∧ (V∞ ∧ Y )

and hence by 2.20 (i) a Z2-equivariant homotopy

δ((κ−1
V ∧ 1)(G ∧G)(κV ∧∆X), (1 ∧∆Y )(1 ∧G)) :

hV (F ) = δ((κ−1
V ∧ 1)(F ∧ F )(κV ∧∆X), (1 ∧∆Y )(1 ∧ F ))

' hV (F ′) = δ((κ−1
V ∧ 1)(F ′ ∧ F ′)(κV ∧∆X), (1 ∧∆Y )(1 ∧ F ′))

: ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y .

(iii) The identity hU⊕V (1U∞∧F ) = (1(U⊕LU)∞∧hV (F ))(1∧ΣjLU,LV ) follows
from the commutative diagram

(LU ⊕ LV )∞ = LU∞ ∧ LV∞
αL(U⊕V ) //

1LU∞ ∧ αLV
))

ΣS(L(U ⊕ V ))∞

ΣjLU,LV

��
LU∞ ∧ΣS(LV )+ .

(iv) This is a special case of 2.20 (i).
(v) By construction hV (F ) = δ(p, q), hV (G) = δ(r, s) with

p = (κ−1
V ∧ 1)(F ∧ F )(κV ∧∆X) , q = (1 ∧∆Y )(1 ∧ F ) :

LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ,

r = (κ−1
V ∧ 1)(G ∧G)(κV ∧∆Y ) , s = (1 ∧∆Z)(1 ∧G) :

LV∞ ∧ V∞ ∧ Y → LV∞ ∧ V∞ ∧ Z ∧ Z .

Now

(κ−1
V ∧ 1)(G ∧G)(κV ∧ 1)q = (κ−1

V ∧ 1)(G ∧G)(κV ∧ 1)∆Y (1 ∧ F )

= r(1 ∧ F ) :

LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Z ∧ Z ,

so Proposition 2.20 (v) can be applied to give a (Z2-equivariant) homotopy

hV (GF ) = δ((κ−1
V ∧ 1)(G ∧G)(κV ∧ 1)p, s(1 ∧ F ))

' δ(r(1 ∧ F ), s(1 ∧ F ), )

+δ((κ−1
V ∧ 1)(G ∧G)(κV ∧ 1)p, (κ−1

V ∧ 1)(G ∧G)(κV ∧ 1)q)

= hV (G)(1 ∧ F ) + (κ−1
V ∧ 1)(G ∧G)(κV ∧ 1)hV (F ) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Z ∧ Z .



5.3 The geometric Hopf invariant hV (F ) 163

(vi) Consider first the special case of a product map of the type

F ∧ 1Z : V∞ ∧X ∧ Z → V∞ ∧ Y ∧ Z

when the product formula to be obtained is

hV (F ∧ 1Z) = hV (F ) ∧∆Z :

ΣS(LV )+ ∧ V∞ ∧X ∧ Z → LV∞ ∧ V∞ ∧ ((Y ∧ Z) ∧ (Y ∧ Z)) .

By construction hV (F ) = δ(pF , qF ) with

pF = (κ−1
V ∧ 1)(F ∧ F )(κV ∧∆X) , qF = (1 ∧∆Y )(1 ∧ F ) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y .

It now follows from

∆X∧Z = ∆X ∧∆Z , ∆Y ∧Z = ∆Y ∧∆Z

that

hV (F ∧ 1) = δ(pF∧1, qF∧1) = δ(pF ∧∆Z , qF ∧∆Z)

= δ(pF , qF ) ∧∆Z = hV (F ) ∧∆Z :

ΣS(LV )+ ∧ V∞ ∧X ∧ Z → LV∞ ∧ V∞ ∧ ((Y ∧ Z) ∧ (Y ∧ Z)) .

The general case follows from the suspension formula (iii), the composition
formula (v) and the special case, because

F1∧F2 = (1∧F2)◦(F1∧1) : (V∞1 ∧X1)∧(V∞2 ∧X2)→ (V∞1 ∧Y1)∧(V∞2 ∧Y2) .

(vii) By construction.
(viii) The Hurewicz map

[ΣS(LV )+ ∧ V∞, (V∞ ∨ V∞) ∧ (V∞ ∨ V∞)]Z2 →

→ H0(HomZ[Z2](Ċ(ΣS(LV )+ ∧ V∞), Ċ((V∞ ∨ V∞) ∧ (V∞ ∨ V∞)))

= QV0 (Z⊕ Z) = QV0 (Z)⊕QV0 (Z)⊕H0((Z⊕ Z)⊗ (Z⊕ Z)) = Z⊕ Z⊕ Z4

is an isomorphism and the symmetrization map

1 + T = 2⊕ 2⊕ 1 : QV0 (Z⊕ Z) = Z⊕ Z⊕ Z4

→ Q0
V (Z⊕ Z) = Q0

V (Z)⊕Q0
V (Z)⊕H0((Z⊕ Z)⊗ (Z⊕ Z)) = Z⊕ Z⊕ Z4

is an injection with



164 5 The geometric Hopf invariant

(1 + T )hV (∇) = ∇%φ̇V (S0)− φ̇V (S0 ∨ S0)∇
= (0, 0, (1, 0)⊗ (0, 1) + (0, 1)⊗ (1, 0))

= (1 + T )iV jV ∈ Q0
V (Z⊕ Z) .

(In Example 6.33 we shall give a more geometric proof of hV (∇) = iV jV
using the fact that ∇ is an Umkehr map of an immersion {∗1, ∗2} → {∗} of
0-dimensional manifolds with a single double point.)
(ix) By definition, F +G is the composite

F +G = (F ∨G)(∇V ∧ 1) :

V∞ ∧X
∇V ∧ 1 // (V∞ ∨ V∞) ∧X = V∞ ∧ (X ∨X)

F ∨G // V∞ ∧ Y

with ∇V : V∞ → V∞∨V∞ a sum map as in Definition 2.9 (iii). By the com-
position formula (v), the product formula (vi), the one-point union formula
(vii) and the sum map formula (viii)

hV (F +G)

= hV (F ∨G)(∇V ∧ 1) + ((F ∨G) ∧ (F ∨G))hV (∇V ∧ 1)

= (hV (F ) ∨ hV (G))(∇V ∧ 1) + ((F ∨G) ∧ (F ∨G))(hV (∇V ) ∧∆X)

= hV (F ) + hV (G) + ((F ∨G) ∧ (F ∨G))(hV (∇V ) ∧∆X)

= hV (F ) + hV (G) + ((F ∧G) ∨ (G ∨ F ))(jV ∧∆X) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ (Y ∧ Y ) .

ut

Remark 5.34. As a special case of the composition formula 5.33 (v), we have
the naturality of the geometric Hopf invariant for X and Y in the homotopy
category, that is

hV ((1 ∧ g) ◦ F ◦ (1 ∧ f)) = (1 ∧ (g ∧ g)) ◦ hV (F ) ◦ (1 ∧ f)

for maps F : V∞ ∧X → V∞ ∧ Y , f : X ′ → X and g : Y → Y ′. ut

In the case X = Y = S0 we have:

Proposition 5.35. The stable Z2-equivariant homotopy class of the geo-
metric Hopf invariant of a stable map F : V∞ → V∞ of degree d ∈ Z is

hV (F ) =
d(d− 1)

2
∈ {ΣS(LV )+∧V∞;LV∞∧V∞}Z2

= {S0;P (V )+} = Z .
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Proof. We offer three proofs:
(I) The maps p, q : LV∞ ∧V∞ → LV∞ ∧V∞ used to define hV (F ) = δ(p, q)
have

degree(p) = d2 , degree(q) = d ∈ Z

so that by Proposition 4.21

hV (F ) = semidegree(hV (F ))

=
degree(p)− degree(q)

2

=
d2 − d

2
∈ [ΣS(LV )+ ∧ V∞, LV∞ ∧ V∞]Z2

= Z .

(II) As in the proof of Proposition 5.33 (ix) note that the Hurewicz map

[ΣS(LV )+ ∧ V∞, V∞ ∧ V∞]Z2
→

H0(HomZ[Z2](Ċ(ΣS(LV )+ ∧ V∞), Ċ(V∞ ∧ V∞))) = QV0 (Z) = Z

is an isomorphism and the symmetrization map

1 + T = 2 : QV0 (Z) = Z→ Q0
V (Z) = Z

is an injection with

(1 + T )hV (d) = d%φ̇V (S0)− φ̇V (S0)d = d2 − d ∈ Q0
V (Z) = Z .

(III) Proposition 4.36 (i) gives a split short exact sequence

{S1;LV∞}Z2 = 0→ {ΣS(LV )+;LV∞}Z2 = {S0;P (V )+}Z2 = Z
→ {LV∞;LV∞}Z2

= {S0;S0}Z2
= A(Z2)

ρ // {S0;LV∞}Z2
= {S0;S0} = Z→ 0

with A(Z2) the Burnside ring of finite Z2-sets and ρ the Z2-fixed point map.
Assume that F is transverse regular at 0 ∈ V∞, so that {x ∈ V |F (x) = 0}
is a finite set with d points (counted algebraically), with

F = d ∈ [V∞, V∞] = Z .

The image of hV (F ) in A(Z2) is the class of the finite free Z2-set

S = {(x, y) ∈ V × V |F (x) = F (y) = 0, x 6= y}

with d2 − d = d(d− 1) points, so that

hV (F ) =
|S|
2

=
d(d− 1)

2
∈ Z .
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ut

Example 5.36. (i) Given c ∈ O(V ) define

d = degree(c∞ : V∞ → V∞) =

{
+1 if det(c) > 0

−1 if det(c) < 0 .

By Proposition 5.35 the stable Z2-equivariant homotopy class of the geomet-
ric Hopf invariant of c∞ : V∞ → V∞ is given by

hV (c∞) =
d(d− 1)

2
=

{
0 if det(c) > 0

1 if det(c) < 0

∈ ω0(P (R(∞))) = ker(ρ : ω0,0 → ω0) = Z

(using the terminology of Example 4.61).
(ii) In the special case of (i)

V = R , c = − 1 ∈ GL(V ) = R\{0} ,
c∞ = − 1 : V∞ = S1 → V∞ = S1 ; t 7→ 1− t

with degree d = −1 the formula in (i) gives that

hR(−1) = 1 ∈ Z .

ut

Example 5.37. Let V = R, X = S2n, Y = Sn, for any n > 0. The Z2-
equivariant homotopy class of the geometric Hopf invariant of a map

F : V∞ ∧X = S2n+1 → V∞ ∧ Y = Sn+1

is an integer

hR(F ) ∈ [ΣS(LV )+ ∧ V∞ ∧X,LV∞ ∧ V∞ ∧ Y ∧ Y ]Z2

= [V∞ ∧ V∞ ∧X,LV∞ ∧ V∞ ∧ Y ∧ Y ] = π2n+2(S2n+2) = Z

(using ΣS(LV )+ = V∞ ∨ LV∞), namely the degree of the map

hR(F )| : V∞ ∧ V∞ ∧X = S2n+2 → LV∞ ∧ V∞ ∧ Y ∧ Y = S2n+2 .

(i) For n = 0 and any d ∈ Z the stable Z2-equivariant homotopy class of the
geometric Hopf invariant of the map

d : ΣX = S1 → ΣY = S1 ; t 7→ dt
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is given by Proposition 5.35 to be

hR(d) =
d(d− 1)

2
∈ Z ,

See 6.35 below for a geometric interpretation in the case d > 1.
(ii) See 6.68 below for the identification of the Z2-equivariant homotopy class
of the geometric Hopf invariant of a map F : ΣX = S2n+1 → ΣY = Sn+1 in
the case n > 1 with the classical Hopf invariant of F . ut

The geometric Hopf invariant is closely related to the relative version of
the symmetric construction, for maps:

Proposition 5.38. (i) Given a map F : X → Y let

Z = C (F ) = Y ∪F CX

be the mapping cone, so that there is defined a homotopy cofibration sequence

X
F // Y

G // Z
H // ΣX

with G the inclusion, H the projection. Let E : CX → Z be the inclusion, a
canonical null-homotopy of GF : X → Z . For any inner product space V the
V -coefficient symmetric construction φ̇V (Z) is the composite Z2-equivariant
map

φ̇V (Z) : S(LV )+ ∧ Z 1∧H // ΣS(LV )+ ∧X
δ(r,Tr)// Z ∧ Z

with

r = (E ∧GF )φV (X) , T r = (GF ∧E)φV (X) : CS(LV )+ ∧X → Z ∧Z

two null-homotopies of

(GF ∧GF )φV (X) : S(LV )+ ∧X → Z ∧ Z .

(ii) The geometric Hopf invariant of a map F : V∞ ∧ X → V∞ ∧ Y is the
relative difference (1.5) of the null-homotopies of

(F ∧ F )φ̇V (V∞ ∧X) = φ̇V (V∞ ∧ Y )(1 ∧ F ) :

S(LV )+ ∧ V∞ ∧X → V∞ ∧ V∞ ∧ Y ∧ Y

given by 5.26
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δφ̇V (V∞ ∧ Y )(1 ∧ F ) , (F ∧ F )δφ̇V (V∞ ∧X) :

CS(LV )+ ∧ V∞ ∧X → V∞ ∧ V∞ ∧ Y ∧ Y

that is

hV (F ) = (κ−1
V ∧ 1)δ

(
δφ̇V (V∞ ∧ Y )(1 ∧ F ), (F ∧ F )δφ̇V (V∞ ∧X)

)
:

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y .

(iii) Given a map F : V∞ ∧X → V∞ ∧ Y let

V∞ ∧X F // V∞ ∧ Y G // Z
H // ΣV∞ ∧X

be as in (i) with Z = C (F ) the mapping cone, G the inclusion and H the
projection. The V -coefficient symmetric construction φ̇V (Z) is given up to
Z2-equivariant homotopy by

φ̇V (Z) = (G ∧G)hV (F )H : S(LV )+ ∧ Z → Z ∧ Z .

Proof. (i) By construction.
(ii) By Proposition 2.17 (i).
(iii) Combine (ii) and Proposition 1.12 (ii).

ut

The geometric Hopf invariant hV (F ) has a particularly simple description
in the special case V = R.

Definition 5.39. For V = R

V∞ = S1 , S(LV ) = S0 , LV \{0} = R+ t R− ,
ΣS(LV )+ = (LV \{0})∞ = S1 ∨ S1

with Z2 acting on S0 and S1 ∨ S1 by transposition, and

R+ = {x ∈ R |x > 0} , R− = {x ∈ R |x < 0} .

The geometric Hopf invariant of a map

F : R∞ ∧X = ΣX → R∞ ∧ Y = ΣY

is the Z2-equivariant map

hR(F ) = hR(F )+∨hR(F )− : (S1∨S1)∧ΣX → LR∞∧R∞∧Y ∧Y = ΣY ∧ΣY

which is entirely determined by the non-equivariant R-coefficient geometric
Hopf invariant
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hR(F )+ : (S1 ∨ {∗}) ∧ΣX = Σ2X → ΣY ∧ΣY .

ut

Proposition 5.40. (i) The geometric Hopf invariant of the sum of maps
F,G : ΣX → ΣY

F +G : ΣX → ΣY ; (s, x) 7→

{
F (2s, x) if 0 6 s 6 1/2

G(2s− 1, x) if 1/2 6 s 6 1

is given up to homotopy by

hR(F +G)+ = hR(F )+ + hR(G)+ + F ∧G : Σ2X → ΣY ∧ΣY .

(ii) The geometric Hopf invariant of the map defined for any pointed spaces
A1, A2 by

F : Σ(A1×A2)→ Σ(A1∨A2) ; (s, a1, a2) 7→

{
(2s, a1) if 0 6 s 6 1/2

(2s− 1, a2) if 1/2 6 s 6 1

is given up to homotopy by

hR(F )+ : Σ2(A1 ×A2)
Σ2p // Σ2(A1 ∧A2) ⊂ Σ(A1 ∨A2) ∧Σ(A1 ∨A2)

with p : A1 ×A2 → A1 ∧A2 the projection.

Proof. (i) This is the special case V = R of the sum formula of Proposition
5.33 (ix).
(ii) Apply (i) to F = ΣF1 +ΣF2, with

Fi : A1 ×A2 → A1 ∨A2 ; (a1, a2) 7→ ai .

ut

Example 5.41. For any pointed space X define the map

F = Σp1 +Σp2 : Σ(X ×X)→ ΣX

with
pi : X ×X → X ; (x1, x2) 7→ xi (i = 1, 2) .

By Proposition 5.40 the geometric Hopf invariant of F is given up to homo-
topy by

hR(F )+ = Σ2p : Σ2(X ×X)→ Σ2(X ∧X)

with p : X ×X → X ∧X the projection. ut
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5.4 The stable geometric Hopf invariant h′
V (F )

The stable relative difference δ′(p, q) defined in 3.6 above will now be used
to construct a second form of the geometric Hopf invariant of a map F :
V∞ ∧X → V∞ ∧ Y , to be a Z2-equivariant map

h′V (F ) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ S(LV )+ ∧ Y ∧ Y

with LV as defined in section 5.3. We shall regard h′V (F ) as a stable Z2-
equivariant map

h′V (F ) : X 7→ S(LV )+ ∧ Y ∧ Y .

The symmetric construction on the mapping cone of a map F : V∞∧X →
V∞ ∧Y will be shown to factorize (up to Z2-equivariant homotopy) through
the stable geometric Hopf invariant h′V (F ) of §5.4. Thus h′V (F ) is a geometric
version of the functional Steenrod squares (cf. Remark 5.51 below).

As before, define the Z2-equivariant maps

p = (κ−1
V ∧ 1)(F ∧ F )(κV ∧∆X) , q = (1 ∧∆Y )(1 ∧ F ) :

LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

which agree on 0+ ∧ V∞ ∧X = V∞ ∧X ⊂ LV∞ ∧ V∞ ∧X. The geometric
Hopf invariant (5.30) is the Z2-equivariant map defined by

hV (F ) = δ(p, q) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y .

Definition 5.42. The stable geometric Hopf invariant of a map F : V∞ ∧
X → V∞ ∧ Y is the stable relative difference of p and q (3.6), the Z2-
equivariant map

h′V (F ) = δ′(p, q) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ S(LV )+ ∧ Y ∧ Y

which we shall regard as a stable Z2-equivariant map

h′V (F ) : X 7→ S(LV )+ ∧ Y ∧ Y .

ut

Proposition 5.43. (i) The Z2-equivariant S-duality isomorphism
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{ΣS(LV )+ ∧ V∞ ∧X;LV∞ ∧ V∞ ∧ Y ∧ Y }Z2
→ {X;S(LV )+ ∧ Y ∧ Y }Z2

;

f 7→ (1 ∧ f)(∆αLV ∧ 1)

sends the geometric Hopf invariant map

hV (F ) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

to the stable geometric Hopf invariant map h′V (F ).
(ii) The stable geometric Hopf invariant is such that there is a commutative
diagram of Z2-equivariant maps

LV∞ ∧ V∞ ∧X
h′V (F )

//

1 ∧ ((κ−1
V ∧ 1)(F ∧ F )(κV ∧∆X)−∆Y (1 ∧ F ))

**

LV∞ ∧ V∞ ∧ S(LV )+ ∧ Y ∧ Y

sLV ∧ 1

��
LV∞ ∧ V∞ ∧ Y ∧ Y

with
sLV : S(LV )+ → S(LV )+/S(LV ) = 0+ ; u 7→ 0

the Z2-equivariant pinch map.
(iii) The stable geometric Hopf invariant defines a function

h : [V∞ ∧X;V∞ ∧ Y ]→ {X;S(LV )+ ∧ Y ∧ Y }Z2
; F 7→ h′V (F )

such that for any F : V∞ ∧X → V∞ ∧ Y , G : V∞ ∧ Y → V∞ ∧ Z

h′V (GF ) = h′V (G)F + (G ∧G)h′V (F ) : X 7→ S(LV )+ ∧ Z ∧ Z .

Proof. (i) This is a special case of 3.44 (i). (See also Example 4.70).
(ii) This is a special case of 3.44 (ii).
(iii) By construction and the composition formula of 5.33 (v).

ut

Proposition 4.36 gives a commutative braid of exact sequences of stable
Z2-equivariant homotopy groups
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{X;S(LV )+ ∧ Y ∧ Y }Z2

sLV

##

##
{S(LV )+ ∧X;Y ∧ Y }Z2

))
{X;Y ∧ Y }Z2

s∗LV
;;

0LV

##

{S(LV ⊕ LV )+ ∧X;LV∞ ∧ Y ∧ Y }Z2

$$
{LV∞ ∧X;Y ∧ Y }Z2 ;;

0∗LV
;;

{X;LV∞ ∧ Y ∧ Y }Z2

55

88 A

and for a pointed map F : V∞ ∧X → V∞ ∧ Y with V ⊆ R(∞)

p = (F ∧ F )∆X = (h′R(∞)(F ), F ) , q = ∆Y F = (0, F )

∈ {X;Y ∧ Y }Z2
= {X;S(∞)+ ∧ (Y ∧ Y )}Z2

⊕ {X;Y } ,

s∗LV (p) = (F ∧ F )φ̇V (X) , s∗LV (q) = φ̇V (Y )F ∈ {S(LV )+ ∧X;Y ∧ Y }Z2 ,

0LV (p) = 0LV (q) = (0, F )

∈ {V∞ ∧X; (V∞ ∧ Y ) ∧ (V∞ ∧ Y )}Z2
= {X;LV∞ ∧ Y ∧ Y }Z2

= {X;S(∞)/S(LV ) ∧ (Y ∧ Y )}Z2 ⊕ {X;Y } ,
p− q = sLV h

′
V (F ) ∈ ker(0LV : {X;Y ∧ Y }Z2

→ {X;LV∞ ∧ Y ∧ Y }Z2
)

= im(sLV : {X;S(LV )+ ∧ Y ∧ Y }Z2
→ {X;Y ∧ Y }Z2

) ,

{LV∞ ∧X;Y ∧ Y }Z2 = {S(∞)/S(LV ) ∧X;Y ∧ Y }Z2 ⊕ {X;Y } ,
A = {S(LV )+ ∧X;LV∞ ∧ Y ∧ Y }Z2

= {X;ΣS(LV )+ ∧ Y ∧ Y }Z2
.

For any pointed space X there is defined a split short exact sequence

0 // {X;P (R(∞))+} // ω̃0
Z2

(X)
ρ // ω̃0(X) // 0

with ρ the Z2-fixed point map and

σ : ω̃0(X)→ ω̃0
Z2

(X) ;

(F : V∞ ∧X → V∞) 7→ (1 ∧ F : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞)

such that ρσ = 1 : ω̃0(X)→ ω̃0(X) (Example 4.39 (iv)).

Definition 5.44. (Crabb [12, pp.32-33])
(i) The squaring operation from stable cohomotopy to stable Z2-cohomotopy

P 2 : ω0(X)→ ω0
Z2

(X) ; (F : V∞ ∧X+ → V∞) 7→
((κ−1

V ∧ 1)(F ∧ F )(κV ∧ 1)(1 ∧∆X) : LV∞ ∧ V∞ ∧X+ → LV∞ ∧ V∞)
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is a non-additive function such that ρP 2 = 1 : ω0(X)→ ω0(X).
(ii) The reduced squaring operation is defined by

P
2

: ω0(X)→ ker(ρ : ω0
Z2

(X ×X)→ ω0(X)) = {X;P (R(∞))+} ;

(F : V∞ ∧X+ → V∞) 7→ P 2(F )− σ(F ) = h′V (F ) .

ut

Example 5.45. (i) P
2

agrees with the Hopf invariant function θ2 of Segal [71]
(cf. Crabb [12, p.35]).

(ii) For j ≡ 1( mod 2) the composite of P
2

for X = Sj and the Hurewicz map

ωj = ω̃0(Sj)
P

2

// {Sj ;P (R(∞))+} = ωj(P (R(∞))) // Hj(P (R(∞))) = Z2

is the classical mod 2 Hopf invariant ([12, 4.16] and Example 5.20 (iv)).

(iii) For j ≡ 3(mod4) the composite of P
2

for X = Sj and the real KO∗-
theory Hurewicz map

ωj = ω̃0(Sj)
P

2

// {Sj ;P (R(∞))+} = ωj(P (R(∞)))

// KOj(P (R(∞))) = Z[1/2]/Z

is the 2-primary e-invariant ([12, 4.17]).
ut

5.5 The quadratic construction ψV (F )

The V -coefficient ‘quadratic construction’ on a pointed space X is the pointed
space S(LV )+ ∧Z2 (X ∧X).

Definition 5.46. Let V be an inner product space, and let F : V∞ ∧X →
V∞ ∧ Y be a pointed map.
(i) The space level V -coefficient quadratic construction on F is the stable map

ψV (F ) : X 7→ S(LV )+ ∧Z2
(Y ∧ Y )

given by the image of the Z2-equivariant stable geometric Hopf invariant
(5.42)
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h′V (F ) = δ′(p, q) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ S(LV )+ ∧ Y ∧ Y

under the isomorphism given by Proposition 4.33

{X;S(LV )+ ∧Z2 (Y ∧ Y )} ∼= {X;S(LV )+ ∧ Y ∧ Y }Z2 .

(ii) The chain level V -coefficient quadratic construction on F is the Z-module
chain map induced by the space level ψV (F )

ψV (F ) : Ċ(X)→ Ccell(S(LV ))⊗Z[Z2] (Ċ(Y )⊗Z Ċ(Y )) ,

inducing morphisms

ψV (F ) : Ḣn(X)→ QVn (Ċ(Y )) .

More directly, note that the chain level quadratic construction ψV (F ) is the
adjoint of the Z[Z2]-module chain map

hV (F ) : SCcell(S(LV ))⊗Z Ċ(X)→ Ccell(LV∞)⊗Z (Ċ(Y )⊗Z Ċ(Y ))

induced by the geometric Hopf invariant Z2-equivariant map

hV (F ) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ,

with respect to the chain level Z2-equivariant S-duality isomorphism of 4.62
(ii) and 5.9 (ii)

Ccell(S(LV ))⊗Z[Z2] (Ċ(Y )⊗Z Ċ(Y ))

∼= HomZ[Z2](SC
cell(S(LV )), Ċ(LV∞)⊗Z (Ċ(Y )⊗Z Ċ(Y ))) .

ut

Remark 5.47. We refer to Crabb and James [14] for an extended treatment
of fibrewise homotopy theory - there is a brief account in Appendix A below.
Here is an explicit formula for the space level quadratic construction ψV (F )
in terms of fibrewise Z2-equivariant homotopy theory. Think of the Hopf
invariant map

hV (F ) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

as a fibrewise Z2-equivariant map

S(LV )× (ΣV∞ ∧X)→ S(LV )× (LV∞ ∧ V∞ ∧ Y ∧ Y )

over S(LV ). By dividing out the free Z2-action, we get a fibrewise map

P (V )× (ΣV∞ ∧X)→ S(LV )×Z2 (LV∞ ∧ V∞ ∧ Y ∧ Y ) (∗)
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over the real projective space P (V ).
We now use fibrewise duality theory as in Crabb and James [14, Part II,

(14.43)]. This requires an embedding of P (V ) in some Euclidean space. To
be definite, we use the embedding

P (V ) ↪→M = End(V ) ; [x] 7→ (v 7→ 〈x, v〉x) (x ∈ S(LV ))

mapping a line to the orthogonal projection onto that subspace. Use the inner
product to construct a tubular neighbourhood ν ↪→M , where ν is the (total
space of) the normal bundle. Notice that the direct sum R ⊕ τ of a trivial
line and the tangent bundle τ of P (V ) is just S(LV ) ×Z2 LV . And τ ⊕ ν is
the trivial bundle P (V )×M .

So the fibrewise smash product of (*) with the identity on the fibrewise
one-point compactification ν∞P (V ) of ν gives a fibrewise map

ν∞P (V ) ∧P (V ) (P (V )× (ΣV∞ ∧X))→
(P (V )×M+) ∧P (V ) (S(LV )×Z2 (ΣV∞ ∧ Y ∧ Y )

over P (V ). Collapsing the basepoint section P (V ), we get a map

P (V )ν ∧ (ΣV∞ ∧X)→ (M+ ∧ΣV∞) ∧ (S(LV )+ ∧Z2
Y ∧ Y )

Compose this with the Pontryagin-Thom map M∞ → P (V )ν , and we have
produced an explicit map

ψV (F ) : (M+ ∧ΣV∞) ∧X → (M+ ∧ΣV∞) ∧ (S(LV )+ ∧Z2 Y ∧ Y ) .

ut

Proposition 5.48. Let F : V∞∧X → V∞∧Y be a stable map, with V = Rk.
The quadratic construction ψV (F ) : X 7→ S(LV )+ ∧Z2

(Y ∧ Y ) induces the
chain level quadratic construction of Ranicki [61, §1], [62, p.29]

ψV (F ) : Ċ(X)→ Ċcell(S(LV )+ ∧Z2
(Y ∧ Y ))

= W [0, k − 1]⊗Z[Z2] (Ċ(Y )⊗Z Ċ(Y ))

and hence also the quadratic construction on the level of homology groups

ψV (F ) : Ḣ∗(X)→ Ḣ∗(S(LV )+ ∧Z2 (Y ∧ Y )) = Q
[0,k−1]
∗ (Ċ(Y )) ,

identifying Ccell(S(LV )) = W [0, k − 1].

Proof. From Proposition 5.27 we have a diagram of Z[Z2]-module chain com-
plexes, chain maps and chain homotopies
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Ccell(S(LV ))⊗Z Ċ(V∞)⊗Z Ċ(X)

δφ̇V (V∞,X)

,,
1⊗Ė(V∞,X) '

��

φ̇V (V∞)∪φ̇V (X)// Ċ(V∞)⊗Z Ċ(X)⊗Z Ċ(V∞)⊗Z Ċ(X)

Ė(V∞,X)⊗Ė(V∞,X) '
��

Ccell(S(LV ))⊗Z Ċ(V∞ ∧X)
φ̇V (V∞∧X) //

1⊗F
��

Ċ(V∞ ∧X)⊗Z Ċ(V∞ ∧X)

F⊗F
��

Ccell(S(LV ))⊗Z Ċ(V∞ ∧ Y )
φ̇V (V∞∧Y ) // Ċ(V∞ ∧ Y )⊗Z Ċ(V∞ ∧ Y )

Ccell(S(LV ))⊗Z Ċ(V∞)⊗Z Ċ(Y )

δφ̇V (V∞,Y )
22

1⊗Ė(V∞,Y ) '

OO

φ̇V (V∞)∪φ̇V (Y )// Ċ(V∞)⊗Z Ċ(Y )⊗Z Ċ(V∞)⊗Z Ċ(Y )

Ė(V∞,Y )⊗Ė(V∞,Y ) '

OO

Evaluation on a generator of Ċ(V∞) = SkZ now gives a diagram of Z[Z2]-
module chain complexes, chain maps and chain homotopies

W [0, k − 1]⊗Z S
kĊ(X)

δφ̇Rk (Sk,X)

,,
1⊗Ė(Sk,X) '

��

Skφ̇Rk (X)
// SkĊ(X)⊗Z S

kĊ(X)

Ė(Sk,X)⊗Ė(Sk,X) '
��

W [0, k − 1]⊗Z Ċ(ΣkX)
φ̇Rk (ΣkX)

//

1⊗F
��

Ċ(ΣkX)⊗Z Ċ(ΣkX)

F⊗F
��

W [0, k − 1]⊗Z Ċ(ΣkY )
φ̇Rk (ΣkY )

// Ċ(ΣkY )⊗Z Ċ(ΣkY )

W [0, k − 1]⊗Z S
kĊ(Y )

δφ̇Rk (Sk,Y )
22

1⊗Ė(Sk,Y ) '

OO

Skφ̇Rk (Y )
// SkĊ(Y )⊗Z S

kĊ(Y )

Ė(Sk,Y )⊗Ė(Sk,Y ) '

OO

The stable geometric Hopf invariant h′Rk(F ) of Proposition 5.43 (ii) induces
the same chain map as the quadratic construction ψRk(F ), which is thus the
chain map given by Proposition 5.13 (ii)

ψRk(F ) = δ(F, φ̇Rk(X), φ̇Rk(Y )) : Ċ(X)→W [0, k−1]⊗Z (Ċ(Y )⊗Z Ċ(X)) .

But this is exactly the chain level quadratic construction of [61, 62].
ut

The quadratic construction ψV (F ) has the following properties :

Proposition 5.49. (i) The stable Z2-equivariant homotopy class of ψV (F ) :
X 7→ S(LV )+∧(Y ∧Y ) depends only on the homotopy class of F : V∞∧X →
V∞ ∧ Y . The function

ψV : [V∞ ∧X,V∞ ∧ Y ]→ {X; S(LV )+ ∧ (Y ∧ Y )}Z2 ; F 7→ ψV (F )
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is such that

ψV (F +G) = ψV (F ) + ψV (G) + i((F ∧G) ◦∆X) ,

where

i : {X; Y ∧ Y } = {X; (S0)+ ∧ (Y ∧ Y )}Z2
→ {X; S(LV )+ ∧ (Y ∧ Y )}Z2

is induced by the map

Y ∧Y = (S0)+∧(Y ∧Y )→ S(LV )+∧Z2
(Y ∧Y ) ; (±1, y1, y2) 7→ (±v, y1, y2)

for any v ∈ S(LV ).
(ii) The symmetrization of the quadratic construction is the difference of the
symmetric constructions, in the sense that ψV (F ) ∈ {X;S(LV )+ ∧Y ∧Y }Z2

has images

sLV (ψV (F )) = (F ∧ F )∆X −∆Y F ∈ {X;Y ∧ Y }Z2
,

s∗LV sLV (ψV (F )) = (F ∧ F )φ̇V (X)− φ̇V (Y )F ∈ {S(LV )+ ∧X;Y ∧ Y }Z2 .

(iii) The quadratic construction on the suspension

ΣF : (V ⊕ R)∞ ∧X = Σ(V∞ ∧X)→ (V ⊕ R)∞ ∧ Y = Σ(V∞ ∧ Y )

is the composite

ψV⊕R(ΣF ) : X
ψV (F )

// S(LV )+∧Z2 (Y ∧Y )
e ∧ 1 // S(L(V ⊕R))∞∧Z2 Y ∧Y

with e : S(LV )→ S(L(V ⊕ R)) the inclusion induced by

e : V → V ⊕ R ; x 7→ (x, 0) .

(iv) If V = {0} then ψV (F ) = 0, i.e. the quadratic construction is 0 for an
unstable map F : X → Y .
(v) (Sum formula) The sum of maps F1, F2 : V∞ ∧ X → V∞ ∧ Y (with
dim(V ) > 0) is a map

F1 + F2 : V∞ ∧X → V∞ ∧ Y

with quadratic construction

ψV (F1 + F2) = ψV (F1) + ψV (F2) + (F1 ∧ F2 + F2 ∧ F1)∆X

: X 7→ S(LV )+ ∧Z2 (Y ∧ Y )

with
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F1 ∧ F2 + F2 ∧ F1 : X ∧X

F1 ∧ F2

F2 ∧ F1


//

(Y ∧ Y ) ∨ (Y ∧ Y ) = (S0)+ ∧Z2 (Y ∧ Y )
� � // S(LV )+ ∧Z2 (Y ∧ Y )

where S0 ⊂ S(LV ) ; ± 7→ ±v for any v ∈ S(LV ).
(vi) (Product formula) Let Fi : V∞i ∧Xi → V∞i ∧ Yi, i = 1, 2, be two maps.
The quadratic construction ψV1⊕V2

(F1 ∧ F2) of the smash product

F1 ∧ F2 : (V1 ⊕ V2)∞ ∧ (X1 ∧X2)→ (V1 ⊕ V2)∞ ∧ (Y1 ∧ Y2)

is the sum

ψV1⊕V2
(F1 ∧ F2)

= (a1 ∧ 1)(ψV1
(F1) ∧∆Y2

F2) + (a2 ∧ 1)(∆Y1
F1 ∧ ψV2

(F2))

+(a3 ∧ 1)(ψV1(F1) ∧ ψV2(F2)) :

X1 ∧X2 7→ S(LV1 ⊕ LV2)+ ∧ (Y1 ∧ Y1) ∧ (Y2 ∧ Y2)

with

a1 : S(LV1)→ S(LV1 ⊕ LV2) ; x1 7→ (x1, 0) ,

a2 : S(LV2)→ S(LV1 ⊕ LV2) ; x2 7→ (0, x2) ,

a3 : S(LV1)× S(LV2)→ S(LV1 ⊕ LV2) ; (x1, x2) 7→ (x1/
√

2, x2/
√

2) .

(vii) (Composition formula) The composite of maps

F : V∞ ∧X → V∞ ∧ Y , G : V∞ ∧ Y → V∞ ∧ Z

is a map GF : V∞ ∧X → V∞ ∧ Z with quadratic construction

ψV (GF ) = (G ∧G)ψV (F ) + ψV (G)F : X 7→ S(LV )+ ∧Z2
(Z ∧ Z) .

Proof. Immediate from the corresponding properties of the geometric Hopf
invariant hV (F ) (5.33).

ut

For any pointed space X write

Σ∞X = lim−→
k

(Rk)∞ ∧X = lim−→
k

ΣkX .

The quadratic construction ψV (F ) also has a stable version, for V = R(∞) :
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Definition 5.50. The quadratic construction on a stable map F : Σ∞X →
Σ∞Y is the stable homotopy class

ψ(F ) = ψR(∞)(F ) ∈ {X; S(∞)+ ∧ (Y ∧Y )}Z2
= {X; S(∞)+ ∧Z2

(Y ∧Y )}

with S(∞) a contractible space with a free Z2-action.
ut

Remark 5.51. (i) The stable homotopy group πS2i(K(Z2, i)) = Z2 is generated
by the Hopf construction S2i+1 → ΣK(Z2, i) on the map

Si × Si → K(Z2, i)×K(Z2, i)→ K(Z2, i) ,

with the mod 2 coefficient quadratic construction defining an isomorphism

πS2i(K(Z2, i))
∼= // πS2i(S(∞)+ ∧Z2 (K(Z2, i) ∧K(Z2, i))) = Z2 ;

(F : V∞ ∧ S2i → V∞ ∧K(Z2, i)) 7→ ψ(F ) .

(ii) The mod 2 coefficient quadratic construction of a stable map F : V∞ ∧
X → V∞ ∧ Y can be expressed in terms of the functional Steenrod squares:
for any y ∈ Hi(Y ;Z2) = [Y,K(Z2, i)]

y%ψV (F ) : Hj(X;Z2)
ψV (F )

// Qj(C(Y ;Z2))
y% // Qj(SiZ2) = Z2 ;

x 7→ 〈Sqj−i+1
yF (ι), x〉

with ι ∈ Hi(K(Z2, i) = Z2 the generator (cf. [61, Proposition 1.6]). If j = 2i
and x ∈ im(πS2i(X)→ H2i(X;Z2)) then

y%ψV (x) = yFx ∈ πS2i(K(Z2, i)) = Z2 ,

with (i) the special case Y = K(Z2, i).
(iii) The π-equivariant version of the quadratic construction was used in [61]
to express the non-simply-connected surgery obstruction of Wall [85] as the
cobordism class of a quadratic Poincaré complex: see §8 below for a more
detailed discussion. ut

5.6 The ultraquadratic construction ψ̂(F )

The ultraquadratic construction is the quadratic construction ψV (F ) on a
map F : V∞ ∧X → V∞ ∧ Y in the special case V = R. A knot determines
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such a map F , and the ultraquadratic construction on F is a homotopy
theoretic version of the Seifert form on the homology of a Seifert surface. See
Ranicki [62, pp. 814–842] for an earlier account of the ultraquadratic theory.

Definition 5.52. The ultraquadratic construction on a map F : ΣX → ΣY
is the quadratic construction for the special case V = R

ψ̂(F ) = ψR(F ) : X 7→ S(LV )+ ∧Z2
(Y ∧ Y ) = Y ∧ Y ,

identifying S(LV ) = S0 = {1,−1} with Z2 acting by permutation. ut

Proposition 5.53. The ultraquadratic construction defines a function

ψ̂ : [ΣX,ΣY ] = [R∞ ∧X,R∞ ∧ Y ]→
{X;S(LR)+ ∧ Y ∧ Y }Z2 = {X;Y ∧ Y } ; F 7→ ψR(F ) ,

with a commutative braid of exact sequences of abelian groups

{X;Y ∧ Y }
sLR

%%

1 + T

&&
{X;Y ∧ Y }

��
{X;Y ∧ Y }Z2

s∗LR
99

0LR

%%

A

{LR∞ ∧X;Y ∧ Y }Z2 88

0∗LR
99

{X;LR∞ ∧ Y ∧ Y }Z2

??

where A = {S(LR ⊕ LR)+ ∧ X;LR∞ ∧ Y ∧ Y }Z2
, s∗LR : {X;Y ∧ Y }Z2

→
{X;Y ∧ Y } is the forgetful map, and

sLRψ̂(F ) = (F ∧ F )∆X −∆Y F ∈ {X;Y ∧ Y }Z2
.

Proof. This is the special case V = R of Proposition 5.49 (i)+(ii). ut

Example 5.54. Let Nn ⊂ Sn+1 be a codimension 1 framed submanifold with
boundary ∂N , with Pontryagin-Thom Umkehr map

F : Sn+1 = ΣSn → Sn+1/cl.(Sn+1 −N × [0, 1]) = Σ(N/∂N)
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(interpreting N/∂N as N∞ if ∂N = ∅). The Hurewicz image

[ψ̂(F )] ∈ Hn(Ċ(N/∂N)⊗Z Ċ(N/∂N))

of the ultraquadratic construction ψ̂(F ) ∈ {Sn; (N/∂N) ∧ (N/∂N)} is a Z-
module chain map (or rather a chain homotopy class)

[ψ̂(F )] : Ċ(N/∂N)n−∗ → Ċ(N/∂N) ,

defining an ‘n-dimensional ultraquadratic complex over Z’ in the sense of
Ranicki [62, p.814]. If ∂N = Sn−1 then N is a Seifert surface for the (n −
1)-knot ∂N = Sn−1 ⊂ Sn+1 and (Ċ(N/∂N), [ψ̂(F )]) is a chain complex
generalization of the Seifert form on Ḣ∗(N/∂N) = H∗(N, ∂N) – see Example
8.6 below for the connection with linking numbers and the Hopf invariant.

ut

In dealing with the special case V = R we shall use the following termi-
nology :

Definition 5.55. (i) The positive and negative lines

V + = {v ∈ V | v > 0}∞ , V − = {v ∈ V | v 6 0}∞ ⊂ V∞

are homeomorphic to [0, 1], and such that

V∞ = V + ∪0,∞ V − .

(ii) The positive and negative circles

S+(V ) = αV (V +) , S−(V ) = αV (V −) ⊂ ΣS(V )+

(with αV : V + → V +/0+ = ΣS(V )+ the canonical projection) are homeo-
morphic to S1, and such that

ΣS(V )+ = S+(V ) ∨ S−(V ) .

(iii) The positive and negative differences of maps p, q : V∞ ∧ X → Y such
that p| = q| : 0+ ∧ X → Y are the restrictions of the relative difference
δ(p, q) : ΣS(V )+ ∧X → Y (2.15 (ii)) to the positive and negative circles

δ+(p, q) = δ(p, q)| : S+(V ) ∧X → Y ,

δ−(p, q) = δ(p, q)| : S−(V ) ∧X → Y

with

δ(p, q) = δ+(p, q) ∨ δ−(p, q) : (S+(V ) ∧X) ∨ (S−(V ) ∧X)→ Y .



182 5 The geometric Hopf invariant

ut

More directly, working with suspension coordinates the positive and neg-
ative differences of maps p, q : ΣX → Y such that

p(1/2, x) = q(1/2, x) ∈ Y (x ∈ X)

are given (up to homotopy and rescaling) by

δ+(p, q) : ΣX → Y ; (t, x) 7→

{
q(1− t, x) if 0 6 t 6 1/2

p(t, x) if 1/2 6 t 6 1 ,

δ−(p, q) : ΣX → Y ; (t, x) 7→

{
q(t, x) if 0 6 t 6 1/2

p(1− t, x) if 1/2 6 t 6 1 .

Lemma 5.56. For any map q : V∞ ∧X → Y such that q(0+ ∧X) = ∗ the
positive difference δ+(∗, q) is homotopic to the map

[q]+ : S+(V ) ∧X → Y ; (v, x) 7→ q(v, x) .

Similarly for the negative difference.

Proof. The homotopies are the restrictions of the homotopy of 2.20 (iv)

δ(∗, q) = δ+(∗, q) ∨ δ−(∗, q) ' [q] = [q]+ ∨ [q]− :

ΣS(V )+ ∧X = (S+(V ) ∧X) ∨ (S−(V ) ∧X)→ Y .

ut

Proposition 5.57. Suppose that V = R, so that (as in 5.55)

ΣS(LV )+ = S+(LV ) ∨ S−(LV ) .

The Z2-action T : ΣS(LV )+ → ΣS(LV )+ interchanges the positive and
negative circles

S+(LV ) = T (S−(LV )) , S−(LV ) = T (S+(LV )) .

The Hopf invariant (5.30) of a map F : V∞∧X → V∞∧Y is a Z2-equivariant
map

hV (F ) = δ(p, q) = δ+(p, q) ∨ Tδ+(p, q) :

ΣS(LV )+ ∧ V∞ ∧X = (S+(LV ) ∧ V∞ ∧X) ∨ T (S+(LV ) ∧ V∞ ∧X)

→ (V∞ ∧ Y ) ∧ (V∞ ∧ Y )
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which is determined by the positive difference

hV (F )| = δ+(p, q) : S+(LV ) ∧ V∞ ∧X → (V∞ ∧ Y ) ∧ (V∞ ∧ Y ) .

The positive difference is homotopic to the Hopf map of Boardman and Steer
[5]

δ+(p, q) ' λ2(F ) : V∞ ∧ V∞ ∧X → (V∞ ∧ Y ) ∧ (V∞ ∧ Y ) .

Proof. In the first instance, we recall the maps µ2, λ2 of [5]. Express V∞∧V∞
as a union

V∞ ∧ V∞ = H+(V ) ∪∆(V )∞ H−(V )

of two contractible subspaces

H+(V ) = {(v, w) ∈ V∞ ∧ V∞ | v > w} ,
H−(V ) = {(v, w) ∈ V∞ ∧ V∞ | v 6 w} ,

with

H+(V ) ∩H−(V ) = ∆(V )∞ = {(v, w) ∈ V∞ ∧ V∞ | v = w} .

(Up to homeomorphism this is just S2 = D2 ∪S1 D2). Given pointed spaces
X,Y1, Y2 and a map

f : V∞ ∧X → Y1 ∨ Y2

let πi : Y1 ∨ Y2 → Yi (i = 1, 2) be the projections, and define

fi = πif : V∞ ∧X → Yi .

Note that for each (v, x) ∈ V∞ ∧X either f1(v, x) = ∗ or f2(v, x) = ∗. The
µ2-function of [5, 5.1]

µ2 : [V∞ ∧X,Y1 ∨ Y2]→ [V∞ ∧ V∞ ∧X,Y1 ∧ Y2]

is defined by

µ2(f) = (f1 ∧ f2)(1 ∧∆X) ∪ ∗ :

V∞ ∧ V∞ ∧X = (H+(V ) ∧X) ∪∆(V )∞∧X (H−(V ) ∧X)→ Y1 ∧ Y2 .

The projection

π+ : V∞ ∧ V∞ → H+(V )/∆(V )∞ ; (v, w) 7→

{
(v, w) if v > w

∗ if v 6 w

is a homotopy equivalence such that there is defined a commutative diagram
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V∞ ∧ V∞ ∧X

µ2(f)

((

π+ ∧ 1
'

// (H+(V )/∆(V )∞) ∧X

[(f1 ∧ f2)(1 ∧∆X)]

��
Y1 ∧ Y2 .

Let ∇ : V∞ → V∞ ∨ V∞ be a sum map, with the components

∇i = πi∇ : V∞
∇ // V∞ ∨ V∞

πi // V∞

both homotopic to the identity, and chosen such that

(∇1 ∧∇2)| = ∗ : H+(V )/∆(V )∞ → V∞ ∧ V∞ .

(If φ̇ : (0, 1)→ R is an order-preserving homeomorphism, then the sum map

∇ : V∞ → V∞ ∨ V∞ ; φ̇(t) 7→

{
φ̇(2t)1 if t 6 1/2

φ̇(2t− 1)2 if t > 1/2

has these properties, with φ̇(0) = φ̇(1) = ∞). The Hopf map of [5] is given
by the composite

λ2 = µ2(∇∧ 1Y ) :

[V∞ ∧X,V∞ ∧ Y ]
∇∧ 1Y// [V∞ ∧X, (V∞ ∧ Y ) ∨ (V∞ ∧ Y )]

µ2 // [V∞ ∧ V∞ ∧X, (V∞ ∧ Y ) ∧ (V∞ ∧ Y )] .

The Hopf invariant of a map F : V∞ ∧X → V∞ ∧ Y is thus given by

λ2(F ) = µ2((∇∧ 1Y )F )

= [((∇1 ∧ 1Y )F ∧ (∇2 ∧ 1Y )F ))(1 ∧∆X)] ∪ ∗ :

V∞ ∧ V∞ ∧X = (H+(V ) ∧X) ∪∆(V )∞∧X (H−(V ) ∧X)

→ (V∞ ∧ Y ) ∧ (V∞ ∧ Y )

with a commutative diagram
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V∞ ∧ V∞ ∧X

λ2(F )

((

π+ ∧ 1
'

// (H+(V )/∆(V )∞) ∧X

[(∇1 ∧∇2 ∧ 1)((F ∧ F )(1 ∧∆X))]

��
(V∞ ∧ Y ) ∧ (V∞ ∧ Y ) .

Now return to the difference construction (5.30) of the Hopf invariant
hV (F ) = δ(p, q), with

p = (κV ∧∆Y )(1 ∧ F ) , q = (F ∧ F )(κV ∧∆X) :

LV∞ ∧ V∞ ∧X → (V∞ ∧ Y ) ∧ (V∞ ∧ Y ) .

The composites

LV∞ ∧ V∞ ∧X // LV∞ ∧ V∞ ∧X
p // (V∞ ∧ Y ) ∧ (V∞ ∧ Y )

∇1 ∧∇2 ∧ 1 // (V∞ ∧ Y ) ∧ (V∞ ∧ Y ) ,

0+ ∧ V∞ ∧X // LV∞ ∧ V∞ ∧X
q // (V∞ ∧ Y ) ∧ (V∞ ∧ Y )

∇1 ∧∇2 ∧ 1 // (V∞ ∧ Y ) ∧ (V∞ ∧ Y )

are both ∗. There exist homotopies

∇1 ' ∇2 ' 1 : V∞ → V∞

and hence also a homotopy

∇1 ∧∇2 ' 1 : V∞ ∧ V∞ → V∞ ∧ V∞ .

Thus there exists a homotopy

δ+(p, q) ' (∇1 ∧∇2 ∧ 1)δ+(p, q) = δ+(∗, (∇1 ∧∇2 ∧ 1)q) .

Furthermore, 5.56 gives a homotopy

δ+(∗, (∇1 ∧∇2 ∧ 1)q) ' [(∇1 ∧∇2 ∧ 1)q]+ ,

so that there exists a homotopy

δ+(p, q) ' [(∇1∧∇2∧1)q]+ : S+(LV )∧V∞∧X → (V∞∧Y )∧ (V∞∧Y ) .

The homeomorphism

κ+
V : S+(LV ) ∧ V∞ → H+(V )/∆(V )∞ ; (v, w) 7→ (v + w,−v + w)
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is such that there is defined a commutative diagram

S+(LV ) ∧ V∞ ∧X

[(∇1 ∧∇2 ∧ 1)q]+

��

κ∞V ∧ 1
∼=

))
(H+(V )/∆(V )∞) ∧X

[(∇1 ∧∇2 ∧ 1)((F ∧ F )(1 ∧∆X))]
uu

(V∞ ∧ Y ) ∧ (V∞ ∧ Y ) .

Putting this together, there are obtained a homotopy equivalence

ι = (κ∞V )−1π+ : V∞ ∧ V∞ → S+(LV ) ∧ V∞

and a homotopy

λ2(F ) ' δ+(p, q)(ι ∧ 1) : V∞ ∧ V∞ ∧X → (V∞ ∧ Y ) ∧ (V∞ ∧ Y ) .

ut

Terminology 5.58 In view of 5.57 we shall regard the Hopf invariant of
a map F : ΣX → ΣY as a non-equivariant map

hR(F ) : Σ2X → ΣY ∧ΣY . ut

Definition 5.59. (i) The James map ([33]) is

J : X ×X → QR(X) = ΩΣX ;

(x1, x2) 7→
(
s 7→

{
(2s, x1) if 0 6 s 6 1/2

(2s− 1, x2) if 1/2 6 s 6 1

)
.

(ii) Let E : QR(X) 7→ X be the stable map defined by evaluation

E : ΣQR(X)→ ΣX ; (s, ω) 7→ ω(s) ,

so that
EJ = π1 + π2 : X ×X 7→ X

with πi : X ×X → X; (x1, x2) 7→ xi. Note that the composite of the map

i : X → X ×X ; x 7→ (x, ∗)

and J is just the inclusion
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Ji : X → QR(X) ; x 7→ (v 7→ (v, x)) .

ut

Proposition 5.60. (i) The ultraquadratic construction

ψ̂(E) : QR(X) 7→ X ∧X

is such that up to stable homotopy

ψ̂(E)J = ψ̂(EJ) = proj. : X ×X 7→ X ∧X ,

ψ̂(E)Ji = {∗} : X 7→ X ∧X .

(ii) The adjoint of a stable map F : ΣW → ΣX

adj(F ) : W → QR(X) ; x 7→ (s 7→ F (s, x))

is such that F = E(adj(F )) with

ψ̂(F ) = ψ̂(E)adj(F ) : W 7→ (X ∧X) .

W
adj(F )

//

ψ̂(F )
$$

QR(X)

ψ̂(E)

��
X ∧X .

Proof. By construction. (This is just the special case V = R of 6.46 (below).)
ut

5.7 The spectral quadratic construction sψV (F )

The chain level ‘spectral quadratic construction’ (Ranicki [62, §7.3]) of a
‘semistable’ map F : X → V∞∧Y inducing the chain map f : Ċ(X)∗+dim(V ) →
Ċ(Y ) is a natural transformation

ψF : Ḣ∗+dim(V )(X)→ Q∗(C(f)) .

We shall now show that this is induced by the following space level geometric
Hopf invariant map :
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Definition 5.61. The spectral Hopf invariant map of a map F : X →
V∞ ∧ Y is the Z2-equivariant map given by the relative difference (1.5)

shV (F ) = δ
(
(G ∧G)δφ̇V (V∞ ∧ Y )(1 ∧ F ), φ̇V (C (F ))(1 ∧GF )

)
:

ΣS(LV )+ ∧X → C (F ) ∧ C (F )

with G : V∞ ∧ Y → C (F ) the inclusion in the mapping cone and

1 ∧GF : CS(LV )+ ∧X = S(LV )+ ∧ CX → S(LV )+ ∧ C (F )

the null-homotopy of 1 ∧GF : S(LV )+ ∧X → S(LV )+ ∧ C (F ) determined
by the inclusion GF : CX → C (F ) = (V∞ ∧ Y ) ∪F CX. ut

The spectral Hopf invariant has the same properties as the Hopf invariant
obtained in 5.33. Here are two particularly important special cases:

Proposition 5.62. (i) The Z2-equivariant homotopy class of shV (F ) de-
pends only on the homotopy class of F .
(ii) The spectral Hopf invariant of the composite EF : X → V∞ ∧Z of maps
F : X → V∞ ∧ Y , E : V∞ ∧ Y → V∞ ∧ Z is given up to Z2-equivariant
homotopy by

shV (EF ) = (k ∧ `)shV (F ) + (k ∧ `)hV (E)(1 ∧ F ) :

ΣS(LV )+ ∧X → C (EF ) ∧ C (EF )

with

k = E ∪ 1 : C (F ) = V∞ ∧ Y ∪F CX → C (EF ) = V∞ ∧ Z ∪GF CX

and ` : V∞ ∧ Z → C (GF ) the inclusion.

Proof. (i) As for the homotopy invariance 5.33 (ii) of the Hopf invariant hV .
(ii) As for the composition formula 5.33 (v) for the Hopf invariant hV .

ut

The spectral Hopf invariant is closely related to the symmetric construc-
tion on the mapping cone:

Proposition 5.63. Given a map F : X → V∞ ∧ Y let

Z = C (F ) = V∞ ∧ Y ∪F CX

be the mapping cone, so that there is defined a homotopy cofibration sequence
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X
F // V∞ ∧ Y G // Z

H // ΣX

with G the inclusion and H the projection.
(i) The symmetric construction φ̇V (Z) is determined by the spectral Hopf
invariant shV (F ), with a Z2-equivariant homotopy commutative diagram

S(LV )+ ∧ Z 1 ∧H //

φ̇V (Z)
))

S(LV )+ ∧ΣX = ΣS(LV )+ ∧X

shV (F )

��
Z ∧ Z .

(ii) If X = V∞∧X0 the spectral Hopf invariant shV (F ) is determined by the
Hopf invariant hV (F ), with a commutative diagram

ΣS(LV )+ ∧X
hV (F )

//

shV (F )
((

(V∞ ∧ Y ) ∧ (V∞ ∧ Y )

G ∧G

��
Z ∧ Z .

(iii) Suppose given a space W and a homotopy equivalence Z ' V∞ ∧W , so
that the homotopy cofibration sequence can be written as

X
F // V∞ ∧ Y G // V∞ ∧W H // ΣX .

The spectral Hopf invariant shV (F ) is determined by the Hopf invariant
hV (G), with a stable Z2-equivariant homotopy commutative diagram

ΣS(LV )+ ∧X 1 ∧ F //

shV (F )
((

ΣS(LV )+ ∧ V∞ ∧ Y

−hV (G)

��
Z ∧ Z .

Proof. (i) As in 5.38 there is defined a natural transformation of homotopy
cofibration sequences
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S(LV )+ ∧X 1∧F //

φ̇V (X)

��

S(LV )+ ∧ V∞ ∧ Y 1∧G //

φ̇V (V∞ ∧ Y )

��

S(LV )+ ∧ Z 1∧H//

φ̇V (F )

��

S(LV )+ ∧ΣX

Σφ̇V (X)

��
X ∧X F∧F // (V∞ ∧ Y ) ∧ (V∞ ∧ Y ) // C (F ∧ F ) // Σ(X ∧X)

and 5.26 gives a Z2-equivariant null-homotopy δφ̇V (V∞∧Y ) : φ̇V (V∞∧Y ) '
∗. Now apply 1.12 (iii) to get a Z2-equivariant homotopy φ̇V (F ) ' δ(i, j) (for
the appropriate i, j) and compose with the projection C (F ∧ F )→ Z ∧Z to
get a Z2-equivariant homotopy φ̇V (Z) ' shV (F )(1 ∧H).
(ii) By construction.
(iii) The application of 5.62 to GF ' ∗ shows that up to stable Z2-equivariant
homotopy

shV (GF ) = shV (F ) + hV (G)(1 ∧ F )

= shV (∗) = 0 : ΣS(LV )+ ∧X → Z ∧ Z .

ut

Remark 5.64. The expression in 5.63 (i) of the symmetric construction φ̇V (C (F ))
on the mapping cone C (F ) of a map F : X → V∞ ∧ Y in terms of the spec-
tral Hopf invariant shV (F ) is a generalization of the relationship between the
functional Steenrod squares of a stable map F and the Steenrod squares of
C (F ). ut

Definition 5.65. The spectral quadratic construction on a map F : X →
V∞ ∧ Y is the stable Z2-equivariant map

sψV (F ) : LV∞ ∧X 7→ S(LV )+ ∧Z2
(C (F ) ∧ C (F ))

given by the image of the Z2-equivariant spectral Hopf invariant (5.42)

shV (F ) : ΣS(LV )+ ∧X → C (F ) ∧ C (F )

under the composite of the Z2-equivariant S-duality isomorphism of Propo-
sition 4.66

{ΣS(LV )+∧X; C (F )∧C (F )}Z2
∼= {LV∞∧X;S(LV )+∧C (F )∧C (F )}Z2 .

ut

Example 5.66. The spectral quadratic construction on a map F : V∞ ∧X →
V∞ ∧ Y is the composite
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sψV (F ) : V∞ ∧ LV∞ ∧X
1 ∧ ψV (F )

// S(LV )+ ∧ LV∞ ∧ V∞ ∧ Y ∧ Y
∼= S(LV )+ ∧ ((V∞ ∧ Y ) ∧ (V∞ ∧ Y ))

1 ∧G ∧G// S(LV )+ ∧ (C (F ) ∧ C (F ))

with G : V∞ ∧ Y → C (F ) the inclusion.
ut

5.8 Stably trivialized vector bundles

We now apply the geometric Hopf invariant to the classification of pairs (δξ, ξ)
consisting of a U -vector bundle ξ : X → BO(U) and a V -stable trivialization

δξ : ξ ⊕ εV ∼= εU⊕V

with U, V finite-dimensional inner product spaces. We relate the classifying
map

c = (δξ, ξ) : X → O(V,U ⊕ V )

to the geometric Hopf invariant hV (F ) of the V -stable map

F : V∞ ∧ T (ξ) = T (ξ ⊕ εV ) ∼=
T (δξ)

// T (εU⊕V ) = (U ⊕ V )∞ ∧X+

proj. // V∞ ∧ U∞ ,

with stable homotopy class

hV (F ) = h′V (F ) = ψV (F ) ∈ {ΣS(LV )+ ∧ T (ξ);LV∞ ∧ (U∞ ∧ U∞)}Z2

= {T (ξ);S(LV )+ ∧ (U∞ ∧ U∞)}Z2

= {T (ξ);S(LV )+ ∧Z2
(U∞ ∧ U∞)}

= {X+;S(LV )+ ∧Z2
LU∞} .

The stable homotopy relationship between the Stiefel space O(V,U ⊕V ) and
the stunted projective space

S(LV )+ ∧Z2
LU∞ = P (U ⊕ V )/P (U)

studied by James [35] and Crabb [12] is used in Proposition 5.74 (v) to
identify the quadratic construction ψV (F ) with the ‘local obstruction’ θ(c)
of [12] (cf. Definition 5.71 below)
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ψV (F ) = θ(c) ∈ {X+;S(LV )∞ ∧Z2
LU∞} .

In particular, cuniv = 1 : O(V,U ⊕ V )→ O(V,U ⊕ V ) classifies the universal
U -bundle with a V -stable trivialization

(η(U) : O(V,U ⊕ V )→ BO(U) , δη(U) : η(U)⊕ εV ∼= εU⊕V )

with a corresponding V -stable map

Funiv : V∞ ∧ T (η(U)) ∼= (V ⊕ U)∞ ∧O(V,U ⊕ V )+ → V∞ ∧ U∞ .

The quadratic construction/local obstruction

ψV (Funiv) = θ(cuniv)

∈ {T (η(U));S(LV )+ ∧Z2
(U∞ ∧ U∞)} = {O(V,U ⊕ V )+;S(LV )∞ ∧Z2

LU∞}

defines a stable map θ : O(V,U⊕V )+ 7→ S(LV )∞∧Z2
LU∞ which is 2 dim(U)-

connected. It follows that the function

[X,O(V,U ⊕ V )]→ {X+;S(LV )+ ∧Z2
LU∞} ; c 7→ ψV (F ) = θ(c)

is a bijection if X is a CW complex with dim(X) < 2 dim(U).

Definition 5.67. (i) Given an inner product space V and a 1-dimensional
subspace L = Rx ⊂ V (x ∈ S(V )) let

L⊥ = {v ∈ V | 〈v, x〉 = 0} ,

and define the linear isometry reflecting V in L⊥ ⊂ V

RL = − 1L ⊕ 1L⊥ : V = L⊕ L⊥ → V = L⊕ L⊥ ;

v = (λ, µ) 7→ v − 2〈v, x〉x = (−λ, µ) .

(ii) The reflection map

R : P (U ⊕ V )/P (U)→ O(V,U ⊕ V ) = O(U ⊕ V )/O(U) ;

L = Rx 7→ (RL| : v 7→ (0, v)− 2〈(0, v), x〉x) (x ∈ S(U ⊕ V ), v ∈ V )

sends L ⊂ U ⊕ V to RL| : V → U ⊕ V .
ut

Example 5.68. (i) For U = {0}, V = R the reflection map is a homeomor-
phism

R : P (R)+ = S0 → O(R) ; ± 1 7→ ±1 .

(ii) For U = {0}, V = R2 the reflection map is the embedding
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R : P (R2)+ = (S1)+ ↪→ O(R2) ;


[cos t, sin t] 7→

(
− cos 2t − sin 2t

− sin 2t cos 2t

)

∗ 7→

(
1 0

0 1

)

with image consisting of all the reflections R2 → R2 in lines through the
origin and the identity map.

ut

Example 5.69. (i) The reflection map

R : P (U ⊕ R)/P (U) = U∞ → O(R, U ⊕ R) = S(U ⊕ R) ;

u 7→
( −2u

|u|2 + 1
,
|u|2 − 1

|u|2 + 1

)
, ∞ 7→ (0, 1)

is a homeomorphism, with inverse

S(U ⊕ R)→ U∞ ; (x, y) 7→ x

y − 1
.

(ii) The composite

R̃ : S(V ) // P (V ) ⊂ P (V )+ = P (0⊕ V )/P (0)
R // O(V ) ;

v 7→ (w 7→ w − 2〈v, w〉v)

is the clutching function for the tangent V -bundle of S(V ⊕ R)

τS(V⊕R) : S(V ⊕ R) = D(V ) ∪S(V ) D(V )→ BO(V ) ,

with

E(τS(V⊕R)) = D(V )× V ∪(x,v)∼(x,R̃(x)(v)) D(V )× V (x ∈ S(V ), v ∈ V ) .

The classifying map for τS(V⊕R) fits into a fibration

S(V ⊕ R)
τS(V⊕R) // BO(V ) // BO(V ⊕ R)

corresponding to the stable isomorphism

τS(V⊕R) ⊕ εR ∼= εV⊕R

determined by the framed embedding S(V ⊕ R) ⊂ V ⊕ R.
ut
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The reflection map R : P (U ⊕V )/P (U)→ O(V,U ⊕V ) is injective, which
we use to regard P (U ⊕ V )/P (U) as a subspace of O(V,U ⊕ V ).

Proposition 5.70. (James [35, Prop. 1.3 and Thm. 3.4])
The pair (O(V,U ⊕ V ), P (U ⊕ V )/P (U)) is 2 dim(U)-connected, so that

R∗ : πi(P (U ⊕ V )/P (U))→ πi(O(V,U ⊕ V ))

is an isomorphism for i < 2 dim(U) and a surjection for i = 2 dim(U).

Proof. (Sketch) By induction on dim(V ), using the Blakers-Massey theorem
to compare the morphism induced by R from the homotopy exact sequence
(in a certain range of dimensions) of the homotopy cofibration sequence

P (U ⊕ V )/P (U)→ P (U ⊕ V ⊕ R)/P (U)→ (U ⊕ V )∞

to the homotopy exact sequence of the fibration sequence

O(V,U ⊕ V )→ O(V ⊕ R, U ⊕ V ⊕ R)→ (U ⊕ V )∞ .

ut

For any finite-dimensional inner product space V the Z2-action on LV
restricts to the antipodal involution on the unit sphere S(LV ), with

S(LV )/Z2 = P (V ) , LV∞/Z2 = sP (V ) .

The homotopy cofibration sequence of Proposition 2.14 (iii)

S(LU)→ S(LU ⊕ LV )→ LU∞ ∧ S(LV )+

→ LU∞ → (LU ⊕ LV )∞ → LU∞ ∧ΣS(LV )+ → . . .

is Z2-equivariant, so that passing to the Z2-quotients there is defined a ho-
motopy cofibration sequence

P (U)→ P (U ⊕ V )→ P (U ⊕ V )/P (U) = LU∞ ∧Z2
S(LV )+

→ sP (U)→ sP (U ⊕ V )→ LU∞ ∧Z2 ΣS(LV )+ → . . . .

If U = {0} interpret P (U ⊕ V )/P (U) as P (V )+.

Let j = dim(U), k = dim(V ), so that

O(V,U ⊕ V ) = Vj+k,k .

The reduced homology groups of the stunted projective space



5.8 Stably trivialized vector bundles 195

P (U ⊕ V )/P (U) = LU∞ ∧Z2
S(LV )+

are the Q-groups

Ḣi(P (U ⊕ V )/P (U)) = Q
[0,k−1]
i+j (SjZ)

=


0 if i < j

Z if i = j is even, or if i = j, k = 1

Z2 if i = j is odd and k > 2 .

The induced morphisms in homology

θ∗ : Hi(O(V,U ⊕ V )) = Hi(Vj+k,k)

→ Hi(P (U ⊕ V )/P (U)) = Q
[0,k−1]
i+j (SjZ) (i > 0)

are split surjections, which are isomorphisms for i < 2j by 5.70 (cf. 3.25 for
i 6 j).

The Stiefel space

O(V,U ⊕ V ) = O(U ⊕ V )/O(U) = Vj+k,k

fits into a fibration

O(V,U ⊕ V )→ BO(U)→ BO(U ⊕ V ) .

The canonical U -bundle η(U) over O(V,U ⊕ V ) is such that

E(η(U)) = {(f, x) | f ∈ O(V,U ⊕ V ), x ∈ f(V )⊥ ⊂ U ⊕ V }
= O(U ⊕ V )×O(U) U

with the canonical U ⊕ V -bundle isomorphism

δη(U) : η(U)⊕ εV ∼= εU⊕V

defined by

δη(U) : E(η(U)⊕ εV ) = E(η(U))× V
→ E(εU⊕V ) = O(V,U ⊕ V )× U ⊕ V ; (f, x, v) 7→ (f, x+ f(v)) .

A map c : X → O(V,U ⊕ V ) classifies a U -bundle ξ : X → BO(U) with a
stable isomorphism δξ : ξ ⊕ εV ∼= εU⊕V , where

E(ξ) = {(x ∈ X, y ∈ c(x)⊥ ⊂ U ⊕ V )} ⊂ E(εU⊕V ) = X × U ⊕ V .

The adjoint Z2-equivariant map
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Fc : LV∞ ∧X+ → (LU ⊕ LV )∞ ; (v, x) 7→ c(x)(v)

represents the Z2-equivariant Euler class of Lξ : X → BOZ2(U)

γZ2(Lξ) = Fc ∈ ω0
Z2

(X;−Lξ) = {X;LU∞}Z2 .

The standard pair (1, εU ) is classified by the constant map

0 : X → O(V,U ⊕ V ) ; x 7→ (v 7→ (0, v))

with adjoint Z2-equivariant map

F0 : LV∞ ∧X+ → (LU ⊕ LV )∞ ; (v, x) 7→ (0, v) .

The adjoint Z2-equivariant maps Fc, F0 are such that

Fc(0, x) = F0(0, x) = (0, 0) ∈ (LU ⊕ LV )∞ .

Definition 5.71. (Crabb [12, 2.6])
(i) The local obstruction of c : X → O(V,U ⊕ V ) is the relative difference
Z2-equivariant map

θ(c) = δ(Fc, F0) : ΣS(LV )+ ∧X+ → (LU ⊕ LV )∞ ;

([t, v], x) 7→

{
(0, [1− 2t, v]) if 0 6 t 6 1/2

c(x)[2t− 1, v] if 1/2 6 t 6 1 .

The stable Z2-equivariant homotopy class

θ(c) ∈ {ΣS(LV )+ ∧X+; (LU ⊕ LV )∞}Z2

has image

[θ(c)] = γZ2(Lξ)− γZ2(LεU ) ∈ {X+;LU∞}Z2 .

(ii) Let

θ′(c) ∈ {X+;S(LV )+ ∧ LU∞}Z2
= {X+;S(LV )+ ∧Z2

LU∞}

be the Z2-equivariant S-dual of θ(c) ∈ {ΣS(LV )+ ∧X+; (LU ⊕ LV )∞}Z2
.
ut

Example 5.72. For any inner product space U the homeomorphism
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c : S(U ⊕ R)→ O(R, U ⊕ R) ; (u, v) 7→ (t 7→ (tu, tv))

(t ∈ V = R, (u, v) ∈ S(U ⊕ R))

classifies the tangent U -bundle

ξ = τS(U⊕R) : S(U ⊕ R)→ BO(U)

with the U ⊕ R-bundle isomorphism

δξ : εR ⊕ ξ ∼= εU⊕R

determined by the embedding S(U ⊕R) ⊂ U ⊕R. The local obstruction of c
is

θ(c) = 1 ∈ {S(U ⊕ R)+;S(LR)+ ∧ LU∞}Z2 = {S(U ⊕ R)+;U∞} = Z .

The map

Fc : R∞ ∧ S(U ⊕ R)+ → R∞ ∧ U∞ ∧ S(U ⊕ R)+ ;

(t, u, v) 7→ (c(u, v)(t), (u, v)) = (tv, tu, u, v) (t ∈ R, (u, v) ∈ S(U ⊕ R)) .

has stable homotopy class

Fc = 1 ∈ {S(U ⊕ R)+;U∞ ∧ S(U ⊕ R)+} = {S(U ⊕ R)+;U∞} = Z ,

and R-coefficient quadratic construction

ψR(Fc) = θ(c)Fc = 1

∈ {S(U ⊕ R)+;S(LR)+ ∧ U∞ ∧ LU∞ ∧ S(U ⊕ R)+ ∧ S(U ⊕ R)+}Z2

= {S(U ⊕ R)+;U∞ ∧ U∞ ∧ S(U ⊕ R)+ ∧ S(U ⊕ R)+} = Z .

ut

Example 5.73. Suppose U = {0}, and c ∈ O(V ). The Z2-equivariant ho-
motopy class of the local obstruction θ(c) : ΣS(LV )+ → LV∞ is given by
Proposition 4.21 to be

θ(c) = bi-degree(δ(Fc, F0))

= (
degree(Fc)− degree(F0)

2
,degree(Gc)− degree(G0))

= (
degree(c)− 1

2
, 1− 1)

=

{
(0, 0) if det(c) = 1

(−1, 0) if det(c) = −1
∈ [ΣS(LV )+, LV∞]Z2 = Z⊕ Z

with
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Gc = G0 = 1 : (LV∞)Z2 = {0}+ → {0}+

the fixed point maps.
ut

Proposition 5.74. Let ξ : X → BO(U) be a U -vector bundle with a V -
stable trivialization δξ : ξ ⊕ εV ∼= εU⊕V .
(i) The map

T (δξ) : T (ξ ⊕ εV ) = V∞ ∧ T (ξ)→ T (εU⊕V ) = V∞ ∧ U∞ ∧X+

is a homeomorphism inducing an isomorphism

T (δξ)∗ : {X;S0}
∼= // {T (ξ);U∞} .

The stable cohomotopy Thom class (3.47) of ξ

u(ξ) = T (δξ)∗(1) ∈ {T (ξ);U∞} = ω0(X; ξ − εU )

is represented by the composite

F = (1 ∧ p)T (δξ) : T (εV ⊕ ξ) = V∞ ∧ T (ξ)
T (δξ)

//

T (εU⊕V ) = V∞ ∧ U∞ ∧X+
1 ∧ p // V∞ ∧ U∞

with p : X+ → S0 the projection sending X to the non-base-point of S0. The
adjoint map

Fc : V∞ ∧X+ → V∞ ∧ U∞ ; (v, x) 7→ c(x)(v)

is the composite

Fc : V∞ ∧X+
1 ∧ zξ // V∞ ∧ T (ξ)

F // V∞ ∧ U∞

with zξ : X+ → T (ξ) the zero section. The images of u(ξ) ∈ {T (ξ);U∞} in
the commutative square

{T (ξ);U∞} //

z∗ξ
��

Ḣj(T (ξ))

z∗ξ
��

{X+;U∞} // Hj(X)

are the Thom class [u(ξ)] ∈ Ḣj(T (ξ)), the stable cohomotopy Euler class
(3.47)
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z∗ξu(ξ) = γ(ξ) ∈ {X+;U∞}

and the Euler class [γ(ξ)] ∈ Hj(X). The adjoint Z2-equivariant maps

Fc , F0 : LV∞ ∧X+ → (LV ⊕ LU)∞

with 0 the constant map

0 : X → O(V,U ⊕ V ) ; x 7→ (v 7→ (0, v))

represent the stable Z2-equivariant cohomotopy Euler classes

γZ2(Lξ) = Fc , γ
Z2(LεU ) = F0 ∈ {X+;LU∞}Z2

.

(ii) The geometric Hopf invariants of F and Fc

hV (F ) ∈ {ΣS(LV )+ ∧ T (ξ);LV∞ ∧ (U∞ ∧ U∞)}Z2 ,

hV (Fc) ∈ {ΣS(LV )+ ∧X+;LV∞ ∧ (U∞ ∧ U∞)}Z2

are related by
hV (Fc) = hV (F )(1 ∧ zξ) .

(iii) The Z2-equivariant stable homotopy class of the geometric Hopf invariant
of Fc is given by

hV (Fc) = (θ(c) ∧ Fc)(1 ∧∆X)

∈ {ΣS(LV )+ ∧X+;LV∞ ∧ (U∞ ∧ U∞)}Z2

= {ΣS(LV )+ ∧ V∞ ∧X+; (LU ⊕ LV )∞ ∧ (U ⊕ V )∞}Z2

and is represented by the Z2-equivariant stable map

(θ(c) ∧ Fc)(1 ∧∆X) :

ΣS(LV )+ ∧ V∞ ∧X+ → (LU ⊕ LV )∞ ∧ (U ⊕ V )∞ ;

([t, u], v, x) 7→ (θ(c)([t, u], x), c(x)(v)) .

(iv) The isomorphism of exact sequences

{X+;S(LV )+ ∧ LU∞}Z2
//

T (δξ)∗ ∧ κU∼=
��

{X+;LU∞}Z2
//

T (δξ)∗ ∧ κU∼=
��

{X+; (LU ⊕ LV )∞}Z2

T (δξ)∗ ∧ κU∼=
��

{T (ξ);S(LV )+ ∧ (U∞ ∧ U∞)}Z2
// {T (ξ);U∞ ∧ U∞}Z2

// {T (ξ);LV∞ ∧ (U∞ ∧ U∞)}Z2

sends θ′(c) ∈ {X;S(LV )+ ∧ LU∞}Z2 to the stable geometric Hopf invari-
ant h′V (F ) ∈ {T (ξ);S(LV )+ ∧ (U∞ ∧ U∞)}Z2 . The stable geometric Hopf
invariant of Fc is given by
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h′V (Fc) = h′V (F )zξ ∈ {X+;S(LV )+ ∧ (U∞ ∧ U∞)}Z2
.

(v) The isomorphism

T (δξ)∗∧κU : {X+;S(LV )+∧Z2LU
∞}

∼= // {T (ξ);S(LV )+∧Z2(U∞∧U∞)}

sends the local obstruction

θ(c) ∈ {X+;P (U ⊕ V )/P (U)} = {X+;S(LV )+ ∧Z2
LU∞}

to the V -coefficient quadratic construction ψV (F ), so we can identify

θ(c) = ψV (F ) ∈ {X+;S(LV )+∧Z2LU
∞} = {T (ξ);S(LV )+∧Z2(U∞∧U∞)} .

(vi) The V -coefficient quadratic construction on Fc is the product of Fc =
γ(ξ) ∈ {X+;U∞} and θ(c), that is

ψV (Fc) = (θ(c)× γ(ξ))∆X ∈ {X+;S(LV )+ ∧Z2 (U∞ ∧ U∞)}

inducing

ψV (Fc) : Hi(X)→ Q
[0,k−1]
i (SjZ) .

The local obstruction stable map

θ : O(V,U ⊕ V ) 7→ S(LV )+ ∧Z2 LU
∞ = P (U ⊕ V )/P (U)

is 2j-connected (5.70), so that for i < 2j

θ(c)∗ = c∗ : Hi(X)→ Hi(O(V,U ⊕ V )) = Q
[0,k−1]
i+j (SjZ) .

Now Fc induces the Z-module chain map

Fc = [γ(ξ)] ∩ − : C(X)→ SjZ

and θ(c) induces a Z-module chain map

θ(c) : C(X)→W [0, k − 1]⊗Z[Z2] S
j(Z,−1) ,

so that ψV (Fc) induces the Z-module chain map

ψV (Fc) : C(X)
∆X // C(X)⊗Z C(X)

θ(c)⊗ γ(ξ)
// W [0, k − 1]⊗Z[Z2] (SjZ⊗Z S

jZ) .

(vii) Let U = U ′ ⊕ R. If ξ = ξ′ ⊕ εR for some U ′-bundle ξ′ : X → BO(U ′)
then
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Fc ' ∗ : V∞ ∧X+ → (U ⊕ V )∞ (non-equivariantly) ,

γ(ξ) = 0 ∈ {X+;U∞} ,
hV (Fc) = 0 ∈ {ΣS(LV )+ ∧X+;U∞ ∧ (LU ⊕ LV )∞}Z2

,

ψV (Fc) = 0 ∈ {X+;S(LV )+ ∧Z2
(U∞ ∧ U∞)} .

If X is a j-dimensional CW complex then ξ = ξ′ ⊕ εR if and only if

γ(ξ) = 0 ∈ {X+;U∞} = Hj(X) .

Proof. (i)+(ii) By construction.
(iii) The geometric Hopf invariant of Fc is the relative difference hV (Fc) =
δ(p, q) of the Z2-equivariant maps

p, q : LV∞ ∧ V∞ ∧X → (LU ⊕ LV )∞ ∧ (U ⊕ V )∞

defined by

p(v1, v2, x)

= (
c(x)(v1 + v2)− c(x)(−v1 + v2)

2
,
c(x)(v1 + v2) + c(x)(−v1 + v2)

2
)

= (c(x)(v1), c(x)(v2)) ,

q(v1, v2, x) = (v1, c(x)(v2))

with
p(0, v, x) = q(0, v, x) = (0, c(x)(v)) (v ∈ V, x ∈ X) .

By Example 2.21

hV (Fc) = δ(p, q) = (θ(c) ∧ Fc)(1 ∧∆X) :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ;

([t, u], v, x) 7→ (θ(c)([t, u], x), c(x)(v)) .

(iv) The isomorphism T (δξ)∗ ∧ κU sends Fc, F0 ∈ {X+;LU∞}Z2
to

(T (δξ)∗ ∧ κU )(Fc) = (F ∧ F )∆T (ξ) = p ,

(T (δξ)∗ ∧ κU )(F0) = ∆U∞F = q ∈ {T (ξ);U∞ ∧ U∞}Z2 .

so that the stable relative differences are such that

(T (δξ)∗ ∧ κU )(θ′(c)) = (T (δξ)∗ ∧ κU )(δ′(Fc, F0))

= δ′(p, q) = h′V (F ) ∈ {T (ξ);S(LV )+ ∧ U∞ ∧ U∞}Z2
.

(v) Immediate from (iv).
(vi)+(vii) By construction.

ut
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Given a map c : (X,Y ) → (O(V,U ⊕ V ), {0}) define the Z2-equivariant
section of the trivial Z2-equivariant bundle εLU⊕LV over S(LV )×X

c′ : S(LV )×X → S(εLU⊕LV ) = S(LV )×X×LU⊕LV ; (v, x) 7→ (v, x, c(x)(v)) .

The local obstruction of c is the rel S(LV )×Y Z2-equivariant difference class

θ(c) = δ(c′, 0′)

∈ ω−1
Z2

(S(LV )× (X,Y );−εLU⊕LV ) = {ΣS(LV )+ ∧X/Y ; (LU ⊕ LV )∞}Z2
.

Proposition 5.75. (Crabb [12, 5.13, 2.7])
(i) The local obstruction determines a stable map

θ : O(V,U ⊕ V ) 7→ P (U ⊕ V )/P (U)

inducing a function

θ : [X/Y,O(V,U ⊕ V )]→ {ΣS(LV )+ ∧X/Y ; (LU ⊕ LV )∞}Z2

= {X/Y ;S(LU ⊕ LV )/S(LU)}Z2

= {X/Y ;S(LV )+ ∧ LU∞}Z2

= {X/Y ;P (U ⊕ V )/P (U)}
= ω−1

Z2
(S(LV )× (X,Y );−εLU⊕LV ) .

The local obstruction of a map c : X/Y → O(V,U ⊕ V ) is a stable Z2-
equivariant map θ(c) : X/Y → S(LV )+ ∧LU∞ such that the composite with
the Z2-equivariant map

sLV ∧ 1 : S(LV )+ ∧ LU∞ → S0 ∧ LU∞ = LU∞

is Fc − F0 ∈ {X/Y ;LU∞}Z2 , with Fc : LV∞ ∧ X/Y → (LU ⊕ LV )∞ the
adjoint map (3.52) and 0 the constant map

0 : X/Y → O(V,U ⊕ V ) ; x 7→ (v 7→ (0, v)) .

(ii) The composite stable map

θ ◦R : P (U ⊕ V )/P (U)
R // O(V,U ⊕ V )

θ // P (U ⊕ V )/P (U)

is the identity, so that

θ ◦R : [X/Y ;P (U ⊕ V )/P (U)]→ {X/Y ;P (U ⊕ V )/P (U)}

is the stabilization map. In particular, since (O(V,U⊕V ) , P (U⊕V )/P (U) )
is 2 dim(U)-connected and O(V,U ⊕ V ) is (dim(U)− 1)-connected,



5.8 Stably trivialized vector bundles 203

θ : πi(O(V,U ⊕ V ))→ πi(P (U ⊕ V )/P (U))

is an isomorphism for i 6 dim(U), and

θ : ωi(O(V,U ⊕ V ))→ ωi(P (U ⊕ V )/P (U))

is an isomorphism for i 6 2 dim(U)− 1.
(iii) If c : (X,Y )→ (O(V ), {0}) is a map such that X\Y is a manifold and the
Z2-equivariant section of the trivial S(LV )×S(LV )-bundle over S(LV )×X

d = (−j, c) : S(LV )×X → S(LV )×X × S(LV )× S(LV ) ;

(v, x) 7→ (v, x,−v, c(x)(v))

is transverse regular at S(LV )×X ×∆S(LV ) then

C = d−1(S(LV )×X ×∆S(LV ))

= {(v, x) | c(x)(v) = −v ∈ S(LV )} ⊂ S(LV )× (X\Y )

is a submanifold of codimension dim(V )− 1 with normal bundle

νC⊂S(LV )×(X\Y ) = (d|C)∗ν∆S(LV )⊂S(LV )×S(LV ) = (d|C)∗τS(LV )

such that νC⊂S(LV )×(X\Y ) ⊕ εR ∼= εLV , and

θ(c) : ΣS(LV )+ ∧X/Y ΣF //

ΣT (νC⊂S(LV )×(X\Y )) = C+ ∧ LV∞ // LV∞

with F : S(LV )+ ∧X/Y → T (νC⊂S(LV )×(X\Y )) the adjunction Umkehr map
of the codimension 0 embedding E(νC⊂S(LV )×(X\Y )) ⊂ S(LV )× (X\Y ).

Proof. (i) The local obstruction of c ∈ O(V,U ⊕ V ) is the Z2-equivariant
pointed map

θ(c) = δ(Fc, F0) : ΣS(LV )+ → (LU ⊕ LV )∞

with Fc : LV∞ → (LU ⊕ LV )∞ the Z2-equivariant adjoint (4.62) and 0 ∈
O(V,U ⊕ V ) the linear isometry

0 : V → U ⊕ V ; v 7→ (0, v) .

For any c : X/Y → O(V,U⊕V ) the local obstruction defines a Z2-equivariant
map

θ(c) : ΣS(LV )+ ∧X/Y → (LU ⊕ LV )∞ ; (v, x) 7→ c(x)(v) .
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The Z2-equivariant S-duality isomorphism

{ΣS(LV )+ ∧X/Y ; (LU ⊕ LV )∞}Z2 → {X/Y ;S(LU ⊕ LV )/S(LU)}Z2

sends θ(c) to the composite stable Z2-equivariant map

(LU ⊕ LV )∞ ∧X/Y
αLU⊕LV ∧ 1 // ΣS(LU ⊕ LV )+ ∧X/Y

∆ ∧ 1 // ΣS(LV )+ ∧ S(LU ⊕ V ))/S(LU) ∧X/Y

1 ∧ θ(c)
// (LU ⊕ LV )∞ ∧ S(L(U ⊕ V ))/S(LU)

with

∆ : ΣS(LU ⊕ LV )+ → ΣS(LV )+ ∧ S(LU ⊕ LV )/S(LU) ;

(t, u, v) 7→ ((t,
v

‖v‖
), [u, v]) .

(ii) Consider first the special case U = {0}, V = R. The reflection map is

R : P (R)+ = {∗, [1]} → O(R) = {±1} ; ∗ 7→ 1 , [1] 7→ −1 .

By Example 5.73 the local obstruction stable map θ : O(R)→ P (R)+ induces

θ : [S0, O(R)] = {±1} → {ΣS(LR)+;LR∞}Z2
= πS0 (P (R)+) = Z ;

c 7→ δ(c, 1) =

{
0 if c = 1

1 if c = −1 .

Thus θ ◦R ' id : P (R)+ 7→ P (R)+. For arbitrary V and any v ∈ P (V ) there
is defined a commutative diagram

P (R)+ R //

v
��

O(R)
θ //

v
��

P (R)+

v
��

P (V )+ R // O(V )
θ // P (V )+

so that θ ◦R ' id : P (V )+ → P (V )+. Similarly for arbitrary U, V .
(iii) This is a Z2-equivariant special case of 3.50 (vi).

ut

Proposition 5.76. (Crabb [12, 2.9,2.10]) Let U, V be finite-dimensional in-
ner product spaces, and let ξ : X → BO(U ⊕ V ) be a U ⊕ V -bundle.
(i) The Z2-equivariant homotopy cofibration sequence
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S(LV )+ → S0 → LV∞ → ΣS(LV )+

induces a long exact sequence of stable Z2-cohomotopy groups

· · · → ω0
Z2

(X; εLV − Lξ)
−⊗ γZ2(εLV )

// ω0
Z2

(X;−Lξ)
→ ω0(X × P (V );−ξ ×HR)→ . . .

with HR the Hopf R-bundle over P (V ) (4.50) and

ω0(X × P (V );−ξ ×HR) = {T (Lη);LU∞ ∧ΣS(LV )+ ∧ LW∞}Z2

for any W -bundle η : X → BO(W ) such that ξ ⊕ η = εU⊕V⊕W .
(ii) If ξ ∼= ξ′ ⊕ εV for some U -bundle ξ′ : X → BO(U) then

γZ2(Lξ) = γZ2(Lξ′)⊗ γZ2(εLV ) ∈ im(ω0
Z2

(X; εLV − Lξ)→ ω0
Z2

(X;−Lξ))

(iii) If X is an m-dimensional CW complex and m < 2dim(U) then ξ ∼=
ξ′ ⊕ εV for some U -bundle ξ′ : X → BO(U) if and only if

γZ2(Lξ) ∈ im(−⊗ γZ2(εLV ) : ω0
Z2

(X; εLV − Lξ)→ ω0
Z2

(X;−Lξ))
= ker(ω0

Z2
(X;−Lξ)→ ω0(X × P (V );−ξ ×HR)) .

ut

Definition 5.77. Let H(V ) be the space of homotopy equivalences h :
S(V )→ S(V ), regarded as a pointed space with base point 1 : S(V )→ S(V ).

ut

Following Crabb [12, §3] we shall now factor the local obstruction stable
map θ : O(V )→ P (V )+ through the inclusion J : O(V ) ⊂ H(V ).

Definition 5.78. (i) Let HZ2(LV ⊕W ) ⊂ H(LV ⊕W ) be the subspace of
Z2-equivariant homotopy equivalences h : S(LV ⊕W )→ S(LV ⊕W ).
(ii) Let HZ2(LV ;W ) ⊂ HZ2(LV ⊕ W ) be the subspace of Z2-equivariant
homotopy equivalences h : S(LV ⊕W ) → S(LV ⊕W ) which restrict to the
identity h| = 1 : S(W )→ S(W ) on the Z2-fixed point set.

ut

For any inner product spaces V,W the homeomorphism defined in Propo-
sition 2.8 (ii)

λLV,W : S(LV ) ∗ S(W )→ S(LV ⊕W )

is Z2-equivariant. The spaces of Z2-equivariant homotopy equivalences fit into
a fibration sequence
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HZ2(LV ;W ) // HZ2(LV ⊕W )
ρ // H(W )

with ρ the Z2-fixed point map, which is split by

σ : H(W )→ HZ2(LV ⊕W ) ; g 7→ λLV,W (1LV ∗ g)(λLV,W )−1 .

For any (reasonable) pointed space X there is induced a split short exact
sequence of homotopy groups

0 // [X,HZ2(LV ;W )] // [X,HZ2(LV ⊕W )]
ρ // [X,H(W )] // 0

Any map g : X → HZ2(LV ⊕ W ) such that ρ(g) : X → H(W ) is null-
homotopic can be compressed (up to homotopy) to a map

X → HZ2(LV ;W ) ⊂ HZ2(LV ⊕W ) .

An element h ∈ HZ2(LV ;W ) suspends to a pointed Z2-equivariant homotopy
equivalence

sh : sS(LV ⊕W ) = (LV ⊕W )∞ → sS(LV ⊕W ) = (LV ⊕W )∞

which is the identity on W∞ ⊂ (LV ⊕ W )∞. Given a map h : X →
HZ2(LV ;W ) let

F0 , Fh : (LV ⊕W )∞ ∧X → (LV ⊕W )∞

be the Z2-equivariant maps defined by

F0(v, w, x) = (v, w) , Fh(v, w, x) = sh(x)(v, w)

such that F0(0, w, x) = Fh(0, w, x) = (0, w). Use the Z2-equivariant difference
map

δ(Fh, F0) : ΣS(LV )+ ∧W∞ ∧X → LV∞ ∧W∞

to define a function

ζZ2 : [X,HZ2(LV ;W )]→ {ΣS(LV )+ ∧X;LV∞}Z2
= {X;P (V )+} ;

h 7→ δ(Fh, F0) .

The homeomorphism λV,V : S(V ) ∗ S(V ) ∼= S(V ⊕ V ) is Z2-equivariant
with respect to the transposition involutions

T : S(V ) ∗ S(V )→ S(V ) ∗ S(V ) ; (v, t, w) 7→ (w, 1− t, v) ,

T : S(V ⊕ V )→ S(V ⊕ V ) ; (x, y) 7→ (y, x)

with Z2-fixed point sets
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(S(V ) ∗ S(V ))Z2 = {(v, 1/2, v) | v ∈ S(V ) ,

S(V ⊕ V )Z2 = {( x√
2
,
x√
2

) |x ∈ S(V )} .

The Z2-equivariant linear isometry

κV /
√

2 : LV ⊕ V ∼= V ⊕ V ; (v, w) 7→ (
v + w√

2
,
−v + w√

2
)

restricts to a Z2-equivariant homeomorphism

κV /
√

2 : S(LV ⊕ V )→ S(V ⊕ V ) .

The composite

µV = λV,V (κV /
√

2)λ−1
LV,V :

S(LV ) ∗ S(V )→ S(LV ⊕ V )→ S(V ⊕ V )→ S(V ) ∗ S(V )

is a Z2-equivariant homeomorphism which is the identity on the Z2-fixed
point sets. For any homotopy equivalence h : S(V ) → S(V ) the diagram of
Z2-equivariant maps

S(LV ) ∗ S(V )
µV //

1 ∗ h
��

S(V ) ∗ S(V )

h ∗ h
��

S(LV ) ∗ S(V )
µV // S(V ) ∗ S(V )

does not commute, but does restrict to a commutative diagram on the Z2-
fixed point subset S(V ) ⊂ S(LV ) ∗ S(V ). Choose a homotopy inverse h−1 :
S(V )→ S(V ) of h, and define a Z2-equivariant homotopy equivalence

(1 ∗ h−1)µ−1
V (h ∗ h)µV : S(LV ⊕ V )→ S(LV ⊕ V )

which on the Z2-fixed point sets is homotopic to 1 : S(V )→ S(V ).

Definition 5.79. (Crabb [12, p.20])
(i) The doubling function is defined by

S2 : [X,H(V )]→ [X,HZ2(LV ;V )] ; h 7→ µ−1
V (h ∗ h)µV .

(ii) The reduced doubling function

S
2

: [X,H(V )]→ [X,HZ2(LV ;V )] ; h 7→ (1 ∗ h−1)µ−1
V (h ∗ h)µV

is defined using a continuous choice of homotopy inverse h−1 : X → H(V ),
with
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S
2
(h) = (1 ∗ h−1)µ−1

V (h ∗ h)µV

∈ [X,HZ2(LV ;V )] = ker(ρ : [X,HZ2(LV ⊕ V )]→ [X,H(V )]) .

For g : X → O(V ) and h = Jg : X → H(V ) the actual inverse can be chosen
in (ii), and

S
2
(Jg) = g ⊕ 1 ∈ im(J : [X,O(V )]→ [X,HZ2(LV ;V )]) .

(iii) Define the function

η = ζZ2S
2

: [X,H(V )]→ [X,HZ2(LV ;V )]→ {X;P (V )+} .

ut

Proposition 5.80. (Crabb [12, pp.23,27]) Let X be a pointed space.
(i) There is defined a commutative diagram

[X,O(V )]

J
��

θ

''

JZ2
F
// [X,HZ2(LV )]

ζZ2

��
[X,H(V )]

η // {X;P (V )+}

with
JZ2

F : [X,O(V )]→ [X,HZ2(LV )] ; g 7→ g|S(LV )

the forgetful map.
(ii) Passing to the direct limit over all finite-dimensional inner product spaces
V there is defined a commutative square

K̃O
−1

(X) = lim−→
V

[X,O(V )]

θ
��

JZ2F //
lim−→
V

[X,HZ2(LV ⊕ V )]

��
{X;P (∞)+} = lim−→

V

{X;P (V )+} //
ω̃0
Z2

(X)

with
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JZ2
F : K̃O

−1
(X) = lim−→

V

[X,O(V )]→ lim−→
V

[X,HZ2(LV ⊕ V )] ;

g 7→ (g ⊕ 1)|S(LV⊕V ) ,

lim−→
V

[X,HZ2(LV ⊕ V )]→ ω̃0
Z2

(X) = lim−→
V

{(LV ⊕ V )∞ ∧X; (LV ⊕ V )∞}Z2 ;

h 7→ Fh − F0 (F0 = 1)

and {X;P (∞)+} → ω̃0
Z2

(X) the injection in the direct sum system

{X;P (∞)+} = {X;S(∞)+}Z2

γ //
oo
δ
{X;S0}Z2

= ω̃0
Z2

(X)

ρ //
oo
σ
{X;S0} = ω̃0(X) .

ut





Chapter 6

The double point theorem

We apply the geometric Hopf invariant to a homotopy theoretic treatment of
the double points of maps.

The connection between the Hopf invariant and double points has been
much studied already, cf. Boardman and Steer [5], Dax [18], Eccles [21], Hae-
fliger [22], Haefliger and Steer [24], Hatcher and Quinn [25], Koschorke and
Sanderson [46],[47], Vogel [82], Wood [93] . . . .

6.1 Framed manifolds

Every m-dimensional manifold M admits an embedding M ⊂ V ⊕ Rm for
some inner product space V (and certainly if dim(V ) > m) with a normal
vector V -bundle νM : M → BO(V ). The embedding M ⊂ V ⊕ Rm extends
to an open embedding E(νM ) ⊂ V ⊕Rm with compactification Umkehr map

(V ⊕ Rm)∞ = V∞ ∧ Sm → T (νM ) .

Definition 6.1. (i) A framed m-dimensional manifold (M, b) is anm-dimensional
manifold M together with an embedding M ⊂ V ⊕ Rm and with an isomor-
phism b : νM ∼= εV , or equivalently with an extension to an open embedding
b : V ×M ⊂ V ⊕ Rm.
(ii) The Pontryagin-Thom map of (M, b) is the composite

αM : (V ⊕ Rm)∞ = V∞ ∧ Sm → T (νM )
T (b)
∼=
// T (εV ) = V∞ ∧M+ ,

211
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representing an element

αM ∈ ωm(M) = lim−→
V

[V∞ ∧ Sm, V∞ ∧M+] .

(iii) For any space X let Ωfrm (X) be the framed bordism group of pairs
(M, b, f) with (M, b) a m-dimensional framed manifold and f : M → X
a map.

ut

As is well-known:

Proposition 6.2. For any space X the Pontryagin-Thom construction de-
fines an isomorphism

Ωfrm (X)
∼= // ωm(X) ; (M, b, f) 7→ (1 ∧ f)αM .

In particular,
(M, 1) = αM ∈ Ωfrm (M) = ωm(M) .

ut

Let η(Rm) be the canonical Rm-bundle over the Stiefel space Vm+k,k =
O(Rk,Rm+k) of linear isometries u : Rk → Rm+k, with

E(η(Rm)) = {(u, x) |u ∈ O(Rk,Rm+k), x ∈ u(Rk)⊥} ,
δη(Rm) : η(Rm)⊕ εRk ∼= εRm+k .

Definition 6.3. (Kervaire [36])
Let (M, b) be a framed m-dimensional manifold, with an embedding e : M ⊂
Rm+k and an isomorphism b : νM ∼= εRk .
(i) The generalized Gauss map of (M, b)

c : M → Vm+k,k ; x 7→ (exb
−1
x : Rk ∼= (νM )x ↪→ (τRm+k)e(x) = Rm+k)

classifies the tangent bundle of M

c∗η(Rm) = τM : M → BO(Rm)

and the stable trivialization

δτM : τM ⊕ εRk
1⊕ b−1

∼=
// τM ⊕ νM = τRm+k |M = εRm+k .
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(ii) The curvatura integra of (M, b) is the image of the fundamental class
[M ] ∈ Hm(M) under the generalized Gauss map

c∗[M ] ∈ Hm(Vm+k,k) = Q(−)m(Z) =

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)

(assuming k > 1).
(iii) The Hopf invariant of (M, b) is

Hopf(M, b) =

{
0 ∈ Z if m ≡ 0(mod 2)

Hopf(pαM : Sm+k → Sk) ∈ Z2 if m ≡ 1(mod 2)

with αM : Sm+k → ΣkM+ the Pontryagin-Thom map of b : Rk×M ⊂ Rm+k,
and p : M → {∗} the projection. Note that Hopf(M, b) = 0 for m 6= 1, 3, 7.
(iv) The semicharacteristic of an m-dimensional manifold M is defined for
odd m by

χ1/2(M) =

(m−1)/2∑
i=0

dimZ2
Hi(M ;Z2) ∈ Z2 .

ut

By Proposition 5.75 (ii) the local obstruction function θ (5.71) defines an
isomorphism

θ : Hm(Vm+k,k)
∼= // Hm(P (Rm+k)/P (Rm)) = Q

[0,k−1]
2m (SmZ)

so that the curvatura integra is the image of [M ] ∈ Hm(M) under the com-
posite

θ(c) : M
c // Vm+k,k

θ // P (Rm+k)/P (Rm) = S(LRk)+ ∧Z2
(LRm)∞ ,

that is

c∗[M ] = θ(c)∗[M ] ∈ Hm(Vm+k,k) = Q
[0,k−1]
2m (SmZ)

=

{
Z if m is even or if k = 1

Z2 if m is odd and k > 2 .

The zero section maps

zτM : M → T (τM ) , zη(Rm) : Vm+k,k → T (η(Rm))

are such that (for any m) there is defined a commutative diagram
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Hm(M)

zτM
��

c∗ // Hm(Vm+k,k)

zη(Rm)

��
Ḣm(T (τM )) = Z

c∗
∼=
// Ḣm(T (η(Rm))) = Z

with

zτM ([M ]) = χ(M) , zη(Rm)([S
m]) = χ(Sm) = 1 + (−)m ∈ Z .

Thus for even m

c∗[M ] = χ(M)/2 ∈ Hm(Vm+k,k) = Z ,

as originally proved by Hopf [30]. Kervaire [36, 37] expressed the curvatura
integra for odd m in terms of the semicharacteristic and the Hopf invariant:

c∗[M ] = χ1/2(M)−Hopf(M) ∈ Hm(Vm+k,k) .

We shall reprove this in Proposition 6.8 below, following the outline of Crabb
[12, Thm. 8.4] and using the quadratic construction on

αM = (M, 1) ∈ ωm(M) = Ωfrm (M)

which is a stable homotopy theoretic version of the quadratic refinement µ
of the intersection form λ on H∗(M).

Proposition 6.4. (Pontryagin [57] for n = 1, Kervaire and Milnor [40] for
(n− 1)-connected M2n, Browder [6], [7, §III.4] in general.)
Let (M, b) be an m-dimensional framed manifold, with an embedding Rk ×
M ⊂ Rm+k and Pontryagin-Thom map αM : Sm+k → ΣkM+.
(i) Suppose that m = 2n, and define the ring

An =

{
Z if n ≡ 0(mod 2)

Z2 if n ≡ 1(mod 2)

so that there is a (−)n-symmetric intersection pairing over An

λ : Hn(M ;An)×Hn(M ;An)→ An ; (x, y) 7→ 〈x ∪ y, [M ]〉

with
λ(x, y) = (−)nλ(y, x) ∈ An .

The framing of M determines a (−)n-quadratic refinement of λ
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µ : Hn(M ;An)→ Q(−)n(An) = Z/{1− (−)n} ;

x 7→

{
λ(x, x)/2 if n ≡ 0(mod 2)

〈Sqn+1
xF (ι), [S2n]〉 if n ≡ 1(mod 2) ,

with ι ∈ Hn(K(Z2, n);Z2) = Z2 the generator, xF ∈ πS2n(K(Z2, n)), such
that for all x, y ∈ Hn(M ;An), a ∈ An

λ(x, x) = µ(x) + (−)nµ(x) ∈ An ,
µ(ax) = a2µ(x) , λ(x, y) = µ(x+ y)− µ(x)− µ(y) ∈ Q(−)n(An) .

(ii) Let m = 2n as in (i), and suppose that x ∈ Hn(M ;An) is the Poincaré
dual of the homology class x[Sn] ∈ Hn(M ;An) represented by an embedding
x : Sn ⊂M (as is the case for all x ∈ Hn(M ;An) if M is (n− 1)-connected
with n > 3), with normal bundle νx : Sn → BO(Rn) and geometric Umkehr
map G : M+ → T (νx). The normal bundle of the composite Sn ⊂ M2n ⊂
R2n+k has a canonical trivialization (for large k)

δνx : νSn⊂R2n+k = νx ⊕ εRk ∼= εRn+k ,

such that the corresponding Pontryagin-Thom map

S2n+k F // ΣkM+ ΣkG // ΣkT (νx)
δνx
∼=
// ΣkT (εn)→ Sn+k

is null-homotopic. Then:
(a) The evaluation of the quadratic form µ on x ∈ Hn(M ;An) is

µ(x) = (δνx, νx) ∈ πn(Vn+k,k) = Q(−)n(An) .

(b) The exact sequence

· · · → πn(O(Rn))→ πn(O)→ Q(−)n(An)→ πn(BO(Rn))→ πn(BO)→ . . .

is such that

Q(−)n(An) = Z/{1 + (−)n+1} → πn(BO(Rn)) ; 1 7→ τSn

is injective for n /∈ {1, 3, 7} and is 0 for n ∈ {1, 3, 7}. Thus if n /∈ {1, 3, 7}

µ(x) =

{
χ(νx)/2 ∈ Z = ker(πn(BO(Rn))→ πn(BO)) if n ≡ 0(mod 2)

νx ∈ Z2 = ker(πn(BO(Rn))→ πn(BO)) if n ≡ 1(mod 2)

with µ(x) = 0 if and only if νx ∼= εRn .
(c) If νx = 0 ∈ πn(BO(Rn)) (e.g. if n ∈ {1, 3, 7} and νx is orientable)
then for any choice of trivialization δν′x : νx ∼= εRn the normal bundle of
Sn ⊂M2n ⊂ R2n+k has a trivialization
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δν′x ⊕ εRk : νSn⊂R2n+k = νx ⊕ εRk ∼= εRn+k ,

with the Pontryagin-Thom map

S2n+k F // ΣkM+ ΣkG // ΣkT (νx)
Σkδν′x
∼=
// ΣkT (εn)→ Sn+k

such that

µ(x) = Hopf(Sn, δν′x ⊕ εRk) ∈ im(πn(BO)→ Q(−)n(An)) .

(d) If n 6= 2 there exists a choice of trivialization δν′x : νx ∼= εRn such that
x[Sn] ∈ Hn(M ;An) can be killed by a framed surgery on M if and only if
µ(x) = 0.
(iii) For any m, the framing determines a bundle map b : νM → εRk over a
degree 1 map f : M → Sm, i.e. a normal map (f, b) : M → Sm. The surgery
obstruction of (f, b) is

σ∗(f, b) =


signature(Hn(M), λ)/8

Arf invariant(Hn(M ;Z2), λ, µ)

0

∈ Lm(Z) =


Z if m = 2n, n ≡ 0(mod 2)

Z2 if m = 2n, n ≡ 1(mod 2)

0 if m ≡ 1(mod 2) .

ut

Remark 6.5. In Ranicki [61] the quadratic function µ : Hn(M) → Q(−)n(Z)
of a 2n-dimensional framed manifold M was shown to be a special case
of a quadratic structure on the chain complex C(M) of an m-dimensional
framed manifold M (for any m) obtained by the quadratic construction on
the Pontryagin-Thom map αM : V∞ ∧ Sm → V∞ ∧M+ of an embedding
V ×M ⊂ V ⊕ Rm, namely

ψ = ψ(αM ) ∈ Hm(S(∞)×Z2
(M ×M)) = Qm(C(M)) .

For any oriented m-dimensional manifold M there is defined a degree 1 map

f : M →M/(M\Dm) = Dm/Sm−1 = Sm

such that f : C(M) → C(Sm) is a chain homotopy surjection split by the
Umkehr chain map



6.1 Framed manifolds 217

f ! : C(Sm) ' C(Sm)m−∗
f∗ // C(M)m−∗ ' C(M) ,

so that there is defined a chain homotopy direct sum system

C(Sm)
f !

//
oo
f

C(M)
e //
oo C (f !)

with e : C(M) → C (f !) the inclusion in the algebraic mapping cone. A
framing of M determines a bundle map b : νM → εV over f , i.e. a normal
map (f, b) : M → Sm. The S-dual of T (b) : T (νM ) → T (εV ) is a geometric
Umkehr map F : Σ∞(Sm)+ → Σ∞M+ with (Σ∞f)F ' 1, such that

αM : Σ∞(Sm)→ Σ∞(Sm)+ F // Σ∞M+ .

The geometric Umkehr F induces the chain Umkehr f !. The quadratic struc-
ture

ψ = ψ(αM ) ∈ Hm(S(∞)×Z2 (M ×M)) = Qm(C(M)) ,

is such that (C (f !), e%(ψ)) is an m-dimensional quadratic Poincaré complex
over Z representing the simply-connected surgery obstruction

σ∗(f, b) = (C (f !), e%(ψ)) ∈ Lm(Z) .

See Chapter 8 below for more details. ut

For any space M Proposition 4.36 (ii) gives a direct sum system

ωm(S(∞)×Z2
(M ×M))

γ //
oo
δ

ωZ2
m (M ×M)

ρ //
oo
σ

ωm(M) .

The quadratic construction function (5.46)

ψ : ωm(M)→ ωm(S(∞)×Z2
(M×M)) ; (α : Σ∞∧Sm → Σ∞M+) 7→ ψ(α)

is such that

γψ(α) = (α ∧ α)∆Sm −∆M (α) ∈ ωZ2
m (M ×M) ,

ψ(α+ β) = ψ(α) + ψ(β) + (α ∧ β)∆Sm ∈ ωm(S(∞)×Z2
(M ×M))

with (α ∧ β)∆Sm defined using the map induced by S(LR) ↪→ S(∞)

ωm(M ×M) = ωm(S(LR)×Z2 (M ×M))→ ωm(S(∞)×Z2 (M ×M)) .

Let p : M → {∗} be the projection, and let
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q = (1× p× p) : S(∞)×Z2
(M ×M)→ S(∞)×Z2

({∗} × {∗}) = P (∞) ,

so that there is defined a commutative diagram

ωm(M)
p∗ //

ψ
��

ωm

P
2

��
ωm(S(∞)×Z2

(M ×M))
q∗ //

H
��

ωm(P (∞))

H
��

Qm(C(M))
q∗ // Qm(Z) = Hm(P (∞))

with H the Hurewicz maps, and P
2

the reduced squaring operation (5.44
(ii)).

Proposition 6.6. (Crabb [12, p.45])
(i) The quadratic construction on the Pontryagin-Thom map αM : Σ∞Sm →
Σ∞M+ of an m-dimensional framed manifold (M, b) is a stable homotopy
class

ψ(αM ) ∈ ωm(S(∞)×Z2
(M ×M))

with Hurewicz image the quadratic construction ψ ∈ Qm(C(M)) of [61],
defining a quadratic function

ψ : Ωfrm (X) = ωm(X)→ ωm(S(∞)×Z2 (X ×X)) ;

(M, b, f : M → X) 7→ (1× f × f)∗ψ(αM )

for any space X.
(ii) The bordism class αM = (M, 1) ∈ ωm(M) = Ωfrm (M) has images

pαM = (M, b) ∈ ωm = Ωfrm ,

ψ(αM ) ∈ ωm(S(∞)×Z2
(M ×M)) ,

H(ψ(αM )) ∈ Qm(C(M)) ,

q∗Hψ(αM ) = HP
2
(pαM ) = Hopf(M)

∈ Qm(Z) =


Z if m = 0

0 if m > 0 and m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2) .

Proof. By construction.
ut
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Proposition 6.7. (Milnor and Stasheff [54, §11], Crabb [12, p.92])
Let N be an n-dimensional manifold, so that N × N is a 2n-dimensional
manifold, and ∆N : N ↪→ N × N is the embedding of an n-dimensional
submanifold with normal bundle

ν∆N = τN : N → BO(Rn) .

(i) If N is oriented then so is N × N , and ∆N represents a homology class
[N ] ∈ Hn(N × N) with a Poincaré dual [N ]∗ ∈ Hn(N × N). The (−)n-
symmetric intersection form λN×N on Hn(N ×N) is such that

λN×N ([N ]∗, [N ]∗) = χ(N) ∈ Hn(N) = Z ,

with χ(N) = 0 for n ≡ 1(mod 2).
(ii) If N is framed then so is N ×N , and the (−)n-quadratic function µN×N
on Hn(N ×N) is such that

µN×N ([N ]∗) =

{
χ(N)/2 if n ≡ 0(mod 2)

χ1/2(N) if n ≡ 1(mod 2)
∈ Q(−)n(Z)

Proof. (i) Let F be a field, and work with F -coefficients. By the Künneth
formula

Hn(N ×N ;F ) =

n∑
i=0

Hi(N ;F )⊗F Hn−i(N ;F )

with

λN×N (

k∑
j=1

xj ⊗ yj ,
k′∑
j′=1

x′j′ ⊗ y′j′) =

k∑
j=1

k′∑
j′=1

λN (xj , x
′
j′)λN (yj , y

′
j′) ∈ F .

Choose a basis b1, b2, . . . , br for H∗(N ;F ), and let b∗1, b
∗
2, . . . , b

∗
r be the dual

basis for H∗(N ;F ) with

λ(bp, b
∗
q) =

{
1 if p = q

0 if p 6= q .

See [54, pp. 127–130] for the proof that

[N ]∗ =
r∑
q=1

(−)dim(bq)bq ⊗ b∗q

∈ Hn(N ×N ;F ) =
n∑
i=0

Hi(N ;F )⊗F Hn−i(N ;F )

with
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λN×N ([N ]∗, [N ]∗) =

r∑
q=1

(−)dim(bq) = χ(N) ∈ im(Z→ F ) .

(ii) For n ≡ 0(mod 2) it is immediate from (i) and

λN×N ([N ]∗, [N ]∗) = 2µN×N ([N ]∗) ∈ Z

that µN×N ([N ]∗) = χ(N)/2.
So suppose that n ≡ 1(mod2), and work with Z2-coefficients. By the

Künneth formula

Hn(N ×N ;Z2) =

n∑
i=0

Hi(N ;Z2)⊗Z2
Hn−i(N ;Z2)

with

λN×N (
k∑
j=1

xj ⊗ yj ,
k′∑
j′=1

x′j′ ⊗ y′j′) =
k∑
j=1

k′∑
j′=1

λN (xj , x
′
j′)λN (yj , y

′
j′) ∈ Z2 ,

µN×N (
k∑
j=1

xj ⊗ yj) =
∑

16j<j′6k
λN (xj , xj′)λN (yj , yj′) ∈ Q(−)n(Z2) = Z2 .

Continuing with the terminology of (i) (with F = Z2) we have

µN×N ([N ]∗) =
∑

dim(bq)<dim(b∗q)

1 = χ1/2(N) ∈ Z2 .

ut

Proposition 6.8. (Kervaire [36, 37], Crabb [12, Lemma 8.5])
(i) Let (M2n, b) be a 2n-dimensional framed manifold, so that there is given an
embedding M ⊂ R2n+k with a trivialized normal Rk-bundle b : νM⊂R2n+k

∼=
εRk . Let Nn ⊂ M2n be an n-dimensional submanifold such that the normal
bundle of the composite embedding N ⊂ M ⊂ R2n+k is equipped with a
trivialization a : νN⊂R2n+k

∼= εRn+k . Let c : N → Vn+k,k classify the normal
Rn-bundle νN⊂M : N → BO(Rn) with the corresponding stable trivialization

δνN⊂M : νN⊂M ⊕ εRk ∼= εRn+k .

The Hopf invariant of (N, a) is given by

Hopf(N, a) = µ([N ]∗)− c∗[N ] ∈ Hn(Vn+k,k) = Q(−)n(Z)

with µ([N ]∗) the evaluation of the quadratic function µ on the Poincaré dual
[N ]∗ ∈ Hn(M) of [N ] ∈ Hn(M). (Note that Hopf(N, a) = 0 for n 6= 1, 3, 7, or
if N = Sn with the canonical framing of the normal bundle of Sn ⊂ M2n ⊂
R2n+k.)
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(ii) Let (N, a) be an n-dimensional framed manifold, so that there is given an
embedding N ⊂ Rn+k with a trivialized normal bundle. Then

Hopf(N, a) = χ1/2(N)− c∗[N ] ∈ Hn(Vn+k,k) = Q(−)n(Z)

with c : N → Vn+k,k classifying the tangent Rn-bundle τN : N → BO(Rn)
with the corresponding stable isomorphism

a : τN ⊕ εRk ∼= εRn+k .

(iii) As in (i) let Nn ⊂ M2n ⊂ R2n+k with trivializations b : νM⊂R2n+k
∼=

εRk , a : νN⊂M2n ∼= εRn , and let c : N → V2n+k,n+k classify τN : N →
BO(Rn) with the corresponding stable trivialization τN ⊕ εRn+k

∼= εR2n+k .
The evaluation of µ : Hn(M)→ Q(−)n(Z) on [N ]∗ ∈ Hn(M) is

µ([N ]∗) = Hopf(N, a) = χ1/2(N)− c∗[N ] (= 0 for n 6= 1, 3, 7)

∈ Hn(V2n+k,n+k) = Q(−)n(Z) .

In particular, if N = Sn then χ1/2(N) = 1 and

µ([Sn]∗) = Hopf(Sn, std.) = 1− c∗[Sn] ∈ Hn(V2n+k,n+k) = Q(−)n(Z) .

Proof. (i) Let V = Rk and let

αM : V∞ ∧ (R2n)∞ → V∞ ∧M+

be the Pontryagin-Thom map of V × M ⊂ V ⊕ R2n, so that ψ(αM ) ∈
ω2n(S(∞) ×Z2

(M ×M)) determines the (−)n-quadratic form µ on Hn(M)
refining the (−)n-symmetric intersection form λ. Let

αN⊂M : M+ →M/(M\E(νN⊂M )) = T (νN⊂M )

be the Umkehr map of N ⊂ M . Apply the composition formula for the
quadratic construction to the factorization

V∞ ∧M+

1 ∧ αN⊂M
��

V∞ ∧ S2n

αM
66

αN

((

V∞ ∧ T (νN⊂M )

T (δνN⊂M )
��

(V ⊕ Rn)∞ ∧N∞

to obtain
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ψ(αN ) = (T (δνN⊂M )(1 ∧ αN⊂M ))%ψ(αM ) + ψ(T (δνN⊂M ))(1 ∧ αN⊂M )αM

: H2n(S2n)→ Q2n(SnC(M)) .

Let p : N → {∗} be the projection. Now

p%ψ(αN )[S2n] = Hopf(N) ,

p%(T (δνN⊂M )(1 ∧ αN⊂M ))%ψ(αM )[S2n] = µ([N ]∗) ,

p%ψ(T (δνN⊂M ))(1 ∧ αN⊂M )αM [S2n] = − c∗[N ] ∈ Q2n(SnZ) (5.74) ,

so that

Hopf(N) = µ([N ]∗)− c∗[N ] ∈ Q2n(SnZ) = Q(−)n(Z) .

(ii) Apply (i) with ∆N : N ⊂ M = N ×N , ν∆N = τN , using 6.7 to identify
µ([N ]∗) = χ1/2(N).
(iii) Immediate from (i), (ii) and Proposition 6.4 (ii) (c).

ut

Example 6.9. The embeddings

x : Sn × {∗} ⊂ Sn × Sn , y : {∗} × Sn ⊂ Sn × Sn

have trivial normal Rn-bundles νx = νy = εn. For n = 1, 3, 7 there exist
framings b of Sn×Sn ⊂ R2n+k such that the corresponding quadratic function

µb : Hn(Sn × Sn;Z2) = Z2 ⊕ Z2 → Z2

takes values
µb(x) = µb(y) = 1 ∈ Z2

with the corresponding framings of x, y : Sn ⊂ R2n+k such that

Hopf(Sn, x) = Hopf(Sn, y) = 1 ∈ Z .

ut

Example 6.10. Given a map ω : Sm → O(k) the embedding

eω : Sm×Dk ↪→ Sm+k = Sm×Dk ∪Dm+1×Sk−1 ; (x, y) 7→ (x, ω(x)(y))

defines a submanifold Sm ⊂ Sm+k with a framing bω such that the generalized
Gauss map is given by

c : Sm → Vm+k,k ; x 7→ (y 7→ (x, ω(x)(y)))

and the Pontryagin-Thom map is given by the J-homomorphism



6.1 Framed manifolds 223

J(ω) : Sm+k → Sk ; (x, y) 7→

{
ω(x)(y) if (x, y) ∈ Sm ×Dk

∗ if (x, y) ∈ Dm+1 × Sk−1 .

The curvatura integra is

c∗[S
m] =

{
χ(Sm)/2 = 1

χ1/2(Sm)−Hopf(J(ω)) = 1−Hopf(J(ω))

∈ Hm(Vm+k,k) =

{
Z if m is even

Z2 if m is odd

with Hopf(J(ω)) = 0 for m 6= 1, 3, 7.
ut

An m-dimensional framed manifold M determines a normal map (f, b) :
M → Sm with a surgery obstruction σ∗(f, b) ∈ Lm(Z). Following Crabb [12]
we shall now obtain a geometric realization of the surgery obstruction by
expressing the quadratic construction

ψ(αM ) ∈ ωm(S(∞)×Z2 (M ×M))

(in Example 6.14 below) as a bordism class of an m-dimensional framed
manifold N with a map g : N → S(∞)×Z2 (M ×M) such that

(N, g) = (M,∆M )− (Sm, (αM ∧ αM )∆Sm) = − ψ(αM )

∈ ker(ρ : ωZ2
m (M ×M)→ ωm(M)) = ωm(S(∞)×Z2

(M ×M)) ,

and
(N, g) = (M,∆M ) ∈ ωm(M ×M)

with N = g∗(S(∞)× (M ×M)) the canonical double cover of N and

g : N → S(∞)× (M ×M)→M ×M .

The construction uses the Z2-equivariant S-duality analogue of:

Proposition 6.11. An m-dimensional framed manifold (M, b) is self-S-
dual, in the sense that the composite

∆αM : (V ⊕ Rm)∞ → V∞ ∧M+ →M+ ∧ T (εV ) = M+ ∧ (V∞ ∧M+)

is an S-duality map between M+ and V∞ ∧M+. Cap product with the stable
homotopy fundamental class

[M ] = (M, 1) = αM ∈ ωm(M)
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defines Poincaré duality isomorphisms in stable homotopy

[M ] ∩ − : ω∗(M) ∼= ωm−∗(M) .

In particular [M ]∩− : ω0(M) ∼= ωm(M) sends 1 ∈ ω0(M) to [M ] ∈ ωm(M).
ut

And now for the Z2-analogues. Every m-dimensional Z2-manifold M ad-
mits a Z2-equivariant embedding i : M ⊂ LV ⊕W ⊕Rm for some inner prod-
uct spaces V,W with a normal Z2-equivariant vector LV ⊕W -bundle νM , and
i extends to an open Z2-equivariant embedding i : E(νM ) ⊂ LV ⊕W ⊕ Rm.

Definition 6.12. (i) An m-dimensional Z2-manifold M is Z2-framed if there
is given a Z2-embedding i : M ⊂ LV ⊕W ⊕ Rm with an isomorphism νM ∼=
εLV⊕W , in which case i extends to an open Z2-equivariant embedding

i : LV ⊕W ×M ⊂ LV ⊕W ⊕ Rm .

(ii) For any Z2-space let ΩZ2-fr
m (X) be the Z2-framed bordism group of pairs

(M,f) with M an m-dimensional Z2-framed Z2-manifold and f : M → X a
Z2-equivariant map.
(iii) The Z2-equivariant Pontryagin-Thom map of a Z2-framed Z2-manifold
M is the compactification Umkehr map of i : LV ⊕W ×M ⊂ LV ⊕W ⊕Rm,
a stable Z2-equivariant map

αZ2

M : (LV ⊕W ⊕ Rm)∞ = LV∞ ∧W∞ ∧ Sm

→ T (εLV⊕W ) = LV∞ ∧W∞ ∧M+

representing an element

αZ2

M ∈ ω
Z2
m (M) = lim−→

V,W

[(LV ⊕W ⊕ Rm)∞, LV∞ ∧W∞ ∧M+]Z2

ut

For any Z2-space X the Z2-equivariant Pontryagin-Thom construction de-
fines a morphism

ΩZ2-fr
m (X)→ ωZ2

m (X) ; (M,f) 7→ (1 ∧ f)αZ2

M .

This morphism is surjective, but it is NOT an isomorphism in general. We
refer to Appendix B for an account of Z2-equivariant bordism, including
the obstructions to the Z2-equivariant Pontryagin-Thom map being an iso-
morphism. The group ΩZ2-fr

m (X) is written there, more systematically, as
ΩZ2
m (X; 0, 0).
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Proposition 6.13. (i) The Z2-equivariant Pontryagin-Thom map ΩZ2-fr
m (X)→

ωZ2
m (X) sends (M, 1) ∈ ΩZ2-fr

m (M) to αZ2

M ∈ ωZ2
m (M).

(ii) A Z2-framed m-dimensional Z2-manifold M is Z2-equivariantly self-S-
dual, in the sense that the composite

∆αZ2

M : (LV ⊕W ⊕ Rm)∞ → LV ⊕W∞ ∧M+

→M+ ∧ T (εLV⊕W ) = M+ ∧ (LV∞ ∧W∞ ∧M+)

is a Z2-equivariant S-duality map. Cap product with the Z2-equivariant stable
homotopy fundamental class

[M ] = (M, 1) = αZ2

M ∈ ω
Z2
m (M)

defines Poincaré duality isomorphisms in stable homotopy

[M ] ∩ − : ω∗Z2
(M) ∼= ωZ2

m−∗(M) .

In particular [M ] ∩ − : ω0
Z2

(M) ∼= ωZ2
m (M) sends 1 ∈ ω0

Z2
(M) to αZ2

M ∈
ωZ2
m (M).

(iii) For any space X there is defined a direct sum system

ωm(S(∞)×Z2
(X ×X))

γ //
oo
δ

ωZ2
m (X ×X)

ρ //
oo
σ

ωm(X)

with the various maps described in terms of representatives by framed mani-
folds as

ρ : ωZ2
m (X ×X)→ ωm(X) ;

(M,f : M → X ×X) 7→ (MZ2 , fZ2 : MZ2 → X) ,

γ : ωm(S(∞)×Z2
(X ×X))→ ωZ2

m (X ×X) ;

(N, g : N → S(∞)×Z2
(X ×X)) 7→ (N, g) , N = g∗(S(∞)×X ×X) ,

σ : ωm(X)→ ωZ2
m (X ×X) ;

(P, h : P → X) 7→ (P,∆Xh : P → X ×X) ,

δ : ωZ2
m (X ×X) = {Sm;X+ ∧X+}Z2

→ ωm(S(∞)×Z2
(X ×X)) ;

(F : V∞ ∧ LW∞ ∧ Sm → V∞ ∧ LW∞ ∧X+ ∧X+) 7→ δ(F, σρ(F )) .

Proof. (i)+(ii) By construction.
(iii) Immediate from Proposition 4.36 (ii). ut

For any framed m-dimensional manifold (M, b) with embedding V ×M ⊂
V ⊕ Rm and Pontryagin-Thom map αM : (V ⊕ Rm)∞ → (V × M)∞ the
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product M ×M is a 2m-dimensional Z2-manifold with a Z2-equivariant em-
bedding

(κV⊕Rm)−1(i× i)(κV × 1) : (LV ⊕ V )× (M ×M) ∼= V × V ×M ×M
→ (V ⊕ Rm)× (V ⊕ Rm) ∼= (LV ⊕ LRm)× (V ⊕ Rm)

and Z2-equivariant Pontryagin-Thom map

(κV ∧ 1)(αM ∧ αM )(κV⊕Rm)−1 : (LV ⊕ LRm)∞ ∧ (V ⊕ Rm)∞

→ LV∞ ∧ V∞ ∧M+ ∧M+ .

The group ω2m,m(M ×M) is defined in Example 4.39 (i). The image of

[M ×M, b× b] = (κV ∧ 1)(αM ∧ αM )(κV⊕Rm)−1

∈ ω2m,m(M ×M) = {(LRm ⊕ Rm)∞,M+ ∧M+}Z2

under

0∗LRm : ω2m,m(M×M)→ ωZ2
m (M×M) = ωm(M)⊕ωm(S(∞)×Z2

(M×M))

is of the form

0∗LRm [M ×M, b× b] = ((M, b), (N, a))

∈ ωZ2
m (M ×M) = ωm(M)⊕ ωm(S(∞)×Z2

(M ×M))

with (N, a) the framed m-dimensional manifold with a map g : N →
S(∞) ×Z2

(M × M) constructed from M by Crabb [12, p.47]. Note that
there is defined an exact sequence

→ A1 = ω2m,m(S(LRm)×M ×M)→ A2 = ω2m,m(S(LRm ⊕ LR(∞))×M ×M)

→ A3 = ωm(S(∞)×Z2
(M ×M))→ A4 = ω2m−1,m−1(S(LRm)×M ×M)

which fits into a commutative braid of exact sequences
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A1

  

""
ω2m,m(M ×M)

0∗LRm

''

ρ

&&
ωm(M)

A2

;;

##

ωZ2
m (M ×M)

$$

ρ
::

zz σ

ωm+1(M)

>>

0

<<A3 99

γ
77

ww δ
A4

Example 6.14. (Crabb [12, pp. 44-48]) If (M, b) is a framed m-dimensional
manifold with an open embedding i : V × M ⊂ V ⊕ Rm the Pontryagin-
Thom map

αM : (V ⊕ Rm)∞ = V∞ ∧ Sm → (V ×M)∞ = V∞ ∧M+

defines the stable homotopy fundamental class

[M ] = αM ∈ ωm(M) = {Sm;M+} .

The product Z2-manifold M ×M has stable Z2-equivariant homotopy fun-
damental class

[M ×M ] = αM ∧αM ∈ ωZ2
2m,m(M ×M) = {(LRm)∞ ∧Sm;M+ ∧M+}Z2

.

The quadratic construction on αM

ψ(αM ) ∈ ωm(S(LV )×Z2
(M ×M))

has the following geometric interpretation, with n = dim(V ). Define a (2m+
n)-dimensional manifold with boundary

(W,∂W ) = (D(LV ), S(LV ))×M ×M ,

with Z2-action
T : W →W ; (v, x, y) 7→ (−v, y, x)

(which is free on ∂W ), with a stable Z2-equivariant homotopy fundamental
class

[W ]αM∧αM = αM ∧ αM ∈ ωZ2
m (W,∂W ;−εLV⊕LRm) = ω2m,m(M ×M) .

Consider the stable Z2-equivariant cohomotopy exact sequence associated to
the trivial Z2-bundle εLV⊕LRm over W
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· · · → ω−1
Z2

(∂W ;−εLV⊕LRm)→ ω0
Z2

(W,∂W ;−εLV⊕LRm)→ ω0
Z2

(W ;−εLV⊕LRm)

→ ω0
Z2

(∂W ;−εLV⊕LRm)→ . . . .

There are two reasons for the stable Z2-equivariant cohomotopy Euler class

γZ2(εLV⊕LRm) ∈ ω0
Z2

(W ;−εLV⊕LRm) = {(M ×M)+; (LV ⊕ LRm)∞}Z2

to restrict to 0 on ∂W , namely the Z2-equivariant sections of the sphere
bundle of εLV⊕LRm

s1 , s2 : ∂W → S(εLV⊕LRm) = S(LV ⊕ LRm)× ∂W

defined by

s1(v, x, y) =
( i(v, x)− i(−v, y)

‖i(v, x)− i(−v, y)‖
, (v, x, y)

)
, s2(v, x, y) = (v, (v, x, y)) .

The Z2-equivariant map

(s1,−s2) : ∂W → S(εLV⊕LRm)×∂W S(εLV⊕LRm)

= S(LV ⊕ LRm)× S(LV ⊕ LRm)× ∂W ;

(v, x, y) 7→
(
s1(v, x, y),−s2(v, x, y), (v, x, y)

)
is Z2-equivariant homotopic to a Z2-equivariant map

(t1,−t2) : ∂W → S(εLV⊕LRm)×∂W S(εLV⊕LRm)

which is Z2-equivariantly transverse regular at ∆S(LV⊕LRm) × ∂W . The in-
verse image

Y = (t1,−t2)−1(∆S(LV⊕LRm) × ∂W ) ⊂ ∂W

is a framed m-dimensional manifold with a free Z2-action, and with a Z2-
equivariant map Y → ∂W , such that Y is nonequivariantly framed cobordant
to M . The m-dimensional manifold

N = Y/Z2

is equipped with a map g : N → ∂W/Z2 = S(LV ) ×Z2 (M × M). The
Z2-equivariant Poincaré duality defines an isomorphism of exact sequences

ω−1
Z2

(∂W ;−εLV⊕LRm) //

∼=[∂W ]αM∧αM ∩ −
��

ω0
Z2

(W,∂W ;−εV⊕LRm) //

∼=[W ]αM∧αM ∩ −
��

ω0
Z2

(W ;−εLV⊕LRm)

∼=[W ]αM∧αM ∩ −
��

ωZ2
m (∂W ) // ωZ2

m (W ) // ωZ2
m (W,∂W )
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and

δ(s1, s2) = ψV (αM ) = (N, g)

∈ ω−1
Z2

(∂W ;−εLV⊕LRm) = {Σ∂W+; (LV ⊕ LRm)∞}Z2

= ωZ2
m (∂W ) = ωm(S(LV )×Z2

(M ×M)).

Note that for any v ∈ S(LV ) the Z2-equivariant map

v × 1× 1 : S(LR)×M ×M → S(LV )×M ×M

sends δ(s1, s2) to the element

(v×1×1)∗δ(s1, s2) ∈ ω−1
Z2

(S(LR)×M×M ;−εLV⊕LRm) = {M×M ;S(V⊕Rm)}

represented by the map

M ×M → S(V ⊕ Rm) = Sm+n−1 ; (x, y) 7→ i(v, x)− i(−v, y)

‖i(v, x)− i(−v, y)‖
.

The rel ∂W Z2-equivariant Euler classes are

γZ2(εLV⊕LRm , s1) = (αM ∧ αM )∆Sm , γZ2(εLV⊕LRm , s2) = ∆MαM

∈ ω0
Z2

(W,∂W ;−εLV⊕LRm) = ωZ2
m (W ) = ωZ2

m (M ×M)

and δ(s1, s2) has image

γZ2(εLV⊕LRm , s1)− γZ2(εLV⊕LRm , s2) = (αM ∧ αM )∆Sm −∆MαM

∈ im(ω−1
Z2

(∂W ;−εLV⊕LRm)→ ω0
Z2

(W,∂W ;−εLV⊕LRm))

= ker(ω0
Z2

(W,∂W ;−εLV⊕LRm)→ ω0
Z2

(W ;−εLV⊕LRm)) ⊂ ω2m,m(M ×M) .

Also, passing to the limit as dim(V )→∞ note that

lim−→
dim(V )

ψV (αM ) = (αM ∧ αM )∆Sm −∆MαM

∈ im(ωm(S(∞)×Z2 (M ×M))→ ωZ2
2m,m(M ×M))

= ker(ρ : ωZ2
2m,m(M ×M)→ ωm(M))

is determined by (αM ∧ αM )∆Sm , ∆MαM ∈ ωZ2
m (M ×M), since

ωm(S(∞)×Z2 (M ×M))→ ωZ2
2m,m(M ×M)

is a split injection. ut
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6.2 Double points

Definition 6.15. (i) The fibrewise product of maps f1 : X1 → Y , f2 : X2 →
Y is the map

f1 ×Y f2 : X1 ×Y X2 → Y ; (x1, x2) 7→ f(x1) = f(x2)

with
X1 ×Y X2 = {(x1, x2) ∈ X1 ×X2 | f1(x1) = f2(x2) ∈ Y }

the pullback
X1 ×Y X2

//

��

f1×Y f2

%%

X1

f1

��
X2

f2 // Y

(ii) The square of a map f : X → Y is the Z2-equivariant map

f × f : X ×X → Y × Y ; (x1, x2) 7→ (f(x1), f(x2))

with T ∈ Z2 acting on X ×X by

T : X ×X → X ×X ; (x1, x2) 7→ (x2, x1)

and similarly for Y × Y .
(iii) The double point space of f : X → Y is the Z2-space

X×YX = (f×f)−1(Y ) = {(x1, x2) ∈ X×X | f(x1) = f(x2) ∈ Y } ⊂ X×X .

The diagonal embedding

∆X : X → X ×Y X ; x 7→ (x, x)

is Z2-equivariant, with image the fixed point set

(X ×Y X)Z2 = X = {(x, x) | x ∈ X} .

The map

f ×Y f = (f × f)| : X ×Y X → Y ; (x1, x2) 7→ f(x1) = f(x2) .

is also Z2-equivariant, with (f ×Y f)∆X = f : X → Y .

(iv) Let Ỹ → Y be a regular cover of Y with group of covering translations
π, and given a map f : X → Y let

X̃ = X ×Y Ỹ = f∗Ỹ = {(x, ỹ) ∈ X × Ỹ | f(x) = [ỹ] ∈ Y }
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be the pullback cover of X. The assembly map is the inclusion

A : X ×Y X → X̃ ×π X̃ ; (x1, x2) 7→ [(x1, ỹ), (x2, ỹ)]

with ỹ ∈ Ỹ any lift of y = f(x1) = f(x2) ∈ Y .
(v) The ordered double point space of f : X → Y is the free Z2-space

D2(f) = {(x1, x2) ∈ X ×X | x1 6= x2 ∈ X, f(x1) = f(x2) ∈ Y }

with
X ×Y X = X tD2(f) .

(vi) The unordered double point set of f : X → Y is the quotient space

D2[f ] = D2(f)/Z2 .

The projection D2(f)→ D2[f ] is a double cover. ut

Remark 6.16. The diagonal Y ⊆ Y × Y is a closed subspace (since Y is
Hausdorff), so that X ×Y X = (f × f)−1(Y ) ⊆ X × X is also closed, and
X ⊆ X ×Y X is also closed (since X is Hausdorff). We shall always assume
that X ⊆ X ×Y X is also open, so that

X ×Y X = X tD2(f)

as a topological space, with one-point compactification

(X ×Y X)∞ = X∞ ∨D2(f)∞ .

ut

We shall be concerned with the double points of a map f : X → Y which
extends to an embedding V ×X ↪→ V × Y (in the manner of a codimension
0 immersion of manifolds) :

Definition 6.17. (i) An embedding of a map f : X → Y is an open embed-
ding of the type

e : V ×X ↪→ V × Y ; (v, x) 7→ (g(v, x), f(x))

for an inner product space V , so that the diagram
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V ×X �
� e //

proj.

��

V × Y

proj.

��
X

f // Y

commutes. For each y ∈ Y the restriction of e defines an embedding

e| : V × f−1(y)→ V ; (v, x) 7→ g(v, x) .

The pair e = (g, f) is an embedded map.
(ii) The compactification Umkehr of an embedded map e = (g, f) is the
compactification Umkehr given by 3.18

F : V∞ ∧ Y∞ → V∞ ∧X∞ ;

(w, y) 7→

{
(v, x) if (w, y) = e(v, x) ∈ e(V ×X)

∗ otherwise.

ut

Let e = (g, f) : V ×X ↪→ V × Y be an embedded map, with compactifi-
cation Umkehr map F : V∞ ∧ Y∞ → V∞ ∧X∞. We shall now construct a
local geometric Hopf map

hV (F )Y = F1 ∨ δ(F2, F3) : ΣS(LV )+ ∧ V∞ ∧ Y∞

→ LV∞ ∧ V∞ ∧ (X ×Y X)∞ = LV∞ ∧ V∞ ∧ (D2(f)∞ ∨X∞)

with
F1 : ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧D2(f)∞

the Umkehr map of a Z2-equivariant embedding

e1 : LV × V ×D2(f) ↪→ (LV \{0})× V × Y ,

and
δ(F2, F3) : ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞

the relative difference of the Umkehr maps

F2 , F3 : LV∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞

of two Z2-equivariant embeddings e2, e3 : LV × V × X ↪→ LV × V × Y of
f : X → Y such that

e2| = e3| = e : {0} × V ×X ↪→ {0} × V × Y .
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The geometric Hopf invariant map is the assembly of the local geometric
Hopf map

hV (F ) = (1 ∧A)hV (F )Y :

ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧ (X ×X)∞

with Ỹ = Y , π = {1}, A : X ×Y X ⊂ X ×X.

Terminology 6.18 Given a map f : X → Y and an embedding e = (g, f) :
V ×X ↪→ V ×Y define a Z2-equivariant embedding of f×f : X×X → Y ×Y

e× e = (g × g, f × f) :

(V × V )× (X ×X) ↪→ (V × V )× (Y × Y ) ;

(u, v, x, y) 7→ (g(u, x), g(v, y), f(x), f(y))

with Z2-equivariant compactification Umkehr map

F ∧ F : V∞ ∧ V∞ ∧ Y∞ ∧ Y∞ → V∞ ∧ V∞ ∧X∞ ∧X∞ .

The conjugate of e×e by κV ×1 is a Z2-equivariant embedding of f : X → Y

e′ = (κV × 1)−1(e× e)(κV × 1) : LV × V ×X ×X ↪→ LV × V × Y × Y ;

(u, v, x, y) 7→ (g(u+ v, y)− g(−u+ v, x))/2, (g(u+ v, y) + g(−u+ v, x))/2, f(x), f(y))

with Z2-equivariant compactification Umkehr map

F ′ = (κV ∧ 1)(F ∧ F )(κV ∧ 1)−1 :

LV∞ ∧ V∞ ∧ Y∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞ ∧X∞ .

The restriction of e′ defines a Z2-equivariant open embedding

e1 = e′| : LV × V ×D2(f) ↪→ (LV \{0})× V × Y ; (u, v, x, y) 7→
(g(u+ v, y)− g(−u+ v, x))/2, (g(u+ v, y) + g(−u+ v, x))/2, f(x) = f(y))

with a Z2-equivariant compactification Umkehr map

F1 : (LV \{0})∞∧V∞∧Y∞ = ΣS(LV )+∧V∞∧Y∞ → LV∞∧V∞∧D2(f)∞ .

The components of the Z2-equivariant embeddings of f : X → Y

e2 , e3 : LV × V ×X ↪→ LV × V × Y

defined by
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e2(u, v, x) = (1× e)(u, v, x) = (u, g(v, x), f(x)) ,

e3(u, v, x) = e′(u, v, x, x)

= (g(u+ v, x)− g(−u+ v, x))/2, (g(u+ v, x) + g(−u+ v, x))/2, f(x))

have Z2-equivariant compactification Umkehr maps

F2 = 1 ∧ F , F3 : LV∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞

with
e2| = e3| = e : {0} × V ×X ↪→ {0} × V × Y ,

F2| = F3| : {0}∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞ .

ut

Theorem 6.19. (Double Point Theorem)
For an embedding e = (g, f) : V × X ↪→ V × Y of a map f : X → Y
the geometric Hopf invariant hV (F ) of the Umkehr map F : V∞ ∧ Y∞ →
V∞ ∧X∞ is given up to natural Z2-equivariant homotopy by the composite

hV (F ) = (1 ∧A)hV (F )Y : ΣS(LV )+ ∧ V∞ ∧ Y∞

→ LV∞ ∧ V∞ ∧ (X ×Y X)∞ → LV∞ ∧ V∞ ∧ (X ×X)∞

with

hV (F )Y = (1 ∧ i)F1 ∨ (1 ∧∆X)δ(F2, F3) :

ΣS(LV )+ ∧ V∞ ∧ Y∞ →
LV∞ ∧ V∞ ∧ (X ×Y X)∞ = LV∞ ∧ V∞ ∧ (D2(f)∞ ∨X∞) ,

i = inclusion : D2(f)→ X ×Y X ; (x1, x2) 7→ (x1, x2) ,

∆X = diagonal : X → X ×Y X ; x 7→ (x, x) ,

A = assembly = ∆X t i : X ×Y X = X tD2(f)→ X ×X .

Proof. By definition

hV (F ) = δ(p, q) : ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞ ∧X∞

with p = (1∧∆X∞)F2, q = F ′(1∧∆Y∞) the composites in the (noncommu-
tative) square of Z2-equivariant maps

LV∞ ∧ V∞ ∧ Y∞
1 ∧∆Y∞ //

F2

��

LV∞ ∧ V∞ ∧ Y∞ ∧ Y∞

F ′

��
LV∞ ∧ V∞ ∧X∞

1 ∧∆X∞ // LV∞ ∧ V∞ ∧X∞ ∧X∞
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with

p| = q| : {0}∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞ ∧X∞ .

Consider the pullback commutative square of Z2-equivariant open embed-
dings and inclusions

LV × V × (X ×Y X)

1×A

��

e1 t e3 // LV × V × Y

1×∆Y

��
LV × V ×X ×X e′ // LV × V × Y × Y

which determines a commutative square of Z2-equivariant Umkehr maps and
inclusions

LV∞ ∧ V∞ ∧ Y∞

1 ∧∆Y∞

��

F13 // LV∞ ∧ V∞ ∧ (X ×Y X)∞

1 ∧A

��
LV∞ ∧ V∞ ∧ Y∞ ∧ Y∞ F ′ // LV∞ ∧ V∞ ∧X∞ ∧X∞

with F13 the Umkehr map of e1 t e3. Thus

hV (F ) = δ(p, q) = δ((1 ∧∆X∞)F2, F
′(1 ∧∆Y∞))

= δ((1 ∧∆X∞)F2, (1 ∧ (i ∨∆X∞))F13) :

ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞ ∧X∞ .

Proposition 2.20 (iv) gives a natural Z2-equivariant homotopy

hV (F ) ' (1 ∧A∆X∞)δ(F2, F3) + (1 ∧A)δ((1 ∧∆X∞)F3, (1 ∧ (i ∨∆X∞))F13)

= (1 ∧A∆X∞)δ(F2, F3) + δ(p′, q′) :

ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞ ∧X∞

with

p′ = (1 ∧ (∆X |)∞)F3 , q
′ = (1 ∧ (i t∆X |)∞)F13 :

LV∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧ (X ×Y X)∞

the composites in the (noncommutative) diagram of Z2-equivariant maps
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LV∞ ∧ V∞ ∧ Y∞

F3

��

F13 // LV∞ ∧ V∞ ∧ (D2(f)∞ ∨X∞)

1∧(it∆X |)∞

��
LV∞ ∧ V∞ ∧X∞

1∧(∆X |)∞ // LV∞ ∧ V∞ ∧ (X ×Y X)∞

with ∆X | : X → X ×Y X;x 7→ (x, x) the diagonal map. The neighbourhood

U = e3(LV × V ×X) ∪ {∗} ⊂ LV∞ ∧ V∞ ∧ Y∞

of 0+ ∧ V∞ ∧ Y∞ is such that for all t ∈ LV∞, x ∈ V∞ ∧ Y∞

p′(t, x) =

{
q′(t, x) if (t, x) ∈ U
∗ if (t, x) ∈ (LV∞ ∧ V∞ ∧ Y∞)\U .

Proposition 2.20 (v) gives a natural Z2-equivariant homotopy

δ(p′, q′) ' q′′ : ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ (X ×Y X)∞

with q′′ defined by

q′′ : ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ (X ×Y X)∞ ;

(t, x) 7→

{
∗ if (t, x) ∈ U
q′(t, x) if (t, x) ∈ (LV∞ ∧ V∞ ∧ Y∞)\U .

But q′′ = (1 ∧ i)F1, giving the required result. ut

Similarly for the stable geometric Hopf invariant h′V (F ) :

Proposition 6.20. Let e = (g, f) : V ×X ↪→ V × Y be an embedded map

V ×X �
� e //

proj.

��

V × Y

proj.

��
X

f // Y

with Umkehr map F : V∞ ∧ Y∞ → V∞ ∧ X∞. The stable geometric Hopf
invariant of F is given up to natural Z2-equivariant homotopy by the sum

h′V (F ) = (1 ∧A)h′V (F )Y : Y∞ 7→ S(LV )+ ∧X∞ ∧X∞

with
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h′V (F )Y = cF ′1 + (1 ∧∆X∞)δ′(F2, F3) : Y∞ 7→ S(LV )+ ∧ (X ×Y X)∞

cF ′1 : Y∞
F ′1 // D2(f)∞

c // S(LV )+ ∧ (X ×Y X)∞

the composite of the Z2-equivariant Umkehr map

F ′1 : LV∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧D2(f)∞

of the Z2-equivariant open embedding

e′1 = (κV × 1)−1(e× e)|(κV × 1) : LV × V ×D2(f) ↪→ LV × V × Y ,

and the Z2-equivariant map c defined by

c : D2(f)∞ → S(LV )+∧(X×YX)∞ ; (x1, x2) 7→
(

g(0, x1)− g(0, x2)

‖g(0, x1)− g(0, x2)‖
, x1, x2

)
,

and δ′(F3, F2) : Y∞ 7→ S(LV )+ ∧ X∞ the stable relative difference of the
Z2-equivariant Umkehr maps

F2 , F3 : LV∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞

of 6.18.

Proof. The Z2-equivariant open embedding e′1 is the composite

e′1 : LV × V ×D2(f)
e1 // (LV \{0})× V × Y ↪→ LV × V × Y

with e1 = (κV × 1)−1(e× e)|(κV × 1) as in 6.18, and the Umkehr of e′1 is the
composite

F ′1 = F1(αLV ∧ 1) : LV∞ ∧ V∞ ∧ Y∞

αLV ∧ 1// (LV \{0})∞ ∧ V∞ ∧ Y∞ = ΣS(LV )+ ∧ V∞ ∧ Y∞

F1 // LV∞ ∧ V∞ ∧D2(f)∞

with F1 the Umkehr map of e1 as in 6.18. Theorem 6.19 gives a natural
Z2-equivariant homotopy

hV (F ) ' (1 ∧ i)F1 + (1 ∧∆X∞)δ(F2, F3) :

ΣS(LV )+ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧ (X ×Y X)∞

with i = inclusion : D2(f) → X ×Y X, so that there is defined a natural
Z2-equivariant homotopy
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h′V (F )Y = cF ′1 + (1 ∧∆X∞)δ′(F2, F3)

' ((1 ∧ i)(1 ∧ F1)(1 ∧∆X∞) + δ(F2, F3))(∆αLV ∧ 1) :

LV∞ ∧ V∞ ∧ Y∞ → S(LV )+ ∧ LV∞ ∧ V∞ ∧ (X ×Y X)∞ .

Now

(1 ∧ i)(1 ∧ F1)(∆αLV ∧ 1) :

LV∞ ∧ V∞ ∧ Y∞ → S(LV )+ ∧ LV∞ ∧ V∞ ∧ (X ×Y X)∞ ;

((t, u), v, y) 7→



(u, v1, v2, x1, x2)

if [t, u] = (g(v1 + v2, x2)− g(−v1 + v2, x1))/2 ∈ LV∞\{0},

v = (g(v1 + v2, x2) + g(−v1 + v2, x1))/2 ∈ V,

y = f(x1) = f(x2)

∗ otherwise

and

(1 ∧ c)(1 ∧ F1)(αLV ∧ 1) :

LV∞ ∧ V∞ ∧ Y∞ → S(LV )+ ∧ LV∞ ∧ V∞ ∧ (X ×Y X)∞ ;

((t, u), v, y) 7→



(
g(0, x2)− g(0, x1)

‖g(0, x2)− g(0, x1)‖
, v1, v2, x1, x2)

if [t, u] = (g(v1 + v2, x2)− g(−v1 + v2, x1))/2 ∈ LV∞\{0},

v = (g(v1 + v2, x2) + g(−v1 + v2, x1))/2 ∈ V,

y = f(x1) = f(x2)

∗ otherwise .

The map

h : I × LV∞ ∧ V∞ ∧ Y∞ → S(LV )+ ∧ LV∞ ∧ V∞ ∧ (X ×Y X)∞ ;

(s, (t, u), v, y) 7→



(
g(sv1 + sv2, x2)− g(−sv1 + sv2, x1)

‖g(sv1 + sv2, x2)− g(−sv1 + sv2, x1)‖
, v1, v2, x1, x2)

if [t, u] = (g(v1 + v2, x2)− g(−v1 + v2, x1))/2 ∈ LV∞\{0}

v = (g(v1 + v2, x2) + g(−v1 + v2, x1))/2 ∈ V,

y = f(x1) = f(x2)

∗ otherwise

defines a natural Z2-equivariant homotopy



6.3 Positive embeddings 239

h : (1 ∧ i)(1 ∧ F1)(∆αLV ∧ 1) ' (1 ∧ c)(1 ∧ F1)(αLV ∧ 1) :

LV∞ ∧ V∞ ∧ Y∞ → S(LV )+ ∧ LV∞ ∧ V∞ ∧ (X ×Y X)∞ .

The concatenation of the homotopies is a natural Z2-equivariant homotopy

h′V (F )Y ' (1 ∧ c)(1 ∧ F1)(αLV ∧ 1) + δ(F2, F3)(∆αLV ∧ 1) = (1 ∧ c)(1 ∧ F ′1) :

LV∞ ∧ V∞ ∧ Y∞ → S(LV )+ ∧ LV∞ ∧ V∞ ∧ (X ×Y X)∞ .

Finally, identify

δ(F2, F3)(∆αLV ∧1) = δ′(F2, F3) : LV∞∧V∞∧Y∞ → LV∞∧V∞∧X∞ .

ut

6.3 Positive embeddings

We shall now formulate a positivity condition on an embedded map

e = (g, f) : V ×X ↪→ V × Y

which ensures that the embedding term (1∧∆X∞)δ(F2, F3) in the expression
given by Theorem 6.19 for the geometric Hopf invariant hV (F ) of the com-
pactification Umkehr map F : V∞ ∧ Y∞ → V∞ ∧ X∞ is 0, so that hV (F )
only depends on the double point Z2-space D2(f) with hV (F ) = (i ∧ 1)F1.

Definition 6.21. (i) A linear automorphism a ∈ GL(V ) of an inner product
space V is positive if if a has no negative real eigenvalues, i.e. a+ uI should
be invertible for all u > 0 (u ∈ R).
(ii) LetGL+(V ) ⊆ GL(V ) be the subset of the positive linear automorphisms.
(iii) Let

O+(V ) = O(V ) ∩GL+(V ) ⊆ O(V )

be the subset of the positive orthogonal automorphisms.

Proposition 6.22. (i) The space GL+(V ) is contractible, with I ∈ GL+(V ).
(ii) The following conditions on an orthogonal automorphism a : V → V are
equivalent:

(a) a is positive,

(b) 1 + a : V → V is a linear automorphism,
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(c) −1 is not an eigenvalue of a.

(iii) The space O+(V ) is contractible.

Proof. (i) For any a ∈ GL+(V ) and t ∈ [0, 1] the linear map

Ht(a) : V → V ; v 7→ (1− t)a(v) + tv

defines a path in GL+(V ) from H0(a) = a to H1(a) = I: for any u > 0

Ht(a) + uI : V → V ; v 7→ (1− t)a(v) + (u+ t)v

is invertible because u+ t > 0.
(ii) Immediate from the definitions.
(iii) O+(V ) is homeomorphic to the contractible space End−(V ) of linear
endomorphisms b : V → V such that

〈b(u), v〉 = − 〈u, b(v)〉 (u, v ∈ V ) ,

with the Cayley parametrization (Weyl [88, II.10]) of positive orthogonal
automorphisms defining inverse homeomorphisms

O+(V )→ End−(V ) ; a 7→ (1 + a)−1(1− a) ,

End−(V )→ O+(V ) ; b 7→ (1 + b)−1(1− b) .

ut

Definition 6.23. An embedding e = (g, f) : V ×X ↪→ V ×Y of f : X → Y
is positive if for each x ∈ X the embedding

gx : V → V ; u 7→ g(u, x)

is differentiable and the differentials dgx(v) : V → V (v ∈ V ) are positive
linear automorphisms. ut

Example 6.24. For any map c : X → O+(V ) the embedding

V ×X ↪→ V ×X ; (v, x) 7→ (c(x)(v), x)

is positive, with each

gx : V → V ; v 7→ c(x)(v) (x ∈ X)

a linear map with dgx = c(x) ∈ O+(V ).
ut
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The embeddings gx : V → V (x ∈ X) in a positive embedding e = (g, f) :
V ×X → V × Y are orientation-preserving.

Theorem 6.25. Let e = (g, f) : V × X ↪→ V × Y be a positively embedded
map, with adjunction Umkehr map F : V∞ ∧ Y∞ → V∞ ∧X∞.
(i) The local geometric Hopf invariant is given up to natural Z2-equivariant
homotopy by

hV (F )Y = (1∧ i)F1 : ΣS(LV )+ ∧V∞ ∧Y∞ → LV∞ ∧V∞ ∧ (X ×Y X)∞

with i = inclusion : D2(f)→ X ×Y X, and

F1 : (LV \{0})∞∧V∞∧Y∞ = ΣS(LV )+∧V∞∧Y∞ → LV∞∧V∞∧D2(f)∞

the compactification Umkehr of the Z2-equivariant embedding

e1 : LV × V ×D2(f) ↪→ (LV \{0})× V × Y

of 6.19.
(ii) The geometric Hopf invariant hV (F ) is given up to natural Z2-equivariant
homotopy by

hV (F ) = (1 ∧A)hV (F )Y = (1 ∧Ai)F1 :

ΣS(LV )+ ∧ V∞ ∧ Y∞
hV (F )Y //

LV∞ ∧ V∞ ∧ (X ×Y X)∞
1 ∧A // LV∞ ∧ V∞ ∧X∞ ∧X∞

with A : X ×Y X ⊂ X ×X the assembly.

Proof. (i) We shall use the positive property of the embedding e = (g, f) to
construct a Z2-equivariant isotopy

E : e3 ' e2 : LV × V ×X → LV × V × Y

which is constant on {0}× V ×X. This will give a Z2-equivariant homotopy
of the Umkehr maps

F3 ' F2 : LV∞ ∧ V∞ ∧ Y∞ → LV∞ ∧ V∞ ∧X∞

which is constant on {0}+∧V∞∧Y∞, so that δ(F3, F2) ' {∗} by Proposition
1.8 (i).

In the first instance, note that for any ε > 0 and any Z2-equivariant
embedding h : LV × V ×X ↪→ LV × V × Y there is defined a Z2-equivariant
isotopy
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I × LV × V ×X → LV × V × Y ; (t, u, v, x) 7→ h(
(1− t+ tε)u

1 + t‖u‖
, v, x)

from h to the Z2-equivariant embedding

h : LV × V ×X ↪→ LV × V × Y ; (u, v, x) 7→ h(
εu

1 + ‖u‖
, v, x)

which only involves the restriction

h| : Dε(0)× V ×X ↪→ LV × V × Y .

It therefore suffices to construct a Z2-equivariant isotopy

e3| ' e2| : Dε(0)× V ×X ↪→ LV × V × Y

which is constant on {0}×V ×X. For sufficiently small ε > 0 and u ∈ Dε(0)
we have

e2(u, v, x) = ((g(u+ v, x)− g(−u+ v, x))/2, (g(u+ v, x) + g(−u+ v, x))/2, f(x))

≈ (dgx(v)(u), g(v, x), f(x)) ,

e3(u, v, x) = (u, g(v, x), f(x))

and

I ×Dε(0)× V ×X ↪→ LV × V × Y ;

(t, u, v, x) 7→ (1− t)e3(u, v, x) + te2(u, v, x) ≈ ((1− t)u+ tdgx(v)(u), g(v, x), f(x))

defines an isotopy e3| ' e2| which is constant on {0} × V ×X. The positive
condition on e is used to ensure that the linear map

V → V ; u 7→ tu+ (1− t)dgx(v)(u)

is an automorphism for each t ∈ [0, 1], exactly as in the proof of Lemma 6.22.
(ii) Immediate from (i) and 6.19. ut

Definition 6.26. Given maps f1 : X1 → Y , f2 : X2 → Y write the compact-
ification of the fibrewise product X1 ×Y X2 of 6.15 as

(X1 ×Y X2)∞ = X∞1 ∧Y X∞2 .

ut

Example 6.27. For compact X1, X2 the cartesian product of vector bundles
ξ1 : X1 → BO(m1), ξ2 : X2 → BO(m2) is a vector bundle ξ1×ξ2 : X1×X2 →
BO(m1 +m2) with total and Thom spaces
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E(ξ1 × ξ2) = E(ξ1)× E(ξ2) , T (ξ1 × ξ2) = T (ξ1) ∧ T (ξ2) .

For maps f1 : X1 → Y , f2 : X2 → Y the restriction of ξ1× ξ2 to X1×Y X2 ⊆
X1 ×X2

ξ1 ×Y ξ2 = (ξ1 × ξ2)|X1×YX2 : X1 ×Y X2 → BO(m1 +m2)

is such that

E(ξ1 ×Y ξ2) = E(ξ1)×Y E(ξ2) , T (ξ1 ×Y ξ2) = T (ξ1) ∧Y T (ξ2) .

ut

Proposition 6.28. Given an immersion f : Mm # Nn let νf : M →
BO(n − m) be the normal (n − m)-plane bundle, so that f extends to a
codimension 0 immersion

f ′ : M ′ = E(νf ) # N .

Assume that f has no triple points, and only transverse double points, so that
the ordered double point space M ′′ = D2(f) is a closed (2m−n)-dimensional
manifold.
(i) The immersion

f ×N f = f t f ′′ : M ×N M = M tM ′′ # N

has normal bundle νf t νf ′′ , with

f ′′ : M ′′ # N ; (x, y) 7→ f(x) = f(y) ,

νf ′′ = (νf × νf )|M ′′ : M ′′ → BO(2(n−m)) .

The ordered double point space of f ′ is the n-dimensional manifold

D2(f ′)n = E(νf ′′) = E((νf ×N νf )|M ′′)

and
T (νf ) ∧N T (νf ) = T (νf t νf ′′) = T (νf ) ∨D2(f ′)∞ .

(ii) For some finite-dimensional inner product space V the codimension 0
immersion

1× f ′ : V ×M ′ # V ×N ; (v, x) 7→ (v, f ′(x))

is regular homotopic to a positive embedding of f ′

e = (g, f ′) : V ×M ′ ↪→ V ×N ; (v, x) 7→ (g(v, x), f ′(x))

with Umkehr map
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F : V∞ ∧N∞ → V∞ ∧ (M ′)∞ = V∞ ∧ T (νf )

and differentials of the form

de(v, x) =

(
dgx(v) α(v, x)

0 df(x)

)
: τ(v,x)(V × E(νf )) = V ⊕ τx(E(νf ))

→ τ(g(v,x),f ′(x))(V ×N) = V ⊕ τf ′(x)(N) (gx(v) = g(v, x))

with dgx(v) : V → V positive linear automorphisms. The fibrewise geometric
Hopf invariant of F is given up to natural Z2-equivariant homotopy by

hV (F )N = (1 ∧ i)F1 : ΣS(LV )+ ∧ V∞ ∧N∞ = (LV \{0})∞ ∧ V∞ ∧N∞

→ LV∞ ∧ V∞ ∧ T (νf ′′)→ LV∞ ∧ V∞ ∧ T (νf ×N νf ) .

with

i = inclusion : T (νf ′′) = T ((νf×Nνf )|M ′′)→ T (νf×Nνf ) = T (νf )∧NT (νf ) .

The geometric Hopf invariant of F is

hV (F ) = (1∧Ai)F1 : ΣS(LV )+∧V∞∧N∞ → LV∞∧V∞∧T (νf )∧T (νf )

with

A = assembly : T (νf×Nνf ) = T (νf )∧NT (νf )→ T (νf×νf ) = T (νf )∧T (νf ) .

Proof. (i) By construction.
(ii) The double point space D2(f) ⊂M ×M is a compact manifold with free
involution, and we can choose a smooth map g0 : M → V for some V of large
dimension such that

g0(x) = − g0(y) ∈ S(V ) ((x, y) ∈ D2(f)) .

We can take g0 to be zero outside a neighbourhood of D2(f) ⊂ M ×M , so
that there is defined an embedding

(g0, f) : M ↪→ V ×N ; x 7→ (g0(x), f(x)) .

Define
g : V ×M → V ; (v, x) 7→ g(v, x) = g0(x) + v .

and let D(V ) = {v ∈ V | ‖v‖ 6 1} be the unit ball in V . The map

(g, f) : V ×M → V ×N ; (v, x) 7→ (g(v, x), f(x))

restricts to an embedding of D(V )×M ↪→ V ×N , by the following argument:
the derivative has maximal rank everywhere, and if
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(g(v, x), f(x)) = (g(w, y), f(y)) ∈ V ×N

then for (x, y) ∈ D2(f) with g(v, x) = g(w, y),

v − w = g0(y)− g0(x) , g0(x) = − g0(y) , ‖v − w‖ = 2

and (v, x) = (w, y). Composing with the open embedding

j : V → D(V ) ; v 7→ v

1 + ‖v‖

gives an embedding

e : V ×M ↪→ V ×N ; (v, x) 7→ (g(j(v), x), f(x))

which extends to a positive open embedding

e′ : V ×M ′ ↪→ V ×N ; (v, x) 7→ (g′(v, x), f ′(x)) .

Now apply Theorem 6.25.
ut

Example 6.29. (i) Let M = N = {∗}, and V = Rk with the standard inner
product

〈(u1, u2, . . . , uk), (v1, v2, . . . , vk)〉 =

k∑
i=1

uivi ∈ R .

For any λ1, λ2, . . . , λk > 0 and c = (c1, c2, . . . , ck) ∈ V the embedding

g : V ↪→ V ; v = (v1, v2, . . . , vk) 7→ c+
(λ1v1, λ2v2, . . . , λkvk)

1 + ‖v‖

is such that e = (g, f) : V ×M ↪→ V × N is a positive embedding of the
unique map f : M → N , with

dg∗(v) : V → V ; u = (u1, u2, . . . , uk) 7→ (λ1u1, λ2u2, . . . , λkuk)

(1 + ‖v‖)2
,

〈dg∗(v)(u), u〉 =

k∑
i=1

λiu
2
i

(1 + ‖v‖)2
> 0 (u 6= 0 ∈ V ) ,

e(V ×M) ⊆ Dλ(c)×N

where

Dλ(c) = {u = (u1, u2, . . . , uk) ∈ V | |ui − ci| < λi, 1 6 i 6 k} ⊂ V .
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(ii) A finite cover f : K̃ → K admits positive embeddings e = (g, f) :

V × K̃ ↪→ V × K (cf. Example 3.8). For k > 2 dim(K) there exists an

embedding d : K̃ ↪→ V = Rk, and for each x ∈ K̃ it is possible to make a
continuous choice of λ1(x), λ2(x), . . . , λk(x) > 0 with

Dλ(x)(d(x)) ∩Dλ(y)(d(y)) = ∅ (x 6= y ∈ K̃, f(x) = f(y) ∈ K) .

The map

g : V × K̃ → V ; (v, x) 7→ d(x) +
(λ1(x)v1, λ2(x)v2, . . . , λk(x)vk)

1 + ‖v‖

determines a positive embedding e = (g, f) with

e(V × {x}) ⊆ Dλ(x)(d(x))× {f(x)} (x ∈ K̃) .

The (stable) homotopy class of the compactification Umkehr map F : V∞ ∧
K+ → V∞ ∧ K̃+ of e depends only on the homotopy class of the finite
covering f . ut

Example 6.30. (i) Given a map c : X → O(V ) define an embedding of f =
1 : X → X

e = (g, 1) : V ×X ↪→ V ×X ; (v, x) 7→ (c(x)(v), x)

with adjunction Umkehr map

F : V∞ ∧X+ → V∞ ∧X+ ; (v, x) 7→ (c(x)−1(v), x) .

The Z2-equivariant embeddings e2, e3 : LV × V × X ↪→ LV × V × X in
Theorem 6.19 are given by

e2(u, v, x) = (u, g(v, x), f(x)) = (u, c(x)(v), x) ,

e3(u, v, x) = ((g(u+ v, x)− g(−u+ v, x))/2, (g(u+ v, x) + g(−u+ v, x))/2, f(x))

= (c(x)(u), c(x)(v), x) ,

with compactification Umkehr maps

F2 = 1 ∧ F , F3 = F ∧ F : LV∞ ∧ V∞ ∧X+ → LV∞ ∧ V∞ ∧X+

such that

hV (F ) ' (1∧∆X+)δ(F2, F3) : ΣS(LV )+∧V∞∧X+ → LV∞∧V∞∧X+∧X+

(cf. Proposition 5.74). Let p : X+ → S0 be the projection, so that



6.3 Positive embeddings 247

pF = Fc−1 : LV∞ ∧X+ → LV∞

is the adjoint map of c−1, and

−θ(c) = δ(1, Fc−1) ∈ {ΣS(LV )+∧X+;LV∞}Z2 = ω−1
Z2

(S(LV )×X;−εLV )

with

hV (Fc−1) = (Fc−1 ∧ −θ(c)) ∧∆X+ ∈ {ΣS(LV )+ ∧X+;LV∞}Z2

as in Proposition 5.74.
(ii) As in Definition 6.21 let O+(V ) ⊂ O(V ) be the subgroup of the positive
orthogonal automorphisms a : V → V . If the map c : X → O(V ) in (i) is
such that c(X) ⊆ O+(V ) then hV (F ) ' ∗, by Theorem 6.25. (Alternatively,
note that the isotopy e ' id defined by

V ×X × I → V ×X ; (v, x, t) 7→ (tv + (1− t)c(x)(v), x) ,

induces a homotopy F ' id.) ut

Example 6.31. (i) Given a manifold N , a space X, an inner product space V
and a map ρ : V∞ ∧ N∞ → V∞ ∧ X+ it is possible to make ρ transverse
at {0} × X ⊂ V∞ ∧ X+, so that there exist a codimension 0 immersion
f : M = ρ−1({0}×X) # N with an embedding e = (g, f) : V ×M ↪→ V ×N
and a map h = ρ| : M → X so that up to homotopy

ρ = (1 ∧ h)F : V∞ ∧N∞ F // V∞ ∧M+ 1 ∧ h // V∞ ∧X+

with F the adjunction Umkehr of e. (In general, it is not possible to choose
e to be a positive embedding – see (ii) below for an explicit example). The
framing of 0×f determined by g differs from the canonical framing by a map
c : M → O(V ) such that

g(v, x) = g0(c(x)(v), x) ∈ V (v ∈ V, x ∈M) .

The embeddings of f

e0 = (g0, f) , e = (g, f) : V ×M ↪→ V ×N

are such that e = e0(c, 1) with

(c, 1) : V ×M → V ×M ; (v, x) 7→ (c(x)(v), x) ,

so that the adjunction Umkehr maps F0, F : V∞ ∧N∞ → V∞ ∧M+ differ
by the adjunction Umkehr of (c, 1)−1

C : V∞ ∧M+ → V∞ ∧M+ ; (v, x) 7→ (c(x)(v), x)
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(cf. Proposition 5.74) with

F : V∞ ∧N∞
F0 // V∞ ∧M+ C // V∞ ∧M+ .

By Theorem 6.25 and the composition formula of Proposition 5.33 (v) the
geometric Hopf invariant of F is given by

hV (F ) = hV (CF0) = hV (C)(1 ∧ F0) + (κ−1
V ∧ 1)(C ∧ C)(κV ∧ 1)hV (F0) :

ΣS(LV )+ ∧ V∞ ∧N∞ → LV∞ ∧ V∞ ∧M+ ∧M+ .

(ii) If N = X = {pt.}, V = R then

ρ = − 1 : V∞ ∧N∞ = S1 → V∞ ∧X+ = S1 ; z 7→ z−1

is a map of degree −1 with M = ρ−1({0} ×X) = {∗}, such that the corre-
sponding embedding

e = (g, f) : V ×M = R ↪→ V ×N = R ; v 7→ −v

of the codimension 0 immersion f : M # N is not positive. The canonical
(positive) embedding of f

e0 = (g0, f) : V ×M = R ↪→ V ×N = R ; v 7→ v

has adjunction Umkehr

F0 = 1 : V∞ ∧N∞ = S1 → V∞ ∧M+ = S1 ,

and e = (g, f) has adjunction Umkehr

F = F0C = ρ = − 1 : V∞ ∧N∞ = S1 → V∞ ∧M+ = S1 ,

with C : S1 → S1 the adjoint of c = −1 : M = {∗} → O(R) = {±1}. The
geometric Hopf invariant of C is hR(C) = 1 ∈ Z, by Example 5.36.

ut

Proposition 6.32. Let e = (g, f) : R×M ↪→ R×N be a positively embedded
map, with adjunction Umkehr map

F : R∞ ∧N∞ = ΣN∞ → R∞ ∧M+ = ΣM+ .

(i) The transposition Z2-action on the set

E = R× R×D2(f)

is free, with a decomposition
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E = E+ t E−

defined by

E+ = {(v1, v2, x1, x2) ∈ R× R×M ×M |
g(v1, x1) > g(v2, x2) ∈ R, x1 6= x2 ∈M,f(x1) = f(x2) ∈ N} ,

E− = {(v1, v2, x1, x2) ∈ R× R×M ×M |
g(v1, x1) < g(v2, x2) ∈ R, x1 6= x2 ∈M,f(x1) = f(x2) ∈ N} .

(ii) The geometric Hopf invariant of F is given up to a natural homotopy by

hR(F )+ = i+F+ : (LR\{0})∞+ ∧ R∞ ∧N∞ = Σ2N∞

→ LR∞ ∧ R∞ ∧M+ ∧M+ = Σ2(M+ ∧M+)

(using Terminology 5.39) with

F+ : (LR\{0})∞+ ∧ R∞ ∧N∞ → E∞+

the adjunction Umkehr of the embedding

e+ : E+ ↪→ (LR\{0})+ × R×N ; (v1, v2, x1, x2) 7→ (w1, w2, y)

(w1 = (g(v1, x1)− g(v2, x2))/2 ∈ (LR\{0})+ ,

w2 = (g(v1, x1) + g(v2, x2))/2 ∈ R , y = f(x1) = f(x2) ∈ N)

and
i+ = inclusion : E+ → R× R×M ×M .

Proof. This is the special case V = R of Theorem 6.25. ut

Example 6.33. Let f : M = {1, 2} → N = {∗} be the unique map, with
ordered double point set

D2(f) = (M ×M)\∆(M) = {(1, 2), (2, 1)} .

Define a positive embedding (e : R×M ↪→ R×N, f : M → N) of f by

e : R× {1, 2} ↪→ R ;

{
(v, 1) 7→ ev

(v, 2) 7→ −e−v .

The compactification Umkehr of e is a sum map

F = ∇ = h1 + h2 : (R×N)∞ = S1 → (R×M)∞ = S1 ∨ S1

with
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hi : S1 → S1 ∨ S1 ; t 7→ ti (i = 1, 2) ,

and by Proposition 6.32 the geometric Hopf invariant of F is determined up
to Z2-equivariant homotopy by the map

hR(F )| = h1 ∧ h2 :

Σ2N∞ = S2 = S1 ∧ S1 → Σ2(M+ ∧M+) = (S1 ∨ S1) ∧ (S1 ∨ S1) .

ut

6.4 Finite covers

In this section K is a finite CW complex. Every finite covering f : K̃ → K
admits a positive embedding e = (g, f) : V × K̃ ↪→ V ×K (6.29 (ii)), with a

compactification Umkehr map F : V∞ ∧K+ → V∞ ∧ K̃+ (2.2).

For a finite covering f : K̃ → K of degree d define a commutative square
of finite coverings

K̃ ′
f̃ ′ //

f̃
��

K̃

f
��

K ′
f ′ // K

with

K̃ ′ = D2(f) = {(x1, x2) ∈ K̃ × K̃ |x1 6= x2 ∈ K̃ , f(x1) = f(x2) ∈ K} ,

K ′ = D2[f ] = K̃ ′/{(x1, x2) ∼ (x2, x1)}

so that the projections

f̃ : K̃ ′ → K ′ ; (x1, x2) 7→ [x1, x2] ,

f ′ : K ′ → K ; [x1, x2] 7→ f(x1) = f(x2) ,

f̃ ′ : K̃ ′ → K̃ ; (x1, x2) 7→ x1

are finite coverings of degree 2, d(d− 1)/2, d− 1 respectively. The composite

ff̃ ′ = f ′f̃ : K̃ ′ → K ; (x1, x2) 7→ f(x1) = f(x2)

is a finite covering of degree d(d− 1).
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Proposition 6.34. The geometric Hopf invariant of the compactification
Umkehr map F : V∞ ∧ K+ → V∞ ∧ K̃+ of a positively embedded finite
covering e = (g, f) : V × K̃ ↪→ V ×K is given up to natural Z2-equivariant
homotopy by

hV (F ) = (1 ∧ i)F1 : ΣS(LV )+ ∧ V∞ ∧K+

→ LV∞ ∧ V∞ ∧ (K̃ ′)+ → LV∞ ∧ V∞ ∧ K̃+ ∧ K̃+

with

F1 : ΣS(LV )+∧V∞∧K+ = (LV \{0})+∧V∞∧K+ → LV∞∧V∞∧(K̃ ′)+

the Umkehr map of the Z2-equivariant embedding

e1 : LV × V × K̃ ′ ↪→ (LV \{0})× V ×K ; (v1, v2, x1, x2) 7→
((g(v1 + v2, x1)− g(−v1 + v2, x2))/2, (g(v1 + v2, x1) + g(−v1 + v2, x2))/2), y)

(y = f(x1) = f(x2))

and
i = inclusion : K̃ ′ = D2(f)→ K̃ × K̃ .

Proof. A direct application of Theorem 6.25. ut

Example 6.35. For any d > 1 consider the finite covering of degree d

f : K̃ = {1, 2, . . . , d} → K = {∗}

with ordered double point set

K̃ ′ = D2(f) = {(i, j) | 1 6 i, j 6 d, i 6= j}

consisting of d(d−1) points. For any positive embedding e = (g, f) : R×K̃ ↪→
R×K = R the Umkehr is given up to homotopy by the d-fold sum map

F = h1 + h2 + · · ·+ hd : R+ = S1 = I/(0 = 1)→ R+ ∧ K̃+ =
∨
d

S1 ;

t 7→ (dt− i+ 1)i if (i− 1)/d 6 t 6 i/d

where
hi : S1 →

∨
d

S1 ; t 7→ ti (1 6 i 6 d) .

The geometric Hopf invariant of F (6.32) is given up to homotopy by

hR(F ) =
∑

16i<j6d

hi ∧ hj : S1 ∧ S1 → (
∨
d

S1) ∧ (
∨
d

S1)
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The geometric Hopf invariant of the composite

d : S1 F //
∨
d

S1 1 ∨ 1 ∨ · · · ∨ 1 // S1

is thus
hR(d) =

(
(1 ∨ 1 ∨ · · · ∨ 1) ∧ (1 ∨ 1 ∨ · · · ∨ 1)

)
hR(F )

= d(d− 1)/2 : S2 → S2 .

ut

A double cover f : K̃ → K of a finite CW complex K is classified by a
map c : K → P (V ) to the projective space P (V ) = S(LV )/Z2 of a inner
product space V , for sufficiently large dim(V ).

Proposition 6.36. For a finite cover f : K̃ → K of degree d the quadratic
construction on the compactification Umkehr map F : V∞∧K+ → V∞∧K̃+

of a positive embedding e = (g, f) : V × K̃ ↪→ V ×K is given by

ψV (F ) : K+ F ′ // K ′+
c // S(LV )+ ∧Z2

(K̃ × K̃)+

with F ′ the Umkehr map for the finite cover of degree d(d− 1)/2

f ′ : K ′ = {(x, y) ∈ K̃ × K̃ |x 6= y ∈ K̃, f(x) = f(y) ∈ K}/Z2 → K ;

[x, y] 7→ f(x) = f(y)

and

c : K ′ → S(LV )×Z2 (K̃ × K̃) ; [x, y] 7→
[
g(0, x)− g(0, y)

‖g(0, x)− g(0, y)‖
, x, y

]
.

For d = 2 F ′ is a homeomorphism

F ′ : K+ → (K ′)+ ; f(x) 7→ [x, Tx]

with T : K̃ → K̃ the covering translation, and

K → P (V ) ; f(x) 7→ g(0, x)− g(0, Tx)

‖g(0, x)− g(0, Tx)‖

is a classifying map for the double cover f : K̃ → K. ut

Proposition 6.37. Let c : K → P (V ) be a map, classifying the double
cover of K
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K̃ = c∗S(LV ) = {(v, x) ∈ S(LV )×K | [v] = c(x) ∈ P (V )}

with covering projection

f : K̃ → K ; (v, x) 7→ x

and covering translation

T : K̃ → K̃ ; (v, x) 7→ (−v, x) .

(i) The map

g : V × K̃ → V ; (u, (v, x)) 7→ v +
u

1 + ‖u‖

determines a positive embedding

e = (g, f) : V × K̃ ↪→ V ×K ; (u, (v, x)) 7→ (v +
u

1 + ‖u‖
, x)

with Umkehr map

F : V∞ ∧K+ → V∞ ∧ K̃+ ;

(u, x) 7→


(

u− v
1− ‖u− v‖

, (v, x)) if (v, x) ∈ K̃, ‖u− v‖ < 1

(
u+ v

1− ‖u+ v‖
, (−v, x)) if (v, x) ∈ K̃, ‖u+ v‖ < 1

∗ otherwise .

(ii) The restriction of e is a Z2-equivariant embedding

e′ = e| : LV × K̃ ↪→ (LV \{0})×K

with Z2-equivariant Umkehr map

F ′ = F | : (LV \{0})+ ∧K+ = ΣS(LV )+ ∧K+ → LV∞ ∧ K̃+ .

(iii) For any subspace K0 ⊆ K let

f0 = f | : K̃0 = f−1(K0)→ K0

be the pullback double cover of K0. The maps F, F ′ in (i), (ii) induce maps

F : V∞ ∧K/K0 → V∞ ∧ K̃/K̃0 ,

F ′ : ΣS(LV )+ ∧K/K0 → LV∞ ∧ K̃/K̃0
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with F ′ Z2-equivariant, such that the geometric Hopf invariant of F is given
up to natural Z2-homotopy by

hV (F ) : ΣS(LV )+ ∧ V∞ ∧K/K0
1 ∧ F ′ // LV∞ ∧ V∞ ∧ K̃/K̃0

1 ∧ (1 ∧ T )∆K̃/K̃0 // LV∞ ∧ V∞ ∧ K̃/K̃0 ∧ K̃/K̃0 .

Proof. (i)+(ii) By construction.
(iii) By Proposition 6.34 hV (F ) is given up to natural Z2-equivariant homo-
topy to

hV (F ) : ΣS(LV )+ ∧ V∞ ∧K/K0
F1 // LV∞ ∧ V∞ ∧D2(f)/D2(f0)

1 ∧ i // LV∞ ∧ V∞ ∧ K̃/K̃0 ∧ K̃/K̃0

with F1 the Umkehr map of the Z2-equivariant open embedding

e1 : LV × V ×D2(f) ↪→ (LV \{0})× V ×K ; (u, v, x1, x2) 7→
((g(u+ v, x1)− g(−u+ v, x2))/2, (g(u+ v, x1) + g(−u+ v, x2))/2, y)

(y = f(x1) = f(x2) ∈ K)

and i : D2(f)→ K̃×K̃ the inclusion. Use the Z2-equivariant homeomorphism

K̃ → D2(f) ; (v, x) 7→ ((v, x), (−v, x))

to identify

i : D2(f) = K̃ → K̃ × K̃ ; (v, x) 7→ ((v, x), (−v, x))

and to express e1 as

e1 : LV × V × K̃ ↪→ (LV \{0})× V ×K ; (u1, u2, v, x) 7→
((g(u1 + u2, v, x)− g(−u1 + u2,−v, x))/2,

(g(u1 + u2, v, x) + g(−u1 + u2,−v, x))/2), f(x)) .

The Z2-equivariant embeddings e1, 1×e′ : LV ×V ×K̃ ↪→ (LV \{0})×V ×K
are such that

e1| = (1×e′)| : LV×{0}×K̃ ↪→ (LV \{0})×V×K ; (u, 0, v, x) 7→ (g(u, v, x), 0, f(x)) ,

so that by the Z2-equivariant tubular neighbourhood theorem (applied in the

special case K = {∗}, K̃ = S0) they are related by a natural Z2-equivariant
open isotopy e1 ' (1× e′) inducing a natural Z2-equivariant homotopy
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F1 ' 1 ∧ F ′ : ΣS(LV )+ ∧ V∞ ∧K/K0 → LV∞ ∧ V∞ ∧ K̃/K̃0 ∧ K̃/K̃0 .

ut

Remark 6.38. (Segal [71, 72]) For any unpointed space X let C(K;X) denote

the set of isomorphism classes of pairs (f : K̃ → K, g : K̃ → X) with f a

finite cover and g ∈ [K̃,X]. The set C(K;X) is an abelian semigroup with

respect to disjoint union of the spaces K̃, which is a contravariant homotopy-
functor of K. The Umkehr construction defines a natural transformation of
semi-group valued functors C( ;X)→ { ;X} by

C(K;X)→ {K+;X+} ; (f, g) 7→ gF

which is a ‘group completion’, i.e. is universal among transformations T :
C( ;X) → F where F is a representable abelian-group-valued homotopy-
functor and T is a transformation of semigroup-valued functors (Barratt,

Priddy and Quillen). As above, given a finite cover f : K̃ → K of degree d

and a map g : K̃ → X there are defined a degree d(d−1)/2 cover f ′ : K ′ → K

and a degree 2 cover f̃ ′ : K̃ ′ → K ′, with

K̃ ′ = {(x1, x2) ∈ K̃ × K̃ |x1 6= x2 ∈ K̃ , f(x1) = f(x2) ∈ K} .

Let c : K ′ → P (R(∞)) be a classifying map for f̃ ′, with Z2-equivariant lift

c̃ : K̃ ′ → S(∞), and let g′ : K ′ → S(∞)×Z2 (X ×X) be the quotient of the
Z2-equivariant map

g̃′ : K̃ ′ → S(∞)× (X ×X) ; (x1, x2) 7→ (c̃(x1, x2), g(x1), g(x2)) .

The transformation of semigroup-valued functors

θ2 : C(K;X)→ C(K;S(∞)×Z2
(X ×X)) ; (f, g) 7→ (f ′, g′)

determines a transformation of abelian-group-valued functors

θ2 : {K+;X+} → {K+; (S(∞)×Z2
(X ×X))+} .

In Example 6.58 below the corresponding stable map

θ2 : X+ 7→ (S(∞)×Z2 (X ×X))+

will be expressed in terms of the geometric Hopf invariant of the evaluation
stable map Ω∞Σ∞X+ 7→ X+.

ut
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6.5 Function spaces

We shall now use the quadratic construction ψRk(F ) and the double point
theorem for finite covers to split off the quadratic part of the function spaces
ΩkΣkX for k = 1, 2, . . . ,∞, with X a pointed (but not necessarily connected)
space.

The geometric Hopf invariant defines a map of function spaces

hV : map(V∞∧X,V∞∧Y )→ mapZ2(ΣS(LV )+∧V∞∧X,LV∞∧V∞∧Y ∧Y )

for any pointed spaces X,Y and inner product space V .

Definition 6.39. The pointed space

QV (X) = map(V∞, V∞ ∧X)

is the function space of maps ω : V∞ → V∞ ∧X. ut

Proposition 6.40. (i) A pointed map f : Y → QV (X) is essentially the
same as a pointed map F : V∞ ∧ Y → V∞ ∧ X, via the adjoint map con-
struction

F = adj(f) : V∞ ∧ Y → V∞ ∧X ; (v, y) 7→ f(y)(v) .

The function

[Y,QV (X)]→ [V∞ ∧ Y, V∞ ∧X] ; f 7→ F

is a bijection.
(ii) The inclusion

i : X → QV (X) ; x 7→ (v 7→ (v, x))

has adjoint the identity map

adj(i) = 1 : V∞ ∧X → V∞ ∧X .

(iii) The identity map 1V : QV (X)→ QV (X) has adjoint the evaluation map

eV = adj(1V ) : V∞ ∧QV (X)→ V∞ ∧X ; (v, ω) 7→ ω(v) ,

such that for f, F as in (i)

F : V∞ ∧ Y
1 ∧ f // V∞ ∧QV (X)

eV // V∞ ∧X ,
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and

ψV (F ) : Y
f // QV (X)

ψV (eV )
// S(LV )+ ∧Z2 (X ∧X) .

(iv) For V 6= {0} QV (X) is an H-space via

QV (X)×QV (X)→ QV (X) ; (f, g) 7→ f + g = (f ∨ g)∇

with ∇ : V∞ → V∞ ∨ V∞ any sum map. For dim(V ) > 2 QV (X) is a
homotopy commutative H-space.
(v) For any pointed space Y the quadratic construction defines a function

ψV : [Y,QV (X)] = [V∞∧Y, V∞∧X]→ {Y ;S(LV )+∧Z2
(X∧X)} ; F 7→ ψV (F )

which is induced by a stable map

ψV : QV (X) 7→ S(LV )+ ∧Z2 (X ∧X) .

ut

Example 6.41. Let V = Rk, with k > 1.
(i) If X is connected then so is QV (X), with

πn(QV (X)) = πn+k(ΣkX) .

(ii) For X = S0

QV (S0) = map(V∞, V∞) = ΩkSk ,

with a bijection

π0(QV (S0))→ Z ; (ω : V∞ → V∞) 7→ degree(ω) .

The quadratic construction is given by

ψV : π0(QV (S0)) = Z→ πS0 (P (V )+) = Z ; d 7→ d(d− 1)

2
.

Proposition 5.74 gives a homotopy commutative diagram of stable maps

O(V )
θ ∧ J //

J
��

P (V )+ ∧QV (S0)

1 ∧ eV
��

QV (S0)
ψV // P (V )+ ∧ S0 = P (V )+

given on the path-components by
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π0(O(V )) = {1,−1} 1 //
� _

��

π0(P (V )+ ∧QV (S0)) = {1,−1}
� _

��
π0(QV (S0)) = Z

ψV // πS0 (P (V )+) = Z .

By Proposition 5.75 (ii) θR ' id., so there is defined a homotopy commutative
diagram of stable maps

P (V )+ 1 ∧ JR //

JR
��

P (V )+ ∧QV (S0)

1 ∧ eV
��

QV (S0)
ψV // P (V )+ ∧ S0 = P (V )+

ut

Example 6.42. (i) Let K be a finite CW complex with a map c : K → P (V ),

classifying a double cover f : K̃ = c∗S(LV ) → K, with Umkehr map F :

V∞ ∧K+ → V∞ ∧ K̃+. The composite stable map

K+
adj(F )

// QV (K̃+)
ψV // S(LV )+ ∧Z2

(K̃+ ∧ K̃+)

is represented by

K → S(LV )×Z2
(K̃ × K̃) ; f(x) 7→ [c̃(x), x, Tx]

with c̃ : K̃ → S(LV ) a Z2-equivariant lift of c and T : K̃ → K̃ the covering
translation (by Proposition 5.49 (vii)).

(ii) In particular, (i) applies to the canonical double cover f : K̃ = S(LV )→
K = P (V ) classified by c = 1 : K → P (V ), with Umkehr map

F : V∞ ∧ P (V )+ → V∞ ∧ S(LV )+ ;

(u, [v]) 7→


(

u− v
1− ‖u− v‖

, v) if v ∈ S(LV ), ‖u− v‖ < 1

(
u+ v

1− ‖u+ v‖
,−v) if v ∈ S(LV ), ‖u+ v‖ < 1

∗ otherwise .

Let p : S(LV )+ → S0 be the projection. It follows from (i) that the map



6.5 Function spaces 259

DV = (1 ∧ p)F : V∞ ∧ P (V )+ → V∞ ;

(u, [v]) 7→



u− v
1− ‖u− v‖

if v ∈ S(LV ), ‖u− v‖ < 1

u+ v

1− ‖u+ v‖
if v ∈ S(LV ), ‖u+ v‖ < 1

∗ otherwise

is such that the composite stable map

P (V )+
adj(DV )

// QV (S0)
ψV // P (V )+

is the identity. ut

Given maps f1 : A→ B1, f2 : A→ B2 define the homotopy pushout to be
the double mapping cone

C (f1, f2) = (A× I tB1 tB2)/{(a, 0) ∼ f1(a), (a, 1) ∼ f2(a) | a ∈ A}

which fits into a square

A
f1 //

f2

��

B1

i1
��

B2
i2 // C (f1, f2)

with a canonical homotopy

j : i1f1 ' i2f2 : A→ C (f1, f2) .

The homotopy pushout has the universal property that for any maps g1 :
B1 → C, g2 : B2 → C and homotopy h : g1f1 ' g2f2 : A → C there is a
unique map (g1, g2, h) : C (f1, f2)→ C such that

g1 = (g1, g2, h)i1 , g2 = (g1, g2, h)i2 , h = (g1, g2, h)j .

Definition 6.43. (i) Given a pointed space X and an inner product space
V let

J2,V (X) = C (f1, f2)

be the pointed space defined by the homotopy pushout of the maps

f1 : S(LV )+ ∧Z2
(X × {∗} ∪ {∗} ×X)→ X ; (v, x, ∗) = (−v, ∗, x) 7→ x ,

f2 = inclusion : S(LV )+ ∧Z2
(X × {∗} ∪ {∗} ×X)→ S(LV )+ ∧Z2

(X ×X)
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with base point ∗ ∈ X, so that there are defined a homotopy commutative
diagram

S(LV )+ ∧Z2 (X × {∗} ∪ {∗} ×X)

f2
��

f1 // X

i1
��

S(LV )+ ∧Z2
(X ×X)

i2 // J2,V (X)

and a homotopy cofibration sequence

X → J2,V (X)→ S(LV )+ ∧Z2 (X ∧X) .

(It is assumed that the base point ∗ ∈ X is nondegenerate).
(ii) The Dyer-Lashof map is

dV : J2,V (X)→ QV (X) ;

{
x 7→ ((v, x) 7→ (v, x))

[v, x, y] 7→ (i(x) ∨ i(y))∇v

with ∇v : V∞ → V∞ ∨ V∞ the sum map defined by the Umkehr map of the
open embedding

V × {v,−v} ↪→ V ; (u,±v) 7→ ±v +
u

1 + ‖u‖

(as in 2.11 (ii)), so that

dV [v, x, y] : V∞ → V∞ ∧X ; u 7→


(

u− v
1− ‖u− v‖

, x) if ‖u− v‖ < 1

(
u+ v

1− ‖u+ v‖
, y) if ‖u+ v‖ < 1

∗ otherwise .

Write the adjoint map as

DV = adj(dV ) : V∞ ∧ J2,V (X)→ V∞ ∧X .

(iii) For an unpointed space Y let

d+
V : (S(LV )×Z2

(Y × Y ))+ ↪→ J2,V (Y +)
dV // QV (Y +) ,

D+
V = adj(d+

V ) : V∞ ∧ (S(LV )×Z2
(Y × Y ))+ → V∞ ∧ Y + .

ut

Remark 6.44. (i) The map

dRk : J2,Rk(X)→ QRk(X) = ΩkΣkX (1 6 k 6∞)
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is essentially the same as the James map J of 5.59 (for k = 1) and Dyer-
Lashof [20] (for k > 1).
(ii) For a connected pointed space X QRk(X) is connected and the inclusion
i : X ↪→ QRk(X) induces the k-fold suspension map in the homotopy groups

Ek : πn(X)→ πn(QRk(X)) = πn+k(ΣkX) ; f 7→ Σkf .

J2,Rk(X) is the second stage of the combinatorial model for ΩkΣkX con-
structed by James [33] for k = 1 and by some combination of Boardman-Vogt,
Milgram, May, Segal, Snaith for 2 6 k 6∞, where

QR∞(X) = lim−→k
QRkX = Ω∞Σ∞X ,

πn(QR∞X) = {Sn;X} = πSn (X) (n > 0) ,

Ḣ∗(QRk(X)) =
∞⊕
n=1

Ḣ∗(C(k, n)+ ∧Σn (
∧
n
X)) ,

Ḣ∗(QX) =
∞⊕
n=1

Ḣ∗((EΣn)+ ∧Σn (
∧
n
X))

with C(k, n) theΣn-equivariant configuration space of embeddings {1, 2, . . . , n} ↪→
Rk, and EΣn = lim−→k

C(k, n) a contractible space with a free Σn-action. In
particular, for k = 1

C(1, n) 'Σn Σn , C(1, n)+ ∧Σn (
∧
n

X) '
∧
n

X ,

and for n = 2
C(k, 2) 'Σ2

Sk−1 .

The quadratic construction on the evaluation map

eRk : Σk(ΩkΣkX)→ ΣkX ; (s, ω) 7→ ω(s)

induces the projection

ψRk(eRk) : Ḣ∗(Ω
kΣkX)→ Ḣ∗((S

k−1)+ ∧Z2
(X ∧X)) .

The quadratic construction on a map F : ΣkY → ΣkX with adjoint

adj(F ) : Y → ΩkΣkX ; y 7→ (s 7→ F (s, y))

is given by the composite

ψRk(F ) : Ḣ∗(Y )
adj(F )∗ // Ḣ∗(ΩkΣkX)

ψRk(eRk)
// Ḣ∗((Sk−1)+ ∧Z2

(X ∧X)) .

(iii) If X is an (m−1)-connected pointed space the map dR : J2,R(X)→ ΩΣX
is (3m− 2)-connected, and for n 6 3m− 2 the homotopy exact sequence
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. . . // πn(X) // πn(J2,R(X)) // πn(J2,R(X), X)

// πn−1(X) // πn−1(J2,R(X)) // . . .

becomes the EHP exact sequence

. . . // πn(X)
E // πn+1(ΣX)

H // πn(X ∧X)

P // πn−1(X)
E // πn(ΣX) // . . .

with H the Hopf invariant map (Whitehead [89], Milgram [53]). The ho-
motopy class of a map f : Sn−1 → X together with a null-homotopy
g : Σf ' ∗ : Sn → ΣX is an element (f, g) ∈ πn(X ∧ X). The Hurewicz
image h(f, g) ∈ Ḣn(X ∧ X) has the following description in terms of the
quadratic construction. Let Y = X ∪f Dn, and use g to define a stable map

F : ΣSn = Sn+1 → ΣX ∨ Sn+1 ' ΣX ∪Σf Dn+1 ' ΣY .

The quadratic construction ψR(F ) : Ḣn(Sn) → Ḣn(Y ∧ Y ) sends [Sn] ∈
Ḣn(Sn) to

ψR(F )[Sn] = h(f, g) ∈ Ḣn(Y ∧ Y ) = Ḣn(X ∧X) .

In particular, if f = ∗ : Sn−1 → X then a null-homotopy g : Σf ' ∗ is just a
map g : Σ(Sn) = Sn+1 → ΣX, and F = g : Sn+1 → ΣX, with the Hurewicz
image of H(g) ∈ πn(X ∧X) given by ψR(g)[Sn] ∈ Ḣn(X ∧X). For X = Sm,
n = 2m

H = Hopf invariant : π2m+1(Sm+1)→ π2m(Sm ∧ Sm) = Z ;

(g : S2m+1 = Σ(S2m)→ Sm+1 = Σ(Sm)) 7→ hR(g) ,

P : Z→ π2m−1(Sm) ; 1 7→ J(τSm) = [ι, ι]

with τSm ∈ πm(BSO(m)) = πm−1(SO(m)).
(iv) For a connected unpointed space Y there is defined a bijection

π0(QRk(Y +)) = πk(ΣkY +)→ Z ; (ω : Sk → ΣkY +) 7→ degree(ω) .

The Dyer-Lashof map

d+
Rk : J+

2,Rk(Y ) = Y + t Sk−1 ×Z2 (Y × Y ) ↪→ J2,Rk(Y +)
dRk // QRk(Y +)

sends Y to the degree 1 component of QRk(Y +) and Sk−1×Z2
(Y ×Y ) to the

degree 2 component. J+
2,Rk(Y ) is the second stage of the combinatorial model

for QRk(Y +) provided by the work of Barratt-Eccles, Priddy, Quillen etc.,
which expresses H∗(QRk(Y +)) for 1 6 k < ∞ (resp. k = ∞) as the ‘group
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completion’ of

∞⊕
n=1

Ḣ∗(C(k, n)×Σn (
∏
n

Y )) (resp.

∞⊕
n=1

Ḣ∗(EΣn ×Σn (
∏
n

Y ))) .

ut

Proposition 6.45. The geometric Hopf invariant of the Dyer-Lashof stable
map DV : V∞ ∧ J2,V (X)→ V∞ ∧X

hV (DV ) : ΣS(LV )+ ∧ V∞ ∧ J2,V (X)→ LV∞ ∧ V∞ ∧X ∧X

is such that up to natural Z2-equivariant homotopy

hV (DV )(1 ∧ i1) = ∗ : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧X ∧X ,

hV (DV )(1 ∧ i2) = 1 ∧ EV :

ΣS(LV )+ ∧ V∞ ∧ S(LV )+ ∧Z2
(X ×X)→ LV∞ ∧ V∞ ∧X ∧X

with i1 : X → J2,V (X), i2 : S(LV )+×Z2
(X ×X)→ J2,V (X) as in 6.43, and

EV : ΣS(LV )+ ∧ S(LV )+ ×Z2
(X ×X)→ LV∞ ∧X ∧X ;

(u, [v, x, y]) 7→


(

u− v
1− ‖u− v‖

, x, y) if ‖u− v‖ < 1

(
u+ v

1− ‖u+ v‖
, y, x) if ‖u+ v‖ < 1

∗ otherwise ,

using the canonical homeomorphism ΣS(LV )+ ∼= (LV \{0})∞ to regard the
elements u 6= ∗ ∈ ΣS(LV )+ as elements u 6= 0 ∈ LV .

Proof. The double cover

f : K̃ = S(LV )×X×X → K = S(LV )×Z2
(X×X) ; (v, x, y) 7→ [v, x, y]

is classified by the projection c : K → S(LV )/Z2 = P (V ). As in Proposition
6.37 define a positive embedding of f

e = (g, f) : V × K̃ ↪→ V ×K ; (u, (v, x, y)) 7→ (v +
u

1 + ‖u‖
, [v, x, y]) .

The Umkehr map of f determined by e
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F : V∞ ∧K/K0 → V∞ ∧ K̃/K̃0 ;

(u, [v, x, y]) 7→


(

u− v
1− ‖u− v‖

, v, x, y) if ‖u− v‖ < 1

(
u+ v

1− ‖u+ v‖
,−v, y, x) if ‖u+ v‖ < 1

∗ otherwise

is such that there is defined a homotopy commutative diagram of stable maps

S(LV )+ ∧Z2
(X × {∗} ∪ {∗} ×X)

��

// X

i1
��

1

��

S(LV )+ ∧Z2
(X ×X)

F
��

i2 // J2,V (X)

DV ##
S(LV )+ ∧ (X ×X)

p // X

with
p : S(LV )+ ∧ (X ×X)→ X ; (v, x, y) 7→ x .

Now apply Proposition 6.37 with

K0 = P (V ) = S(LV )×Z2
(∗, ∗) ⊂ K , K̃0 = S(LV )× (∗, ∗) ⊂ K̃

such that

K/K0 = S(LV )+ ∧Z2 (X ×X) , K̃/K̃0 = S(LV )+ ∧ (X ×X) .

The geometric Hopf invariant hV (F ) fits into a Z2-equivariant homotopy
commutative diagram of stable Z2-equivariant homotopy commutative maps

ΣS(LV )+ ∧K/K0

hV (F )
��

1 ∧ i2 // ΣS(LV )+ ∧ J2,V (X)

hV (DV )
��

LV∞ ∧ K̃/K̃0 ∧ K̃/K̃0

1 ∧ p ∧ p // LV∞ ∧X ∧X

with

hV (F ) : ΣS(LV )+ ∧ V∞ ∧K/K0
1 ∧ F ′ // LV∞ ∧ V∞ ∧ K̃/K̃0

1 ∧ (1 ∧ T )∆K̃/K̃0 // LV∞ ∧ V∞ ∧ K̃/K̃0 ∧ K̃/K̃0

where
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F ′ = F | : (LV \{0})∞ ∧K/K0 = ΣS(LV )+ ∧K/K0 → V∞ ∧ K̃/K̃0

is the Z2-equivariant Umkehr map of the Z2-equivariant embedding

e′ = e| : LV × K̃ ↪→ (LV \{0})×K .

Finally, note that it follows from

DV i1 = 1 : V∞ ∧X → V∞ ∧X ,

DV i2 = (1 ∧ p)F : V∞ ∧K/K0 → V∞ ∧X

that

hV (DV )(1 ∧ i1) = hV (1) = ∗ :

ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧X ∧X ,

hV (DV )(1 ∧ i2) = (1 ∧ p ∧ p)hV (F ) = 1 ∧ EV :

ΣS(LV )+ ∧ V∞ ∧ S(LV )+ ∧Z2
(X ×X)→ LV∞ ∧ V∞ ∧X ∧X .

ut

Proposition 6.46. (i) For a pointed space X the quadratic constructions
on the maps

DV : V∞ ∧ J2,V (X)→ V∞ ∧X ,

eV : V∞ ∧QV (X)→ V∞ ∧X

are stable maps

ψV (DV ) : J2,V (X) 7→ S(LV )+ ∧Z2
(X ∧X) ,

ψV (eV ) : QV (X) 7→ S(LV )+ ∧Z2 (X ∧X)

such that up to stable homotopy

ψV (DV ) = ψV (eV )dV = projection : J2,V (X) 7→ S(LV )+ ∧Z2
(X ∧X) .

(ii) For an unpointed space Y the quadratic constructions on the maps

D+
V : V∞ ∧ (S(LV )+ ∧Z2 (Y × Y )+)→ V∞ ∧ Y + ,

eV : V∞ ∧QV (Y +)→ V∞ ∧ Y +

are such that

ψV (D+
V ) = ψV (eV )d+

V = 1 : (S(LV )×Z2
(Y×Y ))+ 7→ (S(LV )×Z2

(Y×Y ))+ .

Proof. (i) By the proof of Proposition 6.45 there is defined a commutative
diagram of stable maps
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S(LV )+ ∧Z2 (X × {∗} ∪ {∗} ×X)

��

// X
i1

uu
1

i||
S(LV )+ ∧Z2 (X ×X)

i2 //

F
��

J2,V (X)
dV //

DV ))

QV (X)

eV

""
S(LV )+ ∧Z2 (X ∧X)

p // X

with
F : S(LV )+ ∧Z2 (X ×X) 7→ S(LV )+ ∧ (X ×X)

the Umkehr for the double cover

f : S(LV )× (X ×X)→ S(LV )×Z2
(X ×X)

and
p : S(LV )+ ∧ (X ×X)→ X ; (v, x, y) 7→ x .

Now

ψV (DV )i1 = ψV (1) = ∗ : X 7→ S(LV )+ ∧Z2 (X ∧X) ,

and by the finite cover formula of Proposition 5.49 (vii) applied to F

ψV (DV )i2 = (p ∧ p)ψV (F ) = projection :

S(LV )+ ∧Z2
(X ×X) 7→ S(LV )+ ∧Z2

(X ∧X) ,

so that by composition formula of 5.49 (vi) applied to DV = eV dV

ψV (DV ) = ψV (eV )dV = projection : J2,V (X) 7→ S(LV )+ ∧Z2 (X ∧X) .

(ii) Immediate from (i), with

X = Y + = Y t {∗} ,
X ∧X = (Y × Y )+ ⊂ X ×X = (Y × Y )+ t (Y × {∗} t {∗} × Y ) ,

S(LV )+ ∧Z2
(X ∧X) = (S(LV )×Z2

(Y × Y ))+ ⊂ S(LV )+ ∧Z2
(X ×X) .

ut

Example 6.47. As in Proposition 6.37 let K be a space with a map c : K →
P (V ), classifying the double cover

K̃ = c∗S(LV ) = {(v, x) ∈ S(LV )×K | [v] = c(x) ∈ P (V )}

of K. The Umkehr map F : V∞ ∧ K+ → V∞ ∧ K̃+ is such that there is
defined a commutative square
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K+ c //

adj(F )
��

P (V )+

D+
V

��
QV (K̃+)

p // QV (S0)

and up to stable homotopy

c : K+
p adj(F )

// QV (S0)
ψV // P (V )+ .

ut

Remark 6.48. The Dyer-Lashof map d+
V : P (V )+ → O(V ) is related to the

reflection map R : P (V )+ → O(V ) by the identity (up to stable homotopy)

d+
V = 1− JR : P (V )+ → QV (S0) .

It is enough to verify the special case V = R directly, the general case fol-
lowing by naturality, working as in the proof of θ ◦R = 1 in Proposition 5.75
(ii) with the commutative diagrams

P (R)+
d+
R = 1− JR

//

v
��

QR(S0)

v
��

P (V )+
d+
V = 1− JR

// QV (S0)

defined for v ∈ P (V ).
ut

6.6 Embeddings and immersions

We shall now consider the application of the geometric Hopf invariant of §5.3
to an embedding-immersion pair

(e× f : M ↪→ V ×N , f : M # N)

of manifolds M,N , with an Umkehr map F : V∞ ∧ N∞ → V∞ ∧ T (νf ).
The basic result (6.54) applies the Double Point Theorem 6.19 to identify
the quadratic construction
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ψV (F ) : N∞ 7→ S(LV )+ ∧Z2
(T (νf ) ∧ T (νf ))

with the Pontryagin-Thom map of the immersion D2(f)2m−n # N of the
double point manifold.

Definition 6.49. An (m,n, j)-dimensional embedding-immersion pair

( e× f : M ↪→ V ×N , f : M # N)

consists of an embedding e×f and an immersion f , with M an m-dimensional
manifold, N an n-dimensional manifold, and V a j-dimensional inner product
space. ut

It will always be assumed that f only has transverse self-intersections,
so that the double point sets D2(f), D2[f ] (6.15) are (2m − n)-dimensional
manifolds.

The immersion f : M # N has a normal bundle νf : M → BO(n −m),
and f extends to a codimension 0 immersion E(f) : E(νf ) # N of the total
space of νf . The embedding e× f : M ↪→ V ×N is regular homotopic to the
composite M # N ↪→ V ×N of f and the embedding

N ↪→ V ×N ; x 7→ (0, x)

which has trivial normal bundle εj : N → BO(j). It follows that the normal
bundle of e× f is

νe×f = νf ⊕ εj : M → BO(n−m+ j) .

The product immersion 1×E(f) : V ×E(νf ) # V ×N is regular homotopic
to an embedding E(e×f) : V ×E(νf ) ↪→ V ×N of the immersion E(νf ) # N
by Proposition 6.28 (ii).

Definition 6.50. The adjunction Umkehr map (or Pontryagin-Thom map)
of an (m,n, j)-dimensional embedding-immersion pair (e × f, f) is the ad-
junction Umkehr map of E(e× f)

F : V∞ ∧N∞ → V∞ ∧ T (νf ) ; (a, x) 7→

{
(b, y) if (a, x) = E(e× f)(b, y)

∗ otherwise .

ut

Example 6.51. A finite cover f : M → N of an n-dimensional manifold is
an immersion with normal bundle νf : M → BO(0) = {∗}. An embedding
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e : V ×M ↪→ V × N of f in the sense of 6.17 with dim(V ) = j determines
an (n, n, j)-dimensional embedding-immersion pair (e0 × f, f) with

e0 : M → V ; x 7→ v if e(0, x) = (v, f(x)) .

The Umkehr map given by 6.50 is the same as the Umkehr map given by
6.17

F : V∞ ∧N∞ → V∞ ∧ T (νf ) = V∞ ∧M+ .

ut

The construction of 6.50 will also be applied to an embedding f : M ↪→
V ×N when M is a disjoint union of manifolds of different dimensions.

Remark 6.52. By the embedding theorem of Whitney [90] for any immersion
f : Mm # Nn and j > 2m − n there exists a map e : M → V = Rj such
that e(x) 6= e(y) whenever f(x) = f(y) and x 6= y, i.e. such that

e× f : M ↪→ V ×N ; x 7→ (e(x), f(x))

is an embedding, and (e × f, f) is an (m,n, j)-dimensional embedding-
immersion pair. ut

Definition 6.53. The square of an (m,n, j)-dimensional embedding-immersion
pair (e × f : M ↪→ V × N, f : M # N) is the Z2-equivariant (2m, 2n, 2j)-
dimensional embedding-immersion pair

( g : M ×M ↪→ (LV ⊕ V )×N ×N , f × f : M ×M # N ×N )

with

g = (e× f)× (e× f) : M ×M ↪→ (LV ⊕ V )× (N ×N) ;

(x, y) 7→ ( 1
2 (e(x)− e(y)), 1

2 (e(x) + e(y)), f(x), f(y)) .

ut

The embedding g has normal bundle

νg = (νf ⊕ εj)× (νf ⊕ εj) : M ×M → BO(2(n−m+ j))

and Z2-equivariant Umkehr map

F ∧F : LV∞ ∧ V∞ ∧N∞ ∧N∞ → T (νg) = LV∞ ∧ V∞ ∧ T (νf )∧ T (νf ) .

The (2m− n)-dimensional ordered double point manifold
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D2(f) = {(x, y) ∈M ×M | x 6= y ∈M,f(x) = f(y) ∈ N}
= {(x, y) ∈M ×M | e(x) 6= e(y) ∈ V, f(x) = f(y) ∈ N}

fits into a pullback square of Z2-equivariant embeddings

M tD2(f) �
� g1 t g2 //

� _

∆M t i2

��

(LV ⊕ V )×N� _

1×∆N

��
M ×M � � g // (LV ⊕ V )×N ×N

with
g1 : M ↪→ (LV ⊕ V )×N ; x 7→ (0, e(x), f(x)) ,

g2 : D2(f) ↪→ (LV ⊕ V )×N ; (x, y) 7→ g(x, y) ,

i2 : D2(f) ↪→M ×M ; (x, y) 7→ (x, y) ,

and g2 restricts to a Z2-equivariant embedding

g3 : D2(f) ↪→ (LV \{0} × V )×N .

The normal bundles are given by

νg1 = νf ⊕ εj ⊕ Lεj : M → BO(n−m+ 2j) ,

νg2 = νg3 = ((νf ⊕ εj)× (νf ⊕ εj))| : D2(f)→ BO(2n− 2m+ 2j) .

Proposition 6.54. Let (e× f : M ↪→ V ×N, f : M # N) be an (m,n, j)-
dimensional embedding-immersion pair. Write the Z2-equivariant Umkehr
maps of g1, g2, g3 as

G1 : LV∞ ∧ V∞ ∧N∞ → T (νg1) = LV∞ ∧ V∞ ∧ T (νf ) ,

G2 : LV∞ ∧ V∞ ∧N∞ → T (νg2) = LV∞ ∧ V∞ ∧ T (νf × νf |D2(f)) ,

G3 : (LV \{0})∞ ∧ V∞ ∧N∞ = ΣS(LV )+ ∧ V∞ ∧N∞

→ T (νg3) = LV∞ ∧ V∞ ∧ T (νf × νf |D2(f)) .

(i) The Umkehr maps for g1, g2, g3 are such that

G1 = 1 ∧ F , G2 = G3(αLV ∧ 1) .

(ii) There is defined a homotopy

hV (F ) ' i2G3 : ΣS(LV )+ ∧ V∞ ∧N∞ → LV∞ ∧ V∞ ∧ T (νf ) ∧ T (νf )
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with hV (F ) = δ(p, q) the geometric Hopf invariant of F , i.e. the relative
difference of the maps

p = (1 ∧∆T (νf ))(1 ∧ F ) , q = (F ∧ F )(1 ∧∆N ) :

LV∞ ∧ V∞ ∧N∞ → LV∞ ∧ V∞ ∧ T (νf ) ∧ T (νf ) .

which agree on 0+ ∧ V∞ ∧N∞.

Proof . (i) Immediate from the expressions of g1, g2 as composites

g1 : M � � e× f // V ×N ↪→ (LV ⊕ V )×N ,

g2 : D2(f) �
� g3 // (LV \{0})× V ×N ↪→ (LV ⊕ V )×N .

(ii) This is a special case of Theorem 6.25. ut

Definition 6.55. The (second) extended power of a k-plane bundle α :
M → BO(k) with respect to an inner product space V

e2(α) : S(LV )×Z2 (M ×M)→ BO(2k)

is the 2k-plane bundle with total space

E(e2(α)) = S(LV )×Z2
(E(α)× E(α)) .

ut

The Thom space of the extended power bundle is given by

T (e2(α)) = S(LV )+ ∧Z2 (T (α) ∧ T (α)) .

Example 6.56. For the trivial k-plane bundle over a space M

α = εk , E(α) = V ×M , T (α) = ΣkM+

with V = Rk. The isomorphism of R[Z2]-modules

κV : LV ⊕ V → V ⊕ V ; (v, w) 7→ (v + w,−v + w)

can be used to identify

e2(εk) = kλ⊕ εk : S(LV )×Z2
(M ×M)→ BO(2k)

where λ : S(LV )×Z2 (M ×M)→ BO(1) is the line bundle with
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E(λ) = S(LV )×Z2
(LR×M ×M) ,

T (λ) = (S(LV ⊕ R)/S(LV )) ∧Z2 (M+ ∧M+) ,

and
E(e2(εk)) = S(LV )×Z2

((V ×M)× (V ×M)) ,

T (e2(εk)) = Σk((S(LV ⊕ V )/S(LV )) ∧Z2 (M+ ∧M+)) .

In the special case k = 1, V = R

S(LV ) = S0 , λ = ε ,

e2(εk) = ε2k : S(LV )×Z2
(M ×M) = M ×M → BO(2k) ,

T (e2(εk)) = ΣkM+ ∧ΣkM+ .

ut

Proposition 6.57. Let (e× f : M ↪→ V ×N, f : M # N) be an (m,n, j)-
dimensional embedding-immersion pair, and write the (2m− n)-dimensional
unordered double point manifold as

M ′ = D2[f ] .

(i) The immersion

f ′ : M ′ # N ; [x, y] 7→ f(x) = f(y)

has normal bundle

νf ′ = c∗e2(νf ) : M ′ → BO(2(n−m))

with

c : M ′ → S(LV )×Z2 (M ×M) ; [x, y] 7→ [
e(x)− e(y)

‖e(x)− e(y)‖
, x, y] .

(ii) The quadratic construction (5.46) on the Umkehr map F : V∞ ∧N∞ →
V∞ ∧ T (νf ) is given by the composite

ψV (F ) : N∞
F ′ // T (νf ′)

T (c)
// T (e2(νf )) = S(LV )+∧Z2

(T (νf )∧T (νf ))

with F ′ : N∞ 7→ T (νf ′) the Umkehr stable map of f ′.
(iii) The quadratic construction ψV (F ) sends the fundamental class [N ] ∈
Hn(N) to the image of the fundamental class [M ′] ∈ H2m−n(M ′;Zw′)

ψV (F )∗[N ] = c∗[M
′]

∈ H̃n(S(LV )+ ∧Z2
(T (νf ) ∧ T (νf ))) = H2m−n(S(LV )×Z2

(M ×M);Zw′)
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where Zw′ refers to Z twisted by the orientation character w′ = w1(e2(νf )).

Proof . This is just a matter of looking at the duality construction for the
sphere S(LV ) and the homotopy hV (F ) ' i2G3 of 6.54 (ii). ut

Example 6.58. (i) A finite covering f : M → N of an n-dimensional manifold
N is a framed immersion of the n-dimensional manifold M , and there exists
a map e : M → Rj such that e× f : M → Rj ×N is an embedding, defining
an (n, n, j)-dimensional embedding-immersion pair

( e× f : M ↪→ Rj ×N , f : M # N )

with an Umkehr stable map F : ΣjN∞ → ΣjM+. The quadratic construc-
tion on F is the composite

ψRj (F ) : N∞
F ′ // M ′

+ c // (S(LRj)×Z2 (M ×M))+

with F ′ : N∞ 7→M ′
+

the Umkehr stable map of the finite covering map

f ′ : M ′ = D2[f ]→ N ; [x, y] 7→ f(x) = f(y)

and

c : M ′ → S(LRj)×Z2 (M ×M) ; [x, y] 7→ [
e(x)− e(y)

‖e(x)− e(y)‖
, x, y] .

(ii) For a double covering f : M → N with covering translation T : M →M
there is defined a canonical homeomorphism

N →M ′ ; f(x) 7→ [x, Tx] (x ∈M) ,

with
f ′ = 1 : M ′ = N → N .

For any e : M → Rj with e× f : M → Rj ×N an embedding the quadratic
construction on the Umkehr map F : ΣjN∞ → ΣjM+ is given by

ψV (F ) = c : N∞ → (Sj−1)+ ∧Z2
(M+ ∧M+)

with

c : M ′ = N → Sj−1 ×Z2
(M ×M) ; f(x) 7→ [

e(x)− e(Tx)

‖e(x)− e(Tx)‖
, x, Tx] .

(iii) The stable homotopy operation of Segal [71]

θ2 : π0
S(X) = {X;S0} → π0

S(X;BΣ2) = {X; (BΣ2)+}
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is such that for any F : ΣjX → Sj

θ2(F ) : X
ψRj (F )

// (S(LRj)/Z2)+ = P (Rj)+ ↪→ (BΣ2)+

with

BΣ2 = P (R(∞)) =

∞⋃
j=1

P (Rj) .

ut

Remark 6.59. (i) A stable map F : V∞ ∧X → V∞ ∧ Y induces a morphism
of direct sum systems

{X;S(∞)+ ∧Z2
(X ∧X)}

γ //
oo
δ

(1 ∧ F ∧ F )∗
��

{X;X ∧X}Z2

(F ∧ F )∗
��

ρ //
oo
σ
{X;X}

F∗
��

{X;S(∞)+ ∧Z2
(Y ∧ Y )}

γ //
oo
δ
{X;Y ∧ Y }Z2

ρ //
oo
σ
{X;Y }

with

(F ∧ F )∗ =

(
(1 ∧ F ∧ F )∗ h∞(F )

0 F∗

)
:

{X;X ∧X}Z2 = {X;S(∞)+ ∧Z2 (X ∧X)} ⊕ {X;X} →
{X;Y ∧ Y }Z2

= {X;S(∞)+ ∧Z2
(Y ∧ Y )} ⊕ {X;Y } ,

where h∞(F ) = hR∞(F ) ∈ {X;S(∞)+ ∧Z2
(Y ∧ Y )}. The image of

∆X = (0, 1) ∈ {X;X ∧X}Z2
= {X;S(∞)+ ∧Z2

(X ∧X)} ⊕ {X;X}

is

(F ∧ F )∗(∆X) = (h∞(F ), F ) ∈
{X;Y ∧ Y }Z2

= {X;S(∞)+ ∧Z2
(Y ∧ Y )} ⊕ {X;Y } .

(ii) Now suppose given an (m,n, j)-dimensional embedding-immersion pair
(e × f : M ↪→ V × N, f : M # N) with Umkehr map F : V∞ ∧ N∞ →
V∞ ∧ T (νf ). The induced morphism of direct sum systems
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ωn(S(∞)×Z2 (N ×N))
γ //

oo
δ

(1 ∧ F ∧ F )∗
��

ωZ2
n,n(N ×N)

(F ∧ F )∗
��

ρ //
oo

σ
ωn(N)

F∗
��

ω̃n(S(∞)+ ∧Z2
(T (νf ) ∧ T (νf )))

γ //
oo
δ

ω̃Z2
n,n(T (νf ) ∧ T (νf ))

ρ //
oo
σ

ω̃n(T (νf ))

ω2m−n(S(∞)×Z2
(M ×M))

γ //
oo

δ
ωZ2

2m−n,m(M ×M)
ρ //

oo
σ

ωm(M)

is such that

(F ∧ F )∗ =

(
(1 ∧ F ∧ F )∗ h∞(F )

0 F∗

)
:

ωZ2
n,n(N ×N) = ωn(S(∞)×Z2

(N ×N))⊕ ωn(N)→
ω̃Z2
n,n(T (νf ) ∧ T (νf )) = ω̃n(S(∞)+ ∧Z2

(T (νf ) ∧ T (νf )))⊕ ω̃n(T (νf ))

= ωZ2
2m−n,m(M ×M) = ω2m−n(S(∞)×Z2

(M ×M))⊕ ωm(M) .

The image under (F ∧ F )∗ of the class in

ωZ2
n (N ×N) = ωn,n(N ×N) = ωn(S(∞)×Z2

(N ×N))⊕ ωn(N)

represented by the framed manifold (N,∆N ) ∈ ΩZ2-fr
n (N×N), corresponding

to (0, (N, 1)) ∈ Ωfrn (S(∞)×Z2
(N ×N))⊕Ωfrn (N), is represented by

((D2[f ], i2), (M, 1)) ∈ Ωfr2m−n(S(∞)×Z2
(M ×M))⊕Ωfrm (M) .

(iii) For any pointed spaces X,Y there is defined a nonadditive function of
direct sum systems

{X;S(∞)+ ∧Z2 Y }
γ //

oo
δ

1 ∧ P 2

��

{X;Y }Z2

P 2

��

ρ //
oo

σ
{X;Y }

{X;S(∞)+ ∧Z2
(Y ∧ Y )}

γ //
oo
δ
{X;Y ∧ Y }Z2

ρ //
oo
σ
{X;Y }

with
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P 2 : {X;Y }Z2
→ {X;Y ∧ Y }Z2

; F 7→ (F ∧ F )∆X ,

P 2 =

(
1 ∧ P 2 h∞(E)

0 1

)
:

{X;Y }Z2
= {X;S(∞)+ ∧Z2

Y } ⊕ {X;Y } →
{X;Y ∧ Y }Z2 = {X;S(∞)+ ∧Z2 (Y ∧ Y )} ⊕ {X;Y } ,

using {X;Y } = [X,Ω∞Σ∞Y ] and the geometric Hopf invariant

h∞(E) ∈ {Ω∞Σ∞Y ;S(∞)+ ∧Z2
(Y ∧ Y )}

of the evaluation stable map

E : Σ∞(Ω∞Σ∞Y )→ Σ∞Y

(Proposition 6.40). For any stable map F : Σ∞X → Σ∞Y the image of

F = (0, F ) ∈ {X;Y }Z2
= {X;S(∞)+ ∧Z2

Y } ⊕ {X;Y }

is

P 2(F ) = (h∞(E)(F ), F ) = (h∞(F ), F )

∈ {X;Y ∧ Y }Z2
= {X;S(∞)+ ∧Z2

(Y ∧ Y )} ⊕ {X;Y } .

(iv) For an immersion f : Mm # Nn consider the nonadditive function of
direct sum systems

{N∞;S(∞) ∧Z2
T (νf )}

γ //
oo

δ

1 ∧ P 2

��

{N∞;T (νf )}Z2

P 2

��

ρ //
oo

σ
{N∞;T (νf )}

{N∞;S(∞)+ ∧Z2
(T (νf ) ∧ T (νf ))}

γ //
oo
δ
{N∞;T (νf ) ∧ T (νf )}Z2

ρ //
oo
σ
{N∞;T (νf )}

with

P 2 =

(
1 ∧ P 2 h∞(E)

0 1

)
:

{N∞;T (νf )}Z2
= {N∞;S(∞) ∧Z2

T (νf )} ⊕ {N∞;T (νf )} →
{N∞;T (νf ) ∧ T (νf )}Z2 = {N∞;S(∞) ∧Z2 (T (νf ) ∧ T (νf ))} ⊕ {N∞;T (νf )} .

The image of the Umkehr map F : Σ∞N∞ → Σ∞T (νf )

F = (0, F ) ∈ {N∞;T (νf )}Z2
= {N∞;S(∞) ∧Z2

T (νf )} ⊕ {N∞;T (νf )}

is
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P 2(F ) = (h∞(F ), F ) = (D2[f ], F ) ∈
{N∞;T (νf ) ∧ T (νf )}Z2 = {N∞;S(∞)+ ∧Z2 (T (νf ) ∧ T (νf ))} ⊕ {N∞;T (νf )} ,

with
h∞(F ) = D2[f ] ∈ {N∞;S(∞)+ ∧Z2 (T (νf ) ∧ T (νf ))}

a regular homotopy invariant of the immersion f : N #M , and

[F ] = [h∞(F )] = [D2[f ]]

∈ coker
(
P 2 : {N∞;T (νf )}Z2 → {N∞;T (νf ) ∧ T (νf ))}Z2

)
= coker

(
1 ∧ P 2 : {N∞;S(∞)+ ∧Z2

T (νf )} →
{N∞;S(∞)+ ∧Z2

(T (νf ) ∧ T (νf ))}
)

a homotopy invariant of f .
ut

For any manifold A, bundle γ : B → BO(k) and integer ` > 0 let
Ω`(A,B, γ) be the bordism group of pairs

( immersion L` # A, stable bundle map (L, νL#A)→ (B, γ) ) .

The Pontryagin-Thom construction identifies this bordism group with a sta-
ble homotopy group

Ω`(A,B, γ) = {A∞, T (γ)} .

Definition 6.60. The double point Hopf invariant of an (m,n, j)-dimensional
embedding-immersion pair (e× f : Mm ↪→ V ×Nn, f : M # N) is the bor-
dism class

(M ′, f ′, c) ∈ Ω2m−n(N,S(LV )×Z2
(M ×M), e2(νf ))

of the immersion of the (2m− n)-dimensional unordered double point mani-
fold

f ′ : M ′ = D2[f ] # N ; [x, y] 7→ f(x) = f(y)

with

c : M ′ → S(LV )×Z2 (M ×M) ; [x, y] 7→ [
e(x)− e(y)

‖e(x)− e(y)‖
, x, y] . ut

Proposition 6.61. The double point Hopf invariant is the stable homotopy
class of the quadratic construction (5.46) on the Umkehr map F : V∞ ∧
N∞ → V∞ ∧ T (νf )
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ψV (F ) : N∞
F ′ // T (νf ′)

T (c)
// S(LV )+ ∧Z2

(T (νf ) ∧ T (νf ))

with F ′ : N∞ 7→ T (νf ′) the Umkehr stable map of f ′

(M ′, f ′, c) = ψV (F ) ∈ Ω2m−n(N,S(LV )×Z2
(M ×M), e2(νf ))

= {N∞, S(LV )+ ∧Z2 (T (νf ) ∧ T (νf ))} .

ut

For any j, k > 1 the normal bundle of the standard embedding of real
projective spaces P (Rj) ⊂ P (Rj+k) is the Whitney sum of k copies of the
canonical line bundle λ : P (Rj)→ BO(1)

νP (Rj)⊂P (Rj+k) = kλ : P (Rj)→ BO(k)

with bundle projection

E(kλ) = S(LRj)×Z2
LRk → S(LRj)/Z2 = P (Rj)

and Thom space the stunted projective space

T (kλ) = (S(LRj+k)/S(LRk))/Z2 = P (Rj+k)/P (Rk) .

The bordism group of triples

( `-dimensional manifold L`, map L→ P (Rj), stable bundle map νL → kλ )

is given by the Pontryagin-Thom isomorphism to be

Ω`(P (Rj), kλ) = πSk+`(P (Rj+k)/P (Rk)) .

In particular, for j = 0 this is

Ωfr` = πS` .

The Stiefel manifold Vj,k (1 6 k 6 j) of orthonormal k-frames in Rj fits
into a fibration

Vj,k = O(j)/O(j − k)→ BO(j − k)→ BO(j) .

The canonical embedding

P (Rj)/P (Rj−k) ↪→ Vj,k ; x = [x1, x2, . . . , xj ] 7→ [vj−k+1,vj−k+2, . . . ,vj ]

is defined using the columns v` of the orthogonal j × j-matrix
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(δpq − 2xpxq)16p,q6j (

j∑
i=1

(xi)
2 = 1)

of the reflection in the hyperplane x⊥ ⊂ P(Rj). The pair (Vj,k, P (Rj)/P (Rj−k))
is 2(j − k)-connected (James [35, p. 5])).

Remark 6.62. Let N = Sn.
(i) The double point Hopf invariant (6.60) of an (m,n, j)-dimensional embedding-
immersion pair

(e× f : Mm ↪→ Rj × Sn, f : M # Sn)

is the bordism class of the (2m − n)-dimensional unordered double point
manifold

(f ′ : M ′ # Sn) = ψRj (F |)
∈ {Sn; (Sj−1)∞ ∧Z2

(T (νf ) ∧ T (νf ))} = Ω2m−n(Sj−1 ×Z2
(M ×M), e2(νf ))

with
f ′ : M ′ = D2[f ]2m−n # Sn ; [x, y] 7→ f(x) = f(y)

and F | : Sn+j → ΣjT (νf ) the restriction of the Umkehr map of e× f

F : (Rj × Sn)∞ = Sn+j ∨ Sj → ΣjT (νf ) .

(ii) The bordism class of an (m,n, j)-dimensional embedding-immersion pair
(e× f : Mm ↪→ Rj × Sn, f : M # Sn) with a framing δνf : νf ∼= εn−m is the
homotopy class

(e× f : Mm ↪→ Rj × Sn, f : M # Sn, δνf ) = φ ∈ πn+j(S
n−m+j)

of the Pontryagin-Thom map

φ : Sn+j // (Rj × Sn)∞ = Sn+j ∨ Sj

F // ΣjT (νf )
ΣjT (δνf )

// Σn−m+jM+ → Sn−m+j .

As in 6.57 (i) the normal bundle of the immersion f : M ′ = D2[f ]2m−n # Sn

is given by
νf ′ = d∗(e2(εn−m)) : M ′ → BO(2(n−m))

with

d : M ′ → P (Rj) ; [x, y] 7→ [
e(x)− e(y)

‖e(x)− e(y)‖
]

and
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e2(εn−m) = (n−m)λ⊕ εn−m :

S(LRj)×Z2 ({pt.} × {pt.}) = P (Rj)→ BO(2(n−m))

with
E(e2(εn−m)) = S(LRj)×Z2

(LRn−m ⊕ Rn−m) ,

T (e2(εn−m)) = Σn−m(P (Rn−m+j)/P (Rn−m)) .

The double point Hopf invariant of Koschorke and Sanderson [46] is the
bordism class

(f ′ : M ′ # Sn) = ψRj (φ)

∈ Ω2m−n(P (Rj), (n−m)λ) = πSm(P (Rj+n−m)/P (Rn−m))

of the quadratic construction

ψRj (φ) : Sn 7→ (Sj−1)∞∧Z2(Sn−m∧Sn−m) = Σn−m(P (Rj+n−m)/P (Rn−m)) .

For n 6 2(n−m) the double point Hopf invariant map

Hj : πn+j(S
n−m+j)→ Ω2m−n(P (Rj), (n−m)λ) = πm(Vn−m+j,j) ;

(e× f : Mm ↪→ Rj × Sn, f : M # Sn, δνf ) 7→ (f ′ : M ′ # Sn) = ψRj (φ)

fits into the EHP exact sequence of James [32]

πn(Sn−m)
Ej // πn+j(S

n−m+j)
Hj
// πm(Vn−m+j,j)

P j // πn−1(Sn−m)→ . . . ,

with

πm(Vn−m+j,j) = πm(P (Rj+n−m)/P (Rn−m))

= πSm(P (Rj+n−m)/P (Rn−m)) = Ω2m−n(P (Rj), (n−m)λ) .

The J-homomorphism defines a natural transformation of exact sequences

πm(SO(n−m)) //

J
��

πm(SO(j + n−m)) //

J
��

πm(Vj+n−m,j) // πm−1(SO(n−m))

J
��

πn(Sn−m)
Ej // πj+n(Sj+n−m)

Hj
// πm(Vj+n−m,j)

P j // πn−1(Sn−m)

(iii) For n 6 2(n − m), j = 1 the exact sequence in (ii) is just the EHP
sequence

πn(Sn−m)
E // πn+1(Sn−m+1)

H // πm(Sn−m)
P // πn−1(Sn−m)→ . . . ,

with V1+n−m,1 = Sn−m, E the suspension map and H the classical Hopf in-
variant, interpreted as sending an (m,n, 1)-dimensional embedding-immersion
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pair (e× f : Mm ↪→ R×Sn, f : M # Sn) with a framing δνf : νf ∼= εn−m to
the double point Hopf invariant

(f ′ : M ′ # Sn) = ψR(φ) ∈ Ωfr2m−n = πm(Vn−m+1,1) = πm(Sn−m) = πS2m−n .

For n = 2m > 2 the EHP sequence is

π2m(Sm)
E // π2m+1(Sm+1)

H // πm(Sm) = Z P // π2m−1(Sm)→ . . . .

In particular, for m = 1, n = 2 the generator 1 ∈ π3(S2) is the cobordism
class of the (1, 2, 1)-dimensional embedding-immersion pair

(e× f : S1 ↪→ R× S2, f : S1 # S2)

with f the figure 8 immersion and δνf ∼= ε one of the two framings. The Hopf
invariant 1 element

(e× f : S1 ↪→ R× S2, f : S1 # S2) = η = 1 ∈ π3(S2) = Z

is detected by the cobordism class of the 0-dimensional unordered double
point manifold M ′ = {∗} of the immersion f : M = S1 # S2

(f ′ : M ′ # S2) = ψR(φ) = 1 ∈ Ωfr0 = πS0 = Z .

ut

6.7 Linking and self-linking

The original invariant of Hopf [31] was detected by the linking of k-dimensional
submanifolds of S2k+1

H : π2k+1(Sk+1)→ Z ;

(φ : S2k+1 → Sk+1) 7→ linking number((M1)k ∪ (M2)k ⊂ S2k+1)

with M1 = φ−1(x1), M2 = φ−1(x2) ⊂ S2k+1 for distinct regular values
x1, x2 ∈ Sk+1 of φ. The homotopy-theoretic construction of the generalized
Hopf invariant H of G.W. Whitehead [89] was interpreted by Kervaire [38]
and Haefliger and Steer [24, p. 262] in terms of higher linking numbers. The
Hopf invariant constructions λ2, µ2 of Boardman and Steer [5] (recalled in
§§5.3,4 above) were motivated by the linking and self-linking of embedded
submanifolds. We shall now interpret the constructions in terms of immersed
submanifolds.
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Let M1,M2, N be closed manifolds such that

dimM1 = m1 , dimM2 = m2 , dimN = n ,

and suppose given disjoint embeddings

ei × fi : Mi ↪→ R×N (i = 1, 2)

which intersect transversely, with fi : Mi # N immersions which intersect
transversely. The normal bundle of ei × fi : Mi ↪→ R×N is

νei×fi = νfi ⊕ ε : Mi → BO(n−mi + 1)

with νfi : Mi → BO(n−mi) the normal bundle of fi : Mi # N .

Definition 6.63. The linking manifold of the submanifoldsM1,M2 ⊂ R×N
is the (m1 +m2 − n)-dimensional submanifold of M1 ×M2

L(M1,M2, N)

= {(x1, x2) ∈M1 ×M2 | e1(x1) < e2(x2) ∈ R, f1(x1) = f2(x2) ∈ N} .

ut

Proposition 6.64. (i) The linking manifold L(M1,M2, N) is homeomor-
phic to the intersection in R × N × I of the tracks of isotopies unlinking
M1,M2.
(ii) The embedding

g : L(M1,M2, N) ↪→ R× R×N ;

(x1, x2) 7→ (e1(x1), e2(x2), y) (y = f1(x1) = f2(x2))

has normal bundle

νg = ((νf1 ⊕ ε)× (νf2 ⊕ ε))| : L(M1,M2, N)→ BO(2n−m1 −m2 + 2) .

Proof . (i) Assume that e1(M1), e2(M2) ⊂ (0, 1), and define isotopies

h1 : M1 × I → R×N × I ; (x, s) 7→ (e1(x) + s, f1(x), s) ,

h2 : M2 × I → R×N × I ; (y, t) 7→ (e2(y), f2(y), t)

such that the submanifolds

h1(M1 × {1}) , h2(M2 × {1}) ⊂ R×N × {1}

isotopic to the submanifolds
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M1 = h1(M1 × {0}) , M2 = h2(M2 × {0}) ⊂ R×N × {0}

are disjoint and unlinked, with

h1(M1 × {1}) ⊂ {(a, z, 1) ∈ R×N × {1} | a > 1, z ∈ N} ,
h2(M2 × {1}) ⊂ {(b, z, 1) ∈ R×N × {1} | b < 1, z ∈ N}

separated by {1} × N × {1}. The tracks of the isotopies are (mi + 1)-
dimensional submanifolds

Li = hi(Mi × I) ⊂ R×N × I (i = 1, 2)

and there is defined a homeomorphism

L(M1,M2, N)→ L1 ∩ L2 ;

(x1, x2) 7→ h1(x1, e2(x2)− e1(x1)) = h2(x2, e2(x2)− e1(x1)) .

(ii) The submanifolds Li ⊂ R× R×N (i = 1, 2) intersect transversely, with

νLi⊂R×R×N : Li // Mi

νfi ⊕ ε // BO(n−mi + 1)

so that

νg = ((νL1⊂R×R×N )× (νL2⊂R×R×N ))|
= ((νf1 ⊕ ε)× (νf2 ⊕ ε))| : L(M1,M2, N)→ BO(2n−m1 −m2 + 2) .

ut

Let
Fi : ΣN∞ = (R×N)∞ → T (νei×fi) = ΣT (νfi)

be the Umkehr stable maps given by the Pontryagin-Thom construction. The
embedding of the disjoint union

e1 × f1 t e2 × f2 : M1 tM2 ↪→ R×N

has a compactification Umkehr stable map

F : ΣN∞ → ΣT (νf1)∨ΣT (νf2) ; (t, x) 7→

{
F1(2t, x) if 0 6 t 6 1/2

F2(2t− 1, x) if 1/2 6 t 6 1 .

Proposition 6.65. (i) The map of Boardman and Steer [5]

µ2(F ) : Σ2N∞ → ΣT (νf1)∧ΣT (νf2) ; (s, t, x) 7→

{
(F (s, x), F (t, x)) if s 6 t

∗ otherwise
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is the composite

µ2(F ) = T (i)G : Σ2N∞
G // T (νg)

T (i)
// ΣT (νf1) ∧ΣT (νf2)

of the Umkehr stable map for g : L(M1,M2, N) ↪→ R× R×N

G : (R× R×N)∞ = Σ2N∞ → T (νg)

and the inclusion of Thom spaces

T (i) : T (νg)→ T ((νf1 ⊕ ε)× (νf2 ⊕ ε)) = ΣT (νf1) ∧ΣT (νf2)

induced by the inclusion

i : L(M1,M2, N) ↪→M1 ×M2 ; (x1, x2) 7→ (x1, x2) .

(ii) The image of the fundamental class [N ] ∈ Hn(N) under µ2(F ) is

µ2(F )∗[N ] = i∗[L] ∈ H̃n(T (νf1) ∧ T (νf2)) = Hm1+m2−n(M1 ×M2)

with [L] ∈ Hm1+m2−n(L) the fundamental class of L = L(M1,M2, N). View-
ing i∗[L] ∈ Hm1+m2−n(M1 ×M2) as a chain map

i∗[L] : C(M1)m1−∗ → C(M2)∗−n+m2

(up to chain homotopy) there is defined a commutative diagram

Hm1−∗(M1)
i∗[L]

//

∼=[M1] ∩ −
��

H∗−n+m2(M2) ∼= H∗+1(R×N,R×N\(e2 × f2)(M2))

��
H∗(M1)

(e1 × f1)∗ // H∗(R×N\(e2 × f2)(M2)) .

ut

Example 6.66. The linking manifold L = L(M1,M2, S
n) of M1,M2 ⊂ R×Sn

with m1 +m2 = n is 0-dimensional, and

µ2(F )∗[N ] = i∗[L] ∈ H0(M1 ×M2) = Z

may be identified with

linking number(M1 ∪M2 ⊂ R× Sn) = (e1 × f1)∗[M1]

∈ Hm1
((R× Sn)\(e2 × f2)(M2)) = Hm2(M2) = Z .

ut



6.7 Linking and self-linking 285

Proposition 6.67. (Boardman and Steer [5]) Let N be an n-dimensional
manifold. The Hopf map

H : [ΣN∞, Sk+1]→ [Σ2N∞, S2k+2] ; φ 7→ hR(φ)

sends φ : ΣN∞ → Sk+1 to the cobordism class of the framed submanifold

L(M1,M2, N)n−2k ⊂ R× R×N

with
Mi = φ−1(xi) ⊂ R×N (i = 1, 2)

for distinct regular values x1, x2 ∈ Sk+1, regarding [Σ2N∞, S2k+2] as the
bordism group of framed embeddings Ln−2k ⊂ R× R×N .

Proof . It may be assumed that the inclusions are framed embeddings ei×fi :
Mi ↪→ R×N with fi : Mi # N immersions. By 6.65

H(φ) : Σ2N∞
µ2(F )

// ΣT (νf1) ∧ΣT (νf2) = Σ2k+2(M1 ×M2)∞

is such that

H(φ)−1(M1 ×M2) = L(M1,M2, N)n−2k ⊂ R× R×N .

It follows that

hR(φ) : Σ2N∞
H(φ)

// Σ2k+2(M1 ×M2)+ → S2k+2

is such that

hR(φ)−1(∗) = L(M1,M2, N)n−2k ⊂ R× R×N .

ut

Example 6.68. (i) For N = S2k 6.67 gives the original invariant of Hopf [31]

H : π2k+1(Sk+1)→ π2k+2(S2k+2) = Z ;

φ 7→ H(φ) = linking number((M1)k ∪ (M2)k ⊂ S2k+1)

with (Mi)
k = φ−1(xi).

(ii) For N = Sn 6.67 gives the generalized Hopf invariant

H : πn+1(Sk+1)→ πn+2(S2k+2) ; φ 7→ H(φ) .

of G.W. Whitehead [89] and Hilton [28], with
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H(φ) = framed cobordism class(L(M1,M2, S
n)n−2k ⊂ Sn+2) ∈ πn+2(S2k+2)

((Mi)
n−k = φ−1(xi) ⊂ R× Sn ⊂ Sn+1 (i = 1, 2))

as in Kervaire [38]. ut

Definition 6.69. Let e × f : M ↪→ R × N be an embedding of an m-
dimensional manifold M , with N an n-dimensional manifold and f : M # N
an immersion. The self-linking manifold is the (2m−n)-dimensional manifold

L(M,N) = {(x, y) ∈M ×M | e(x) < e(y) ∈ R, f(x) = f(y) ∈ N} .

ut

Proposition 6.70. (i) The ordered double point manifold

D2(f) = {(x, y) ∈M ×M | x 6= y ∈M,f(x) = f(y) ∈ N}

is the disjoint union of the self-linking manifold and its transpose

D2(f) = L(M,N) t TL(M,N) ,

with

TL(M,N) = {(x, y) ∈M ×M | e(x) > e(y) ∈ R, f(x) = f(y) ∈ N} .

(ii) The embedding

g : L(M,N) ↪→ R× R×N ; (x, y) 7→ (e(x), e(y), f(x))

has normal bundle

νg = ((νf ⊕ ε)× (νf ⊕ ε))|
= ((νf × νf )⊕ ε2)| : L(M,N)→ BO(2n− 2m+ 2)

with νf : M → BO(n−m) the normal bundle of f .
(iii) The immersion

g2 : L(M,N) # N ; (x, y) 7→ f(x)

has normal bundle

νg2 = (νf × νf )| : L(M,N)→ BO(2n− 2m) .

(iv) The immersion f : M # N is an embedding if and only if L(M,N) = ∅.
ut
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Let F : ΣN∞ → ΣT (νf ) be the Umkehr stable map of e× f .

Proposition 6.71. (i) The Hopf invariant map of Boardman and Steer [5]

λ2(F ) = µ2(∇F ) : Σ2N∞ → ΣT (νf ) ∧ΣT (νf )

(identified with hR(F ) in 5.57) is the composite

hR(F ) = λ2(F ) = T (i)G : Σ2N∞
G // T (νg)

T (i)
// ΣT (νf )∧ΣT (νf )

of the Umkehr stable map of g

G : (R× R×N)∞ = Σ2N∞ → T (νg)

and the inclusion of Thom spaces

T (i) : T (νg)→ T ((νf ⊕ ε)× (νf ⊕ ε)) = ΣT (νf ) ∧ΣT (νf )

induced by the inclusion

i : L(M,N) ↪→M ×M ; (x1, x2) 7→ (x1, x2) .

(ii) The double point Hopf invariant (6.60) is the bordism class of the im-
mersion of the self-linking manifold g2 : L(M,N) # Nn, which is the stable
homotopy class of the ultraquadratic construction (5.52)

ψR(F ) : N∞
G2 // T (νg2)

T (i)
// T (νf ) ∧ T (νf )

with G2 the Umkehr stable map of g2.
(iii) The image of the fundamental class [N ] ∈ Hn(N) under hR(F ) is

hR(F )∗[N ] = i∗[L(M,N)] ∈ H̃n(T (νf ) ∧ T (νf )) = H2m−n(M ×M)

with [L(M,N)] ∈ H2m−n(L(M,N)) the fundamental class of L(M,N).

Proof . (i) Apply 6.65 with

M1 = M2 = M , f1 = f2 = f : M → N , e1 = e+ c , e2 = e

for some c > 0 so small that

c < e(y)− e(x) ((x, y) ∈ L(M,N)) ,

in which case

e1 × f1 : M1 ↪→ R×N , e2 × f2 : M2 ↪→ R×N
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are disjoint embeddings, and the linking manifold is

L(M1,M2, N) = L(M,N) .

The embedding of the disjoint union

e1 × f t e2 × f : M tM ↪→ R×N

has compactification Umkehr stable map

∇F : ΣN∞ → ΣT (νf )∨ΣT (νf ) ; (t, x) 7→

{
F (2t, x)1 if 0 6 t 6 1/2

F (2t− 1, x)2 if 1/2 6 t 6 1

with projections

πi(∇F ) ' F : ΣN∞ → ΣT (νf ) .

(ii) This is just the special case j = 1 of 6.61 (i).
(iii) Immediate from (ii). ut

The fibration

Vk+1,1 = Sk
τSk // BO(k) // BO(k + 1)

classifies the tangent bundle of Sk and the stable trivialization

δτSk : τSk ⊕ ε ∼= εk+1

determined by the embedding Sk ↪→ Sk+1.

Lemma 6.72. For any space M there is a natural one-one correspondence
between the equivalence classes of pairs

( k-plane bundle ξ over M , stable isomorphism δξ : ξ ⊕ ε ∼= εk+1)

and the homotopy classes of maps γ : M → Sk.

Proof. A map γ : M → Vk+1,1 = Sk classifies a k-plane bundle

ξ = γ∗τSk : M → BO(k)

together with a stable isomorphism

δξ = γ∗δτSk : ξ ⊕ ε ∼= εk+1 .

Conversely, given (ξ, δξ) the composite of the non-zero section
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M → E(ξ ⊕ ε)\M ; x 7→ (x, (0, 1))

and the map

E(ξ ⊕ ε)\M ∼=
δξ // E(εk+1)\M = M × (Rk+1\{0})→ Rk+1\{0} ' Sk

is a map γ : M → Sk classifying ξ and δξ.
ut

The Hopf invariant of

T (δξ) : T (ξ ⊕ ε) = ΣT (ξ)→ T (εk+1) = Σk+1M+

can be regarded (as in 5.58) as an inequivariant map

hR(T (δξ)) : Σ2T (ξ)→ ΣT (εk) ∧ΣT (εk) ,

which has the following geometric interpretation for a manifold M .

Definition 6.73. Let M be an m-dimensional manifold, together with a
k-plane bundle ξ : M → BO(k) and a stable trivialization δξ : ξ ⊕ ε ∼= εk+1.
A linking manifold for (ξ, δξ) is a framed codimension k submanifold

L(M, ξ, δξ)m−k = γ−1(∗) ⊂M

with γ : M → Sk a classifying map for (ξ, δξ), and ∗ ∈ Sk a regular value of
γ. ut

The homotopy class γ ∈ [M,Sk] may be identified with the framed bordism
class of L(M, ξ, δξ)m−k ⊂M .

Proposition 6.74. (i) A linking manifold for (ξ, δξ) is the linking manifold

L(M, ξ, δξ) = L(M1,M2,M)

for the disjoint embeddings

e1 × f1 : M1 = M ↪→ R×M ; x 7→ (0, (0, x)) ,

e2 × f2 : M2 = M ↪→ R× E(ξ) ; x 7→ δξ−1(∗, x) ,

with

δξ−1 : E(εk+1) = Rk+1 ×M → E(ξ ⊕ ε) = R× E(ξ) .
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(ii) The bordism class of the immersion of the linking manifold L(M, ξ, δξ) #
E(ξ) is the stable homotopy class of the Hopf invariant map

hR(T (δξ)) : Σ2T (ξ)→ Σk+1M+ ∧Σk+1M+

with
T (δξ) : T (ξ ⊕ ε) = ΣT (ξ)→ T (εk+1) = Σk+1M+ .

(iii) The Hopf invariant of T (δξ) is given by

hR(T (δξ)) : Σ2T (ξ) ∼= Σk+2M+ Σk+2` // Σ2k+2L(M, ξ, δξ)∞

Σ2k+2i // Σ2k+2(M+ ∧M+)

with ` : M+ → ΣkL(M, ξ, δξ)∞ a Pontryagin-Thom map for a linking man-
ifold L(M, ξ, δξ) ⊂M , and

i : L(M, ξ, δξ) ↪→M ×M ; x 7→ (x, x) .

ut

Proposition 6.75. Let (e×f : Mm ↪→ R×Nn, f : M # N) be an (m,n, 1)-
dimensional embedding-immersion pair with e× f framed, so that νf : M →
BO(n−m) has a stable trivialization

δνf : νf ⊕ ε ∼= εn−m+1 .

The Hopf invariant of the composite map

φ : ΣN∞
F // ΣT (νf )

T (δνf )
// T (εn−m+1)

is the sum

hR(φ) = (T (δνf ) ∧ T (δνf ))hR(F ) + hR(T (δνf ))(ΣF ) :

Σ2N∞ → T (εn−m+1) ∧ T (εn−m+1)

with
hR(F ) : Σ2N∞ → ΣT (νf ) ∧ΣT (νf )

the Pontryagin-Thom map for the self-linking manifold L(M,N) ↪→ R×R×N
and

hR(T (δνf )) : Σ2T (νf ) ∼= Σn−m+2M+

Σn−m+2` // Σ2n−2m+2L(M,νf , δνf )∞
Σ2n−2m+2i // Σ2n−2m+2(M+ ∧M+)
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with ` : M+ → Σn−mL(M,νf , δνf )+ the Pontryagin-Thom map for the link-
ing manifold L(M,νf , δνf ) ⊂M and

i : L(M,νf , δνf ) ↪→M ×M ; x 7→ (x, x) .

ut

Example 6.76. (i) Given an n-dimensional manifold N and a map

φ : (R×N)∞ = ΣN∞ → Sk+1

apply the Pontryagin-Thom construction to obtain an (n−k, n, 1)-dimensional
embedding-immersion pair

(e× f : Mn−k = φ−1(∗) ↪→ R×N , f : M # N)

with e× f framed, so that the normal bundle νf : M → BO(k) has a stable
trivialization

δνf : νf ⊕ ε ∼= εk+1 .

If F : ΣN∞ → ΣT (νf ) is the Umkehr stable map then

φ : ΣN∞
F // ΣT (νf ) ∼= Σk+1M+ → Sk+1 .

By 6.54 the Hopf invariant map

hR(φ) : Σ2N∞ → S2k+2

is such that

hR(φ)−1(∗)n−k = L(M,N) ∪ L(M,νf , δνf ) ⊂ R× R×N .

(ii) Setting N = Sn in (i) shows that the Hopf map (6.68)

H : πn+1(Sk+1)→ πn+2(S2k+2) ; φ 7→ hR(φ)

sends the bordism class of the (n−k, n, 1)-dimensional embedding-immersion
pair

(e× f : Mn−k = φ−1(∗) ↪→ R× Sn , f : M # Sn)

with e× f framed to the bordism class of the framed submanifold

L(M,Sn)n−2k ∪ L(M,νf , δνf )n−2k ⊂ Sn+2 .

ut
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Example 6.77. The homotopy group πm+k(T (τSk)) is the cobordism group
of embeddings f : Mm ↪→ Sm+k which are framed in Sm+k+1. A map
ρ : Sm+k → T (τSk) which is transverse at the zero section Sk ⊂ T (τSk)
determines an embedding

f : Mm = ρ−1(Sk) ↪→ Sm+k

which is framed in Sm+k+1, with a map γ = ρ| : M → Sk such that

νf = γ∗τSk : M → BO(k) ,

with a stable trivialization

δνf = γ∗δτSk : νf ⊕ ε ∼= εk+1 .

The linking manifold construction (6.73) gives rise to the commutative square
of Wood [93]

πm+k(T (τSk))
h //

��

πm+k(S2k)

E

��
πm+k+1(Sk+1)

H // πm+k+1(S2k+1)

with

h : πm+k(T (τSk))→ πm+k(S2k) ; ρ 7→ (L(M,νf , δνf )m−k ⊂ Sm+k) ,

πm+k(T (τSk))→ πm+k+1(Sk+1) ; ρ 7→ (M ⊂ Sm+k+1) .

The Thom space of τSk : Sk → BO(k) is

T (τSk) = Sk ∪J(τ
Sk

) e
2k

with J(τSk) : S2k−1 → Sk given by the J-homomorphism

J : πk(BO(k)) = πk−1(O(k))→ π2k−1(Sk) ,

and h is induced by T (τSk)→ S2k. The Hopf map H is given by

H : πm+k+1(Sk+1)→ πm+k+1(S2k+1) ;

(M, e, f) 7→ (L(M,Sm+k)m−k ⊂ Sm+k+1) + (L(M,νf , δνf )m−k ⊂ Sm+k+1) ,

regarding πm+k+1(Sk+1) as the cobordism group of (m,m+k, 1)-dimensional
embedding-immersion pairs (e× f : Mm ↪→ R× Sm+k, f : M # Sm+k) such
that e× f is framed. ut

Example 6.78. Let m 6 2k − 2, so that
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πm+k+1(S2k+1) = πm(Sk)

by the Freudenthal suspension theorem; equivalently, every (framed) sub-
manifold Lm−k ⊂ Sm+k+1 can be compressed to Lm−k ⊂ Sm.
(i) Regard πm+k+1(Sk+1) as the cobordism group of (m,m+k, 1)-dimensional
embedding-immersion pairs

(e× f : Mm ↪→ R× Sm+k , f : M # Sm+k)

with e× f framed and f an embedding, so that

(L(M,Sm+k)m−k ⊂ Sm+k+1) = 0 ∈ πm+k+1(S2k+1)

and
H : πm+k+1(Sk+1)→ πm+k+1(S2k+1) ;

(M, e, f) 7→ (L(M,νf , δνf )m−k ⊂ Sm+k+1)

is the ‘singularity Hopf invariant’ of Koschorke and Sanderson [46, p. 201].
(ii) Regard πm+k+1(Sk+1) as the cobordism group of (m,m+k, 1)-dimensional
embedding-immersion pairs

(e× f : Mm ↪→ R× Sm+k , f : M # Sm+k)

with a framing νf ∼= εk, so that

(L(M,νf , δνf )m−k ⊂ Sm+k+1) = 0 ∈ πm+k+1(S2k+1)

and
H : πm+k+1(Sk+1)→ πm+k+1(S2k+1) ;

(M, e, f) 7→ (L(M,Sm+k)m−k ⊂ Sm+k+1)

is the ‘double point Hopf invariant’ of [46, p. 202] (and 6.62 (ii)). ut

6.8 Intersections and self-intersections for Mm → N2m

We now consider the application of the geometric Hopf invariant to the
intersection and self-intersection properties of embeddings and immersions
f : M → N of an m-dimensional manifold Mm in a 2m-dimensional mani-
fold N2m. It will be assumed that M and N are oriented, so that the normal
bundle is an oriented m-plane bundle νf : M → BSO(m).

Definition 6.79. (i) The intersection pairing of a 2m-dimensional manifold
N is the (−1)m-symmetric cup product pairing
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λ : Hm(N)×Hm(N)→ Z ; (a, b) 7→ 〈a∗ ∪ b∗, [N ]〉

with a∗, b∗ ∈ Hm(N) the Poincaré duals of a, b ∈ Hm(N).
(ii) Let (x1, x2) ∈M1 ×M2 be a transverse intersection point of embeddings

f1 : (M1)m ↪→ N2m , f2 : (M2)m ↪→ N2m

so that there is defined an isomorphism of 2m-dimensional vector spaces

τM1
(x1)⊕ τM2

(x2) ∼= τN (y)

with
y = f1(x1) = f2(x2) ∈ N .

Assuming M1,M2, N are oriented the intersection index of (x1, x2) is

I(x1, x2) =

{
+1 if τM1

(x1)⊕ τM2
(x2) ∼= τN (y) is orientation-preserving

−1 otherwise

where y = f1(x1) = f2(x2) ∈ N . ut

Proposition 6.80. (i) The intersection pairing λ : Hm(N) ×Hm(N) → Z
of a 2m-dimensional manifold N is such that

λ(a, b) = (−1)mλ(b, a) ∈ Z .

(ii) If f1 : (M1)m ↪→ N2m, f2 : (M2)m ↪→ N2m are transverse embeddings of
oriented manifolds

λ(f1[M1], f2[M2]) =
∑

f1(x1)=f2(x2)

I(x1, x2) ∈ Z . ut

The homotopy exact sequence of the fibration

V∞,∞−m → BO(m)→ BO

is mapped by the J-homomorphism to the stable EHP sequence of Sm

πm+1(BO) //

J

��

πm(V∞,∞−m) //

∼=
��

πm(BO(m)) //

J

��

πm(BO)

J

��
πSm

H // Q(−1)m(Z) // π2m−1(Sm) // πSm−1

The isomorphism



6.8 Intersections and self-intersections for Mm → N2m 295

πm(V∞,∞−m)
∼= // Ω0(P (R(∞)),mλ) = Q(−1)m(Z) ; (ξ, δξ) 7→ D2(Sm, ξ, δξ)/Z2

is defined by the double point Hopf invariant (6.60), and

πm+1(BO,BO(m)) = Q(−1)m(Z)→ πm(BO(m)) ; 1 7→ τSm .

The Euler number defines a morphism

χ : πm(BSO(m))→ Z ; ξ 7→ χ(ξ)

such that

πm+1(BO,BO(m)) = Q(−1)m(Z) // πm(BSO(m))
χ // Z ;

1 7→ χ(τSm) = 1 + (−1)m .

Proposition 6.81. For any embedding f : Mm ↪→ N2m

λ(f∗[M
m], f∗[M

m]) = χ(νf ) ∈ Z .

Proof . There exists an isotopic embedding f ′ : Mm ↪→ N2m which intersects
transversely with f in χ(νf ) points (counted algebraically), and

λ(f∗[M ], f∗[M ]) =
∑

(x,x′)∈D2(f,f ′)

I(x, x′) = χ(νf ) ∈ Z .

ut

Example 6.82. If N4k is a (2k − 1)-connected 4k-dimensional manifold and
k > 2 then every element x ∈ H2k(N) is represented by an embedding
f : S2k ↪→ N , with

λ(x, x) = χ(νf ) ∈ Z

as in Wall [83]. ut

Recall the definition of the double point set (6.15) of a map f : M → N

D2(f) = {(x, y) ∈M ×M | x 6= y ∈M,f(x) = f(y) ∈ N} .

Transposition defines a free Z2-action

T : D2(f)→ D2(f) ; (x, y) 7→ (y, x) .

For any ordered double point (x, y) ∈ D2(f) let [x, y] ∈ D2(f)/Z2 be the
unordered double point.
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Definition 6.83. Let f : Mm # N2m be an immersion, so that the double
point set D2(f) is a finite 0-dimensional manifold with a free Z2-action.
(i) The self-intersection index of an unordered double point [x, y] ∈ D2(f)/Z2

is

I[x, y] = [I(x, y)] ∈ Z/{1 + (−1)m+1} =

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)

which does not depend on the choice of lift of [x, y] to an ordered double
point (x, y) ∈ D2(f), since I(x, y) = (−1)mI(y, x) ∈ Z.
(ii) The geometric self-intersection number of f is

µ(f) =
∑

[x,y]∈D2(f)/Z2

I[x, y] ∈ Q(−)m(Z) = Z/{1 + (−1)m+1} . ut

Proposition 6.84. (Whitney [91], Wall [85, 5.3]) The geometric self-
intersection number µ(f) is a regular homotopy invariant of f : Mm # N2m

such that
λ(f, f) = (1 + (−1)m)µ(f) + χ(νf ) ∈ Z

with µ(f) = 0 ∈ Q(−)m(Z) if (and for π1(N) = {1}, m > 2 only if) f is
regular homotopic to an embedding. ut

In particular, for even m

µ(f) = (λ(f, f)− χ(νf ))/2 ∈ Z .

Definition 6.85. Let (e × f : Mm ↪→ V × N2m, f : M # N) be an
(m, 2m, j)-dimensional embedding-immersion pair, with Umkehr stable map

F : (V ×N)∞ = V∞ ∧N∞ → V∞ ∧ T (νf ) .

(i) The homological self-intersection number

µV (f) = ψV (F )∗[N ] ∈

{
Z if j = 1

Z/{1 + (−1)m+1} if dimV > 2

is the image of the fundamental class [N ] ∈ H2m(N) under the induced map

ψV (F )∗ : H2m(N)→ H̃2m(S(LV )∞ ∧Z2 (T (νf ) ∧ T (νf )))

= H0(S(LV )×Z2
(M ×M);Zw)

=

{
Z if j = 1

Z/{1 + (−1)m+1} if j > 2 .
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(ii) If j = 1 set V = R, and use the self-linking manifold (6.69)

L(M,N) = {(x, y) ∈M ×M | e(x) < e(y) ∈ R, f(x) = f(y) ∈ N}

and the decomposition

D2(f) = L(M,N) ∪ TL(M,N)

to lift each unordered double point (x, y) ∈ D2(f)/Z2 to an ordered dou-
ble point (x, y) ∈ L(M,N), ordered according to e(x) < e(y). The integral
geometric self-intersection of f is the self-linking number

µZ(f) = [L(M,N)] =
∑

(x,y)∈L(M,N)

I(x, y) ∈ Z .

For even m µZ(f) = µ(f). ut

Proposition 6.86. (i) If m is even or if dim(V ) > 2 the geometric self-
intersection number is just the homological self-intersection number

µ(f) = µV (f) ∈ Q(−1)m(Z) = Z/{1 + (−1)m+1} .

(ii) If dim(V ) = 1 the integral geometric self-intersection number is just the
homological self-intersection number

µZ(f) = µR(f) ∈ Z .

Proof . Immediate from 6.54 and 6.61. ut

Example 6.87. We refer to Crabb and Ranicki [16] for an interpretation in
terms of the geometric Hopf invariant of the Smale-Hirsch-Haefliger regular
homotopy classification of immersions f : Mm # Nn in the metastable
dimension range 3m < 2n − 1 (when a generic f has no triple points). In
particular, this applies to the case n = 2m with m > 2.

ut





Chapter 7

The π-equivariant geometric Hopf
invariant

The stable homotopy constructions of §5 (in particular the geometric Hopf
invariant) and the double point theorem of §6 are so natural that they have
π-equivariant versions, for any discrete group π, inducing the corresponding
chain level constructions of Ranicki [60, 61], with applications to non-simply-
connected surgery obstruction theory (§8.4).

7.1 π-equivariant S-duality

Definition 7.1. (i) Given pointed π-spaces X,Y define the integral π-
equivariant homotopy groups

{X;Y }0,π = lim−→
U

[U∞ ∧X;U∞ ∧ Y ]π

with U running over finite-dimensional inner product spaces.
(ii) Given pointed π-spaces X,Y, Z, a finite-dimensional inner product space
V and a map

σ : V∞ → X ∧π Y

define the slant products

σ\ − : {X,Z}0,π → {V∞, Z ∧π Y } ;

(f : U∞ ∧X → U∞ ∧ Z) 7→ ((f ∧ 1)(1 ∧ σ) : (U ⊕ V )∞ → U∞ ∧ Z ∧π Y ) ,

σ\ − : {Y,Z}0,π → {V∞, X ∧π Z} ;

(f : U∞ ∧ Y → U∞ ∧ Z) 7→ ((f ∧ 1)(1 ∧ σ) : (U ⊕ V )∞ → U∞ ∧X ∧π Z) .

299
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(iii) A map σ : V∞ → X ∧π Y is an integral π-equivariant S-duality map if
the slant products σ\− in (ii) are isomorphisms for every π-space Z.

ut

Proposition 7.2. (Ranicki [61, §3]) For any semifree finite pointed CW π-
complex X there exist a finite-dimensional inner product space V , a semifree
finite pointed CW π-complex Y and an integral π-equivariant S-duality map
σ : V∞ → X ∧π Y .

ut

Remark 7.3. The theory of [61] deals with the ‘integral’ stable π-equivariant
homotopy groups

{X;Y }0,π = lim−→
V

[V∞ ∧X,V∞ ∧ Y ]π

with the direct limit running over all the finite-dimensional inner product
spaces V . The forgetful map for π = Z2

{X;Y }0,Z2
→ {X;Y }Z2

is in general neither injective nor surjective, but by Adams [3] (cf. Proposition
4.33 (ii)) it is an isomorphism for finite CW Z2-complexes X,Y with X
semifree, and in this case the Z2-equivariant S-duality theories of Wirthmüller
[92] (cf. Proposition 4.66) and [61] coincide.

ut

7.2 The π-equivariant constructions

Let X,Y be pointed π-spaces, and let V be an inner product space with
trivial π-action. The geometric Hopf invariant (5.3) of a π-equivariant map
F : V∞ ∧X → V∞ ∧ Y is a Z2-equivariant map

hV (F ) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y

which is also π-equivariant, with

π × Y ∧ Y → Y ∧ Y ; (g, (y1, y2)) 7→ (gy1, gy2) .

The ‘π-equivariant geometric Hopf invariant of F ’ is the induced map of the
π-quotients
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hV (F )/π : ΣS(LV )+ ∧ V∞ ∧X/π → LV∞ ∧ V∞ ∧ Y ∧π Y

with

Y ∧π Y = Y ∧ Y/{(y1, y2) ∼ (gy1, gy2) | g ∈ π, y1, y2 ∈ Y } ,
T : Y ∧π Y → Y ∧π Y ; [y1, y2] 7→ [y2, y1] .

Proposition 7.4. (i) For any pointed space X, any pointed π-space Y and
any inner product space V there is defined a long exact sequence of abelian
groups/pointed sets

. . . // [ΣX,Y ∧π Y ]Z2

s∗LV // [ΣS(LV )+ ∧X,Y ∧π Y ]Z2

α∗LV //

[LV∞ ∧X,Y ∧π Y ]Z2

0∗LV // [X,Y ∧π Y ]Z2

(ii) For any pointed space X, any pointed π-space Y and any inner product
spaces V,W there is defined a split short exact sequence of abelian groups

0→ [ΣS(LV )+ ∧W∞ ∧X,LV∞ ∧W∞ ∧ (Y ∧π Y )]Z2

α∗LV //

[LV∞ ∧W∞ ∧X,LV∞ ∧W∞ ∧ (Y ∧π Y )]Z2

ρ // [W∞ ∧X,W∞ ∧ Y/π]→ 0

with ρ defined by the fixed points of the Z2-action. The map ρ is split by

σ : [W∞ ∧X,W∞ ∧ Y/π]→ [LV∞ ∧W∞ ∧X,LV∞ ∧W∞ ∧ (Y ∧π Y )]Z2
;

F 7→ σ(F ) = 1LV∞ ∧∆F (σ(F )(v, w, x) = (v, u, y) if F (w, x) = (u, y)) ,

with
∆ : Y/π = (Y ∧π Y )Z2 ↪→ Y ∧π Y ; [y] 7→ [y, y] .

For any Z2-equivariant map

G : LV∞ ∧W∞ ∧X → LV∞ ∧W∞ ∧ (Y ∧π Y )

the map of fixed points

F = ρ(G) : W∞ ∧X →W∞ ∧ Y/π

is such that (1 ∧ ∆)σ(F ) and G agree on 0+ ∧W∞ ∧ X, with the relative
difference Z2-equivariant map

δ((1 ∧∆)σ(F ), G) : ΣS(LV )+ ∧W∞ ∧X → LV∞ ∧W∞ ∧ (Y ∧π Y )

such that

G− (1 ∧∆)σ(F ) = α∗LV δ((1 ∧∆)σ(F ), G) ∈ im(α∗LV ) = ker(ρ) .
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Proof . This is just a special case of Proposition 4.11, with Y replaced by
Y ∧π Y , and Y Z2 replaced by (Y ∧π Y )Z2 = Y/π.

ut

Proposition 7.5. (i) For any inner product spaces U, V , any pointed spaces
X and any pointed π-space Y there is defined a commutative braid of exact
sequences of stable homotopy groups

A1

��

αLV

%%
{X;S(LV )+ ∧ Y ∧π Y }Z2

sLV

''

''
{S(LU)+ ∧X;Y ∧π Y }Z2

$$
A2

66

((

{X;Y ∧π Y }

s∗LU
77

0LV

''

A3

A4

??

α∗LU

99
{LU∞ ∧X;Y ∧π Y }Z2 77

0∗LU
77

{X;V∞ ∧ Y ∧π Y }Z2

::

with

A1 = {ΣX;LV∞ ∧ Y ∧π Y }Z2
, A2 = {ΣS(LU ⊕ LV )+ ∧X;LV∞ ∧ Y ∧π Y }Z2

,

A3 = {S(LU ⊕ LV )+ ∧X;V∞ ∧ Y ∧π Y }Z2
, A4 = {ΣS(LU)+ ∧X;Y ∧π Y }Z2

.

(ii) For any inner product space V ⊆ R(∞)

{X;LV∞ ∧ Y ∧π Y }Z2
= {X;Y/π}⊕ {X;S(LR(∞))/S(LV )∧ Y ∧π Y }Z2

,

with a split short exact sequence

0→ {X;S(LR(∞))/S(LV ) ∧ Y ∧π Y }Z2

δ // {X;LV∞ ∧ Y ∧π Y }Z2

ρ // {X;Y/π} → 0

where δ is induced by the Z2-equivariant connecting map

δ : S(LR(∞))/S(LV ) = lim−→
k

S(LRk)/S(LV )→ sS(LV ) = LV∞ ,

ρ is defined by the fixed points of the Z2-action and ρ is split by

σ : {X;Y/π} → {X;LV∞ ∧ Y ∧π Y }Z2 ; F 7→ (0 ∧∆Y/π)F .
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In particular, for V = R(∞) the fixed point map is an isomorphism

ρ : {X;LR(∞)∞ ∧ Y ∧π Y }Z2

∼= // {X;Y/π} ,

and the case V = {0} gives

{X;Y ∧π Y }Z2
= {X;Y/π} ⊕ {X;S(LR(∞))+ ∧ Y ∧π Y }Z2

.

(iii) For any inner product space U there is defined a long exact sequence

. . . // {ΣS(LU ⊕ LR(∞))+ ∧X;LR(∞)∞ ∧ Y ∧π Y }Z2

// {LU∞ ∧X;Y ∧π Y }Z2

ρ // {X;Y/π}
// {S(LU ⊕ LR(∞))+ ∧X;LR(∞)∞ ∧ Y ∧π Y }Z2

// . . .

with ρ defined by the fixed points of the Z2-action, and

{S(LU ⊕ LR(∞))+ ∧X;LR(∞)∞ ∧ Y ∧π Y }Z2

= {LU∞ ∧X;ΣS(LU ⊕ LR(∞))+ ∧ Y ∧π Y }Z2
.

(iv) For any pointed π-space X the morphism

0LV : {X/π;X ∧π X}Z2

→ {X/π;LV∞ ∧X ∧π X}Z2 = {V∞ ∧X/π;V∞ ∧ LV∞ ∧X ∧π X}Z2

sends ∆X/π to 0LV ∧∆X/π = (κ−1
V ∧ 1)∆V∞∧X/π.

Proof. This is a Z2-equivariant version of the braid of Proposition 3.3; for
π = {1} this is just Proposition 4.36. ut

The definitions of the various constructions of §5 translate verbatim into
their π-equivariant analogues, with matching properties. We shall only state
the definitions here.

Definition 7.6. The π-equivariant symmetric construction φV (X) is de-
fined for a pointed π-space X and an inner product space V to be the π×Z2-
equivariant map

φV (X) = sLV ∧∆X : S(LV )+ ∧X → X ∧X ; (v, [x]) 7→ [x, x] .

ut

Passing to the π-quotients there is defined a Z2-equivariant map
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φV (X) = sLV ∧∆X : S(LV )+ ∧X/π → X ∧π X .

Definition 7.7. The π-equivariant geometric Hopf invariant of a π-equivariant
map F : V∞ ∧X → V∞ ∧ Y is the Z2-equivariant map given by the relative
difference of the Z2-equivariant maps

p = (1 ∧∆Y )(1 ∧ F ) , q = (κ−1
V ∧ 1)(F ∧ F )(κV ∧∆X)

with

hV (F ) = δ(p, q) : ΣS(LV )+ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ Y ∧ Y ;

(t, u, v, x) 7→

{
p([1− 2t, u], v, x) if 0 6 t 6 1/2

q([2t− 1, u], v, x) if 1/2 6 t 6 1

(t ∈ I, u ∈ S(LV ), v ∈ V, x ∈ X) .

ut

Definition 7.8. The π-equivariant stable geometric Hopf invariant of a π-
equivariant map F : V∞ ∧X → V∞ ∧ Y is the stable relative difference of p
and q (3.6), the π × Z2-equivariant map

h′V (F ) = δ′(p, q) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ S(LV )+ ∧ Y ∧ Y

which we shall regard as a stable Z2-equivariant map

h′V (F ) : X/π 7→ S(LV )+ ∧ Y ∧π Y .

ut

Definition 7.9. The π-equivariant quadratic construction on a π-equivariant
map F : V∞ ∧X → V∞ ∧ Y is the stable π-equivariant map

ψV (F ) : X 7→ S(LV )+ ∧Z2 (Y ∧ Y )

given by the image of the Z2-equivariant stable geometric Hopf invariant (7.8)

h′V (F ) = δ′(p, q) : LV∞ ∧ V∞ ∧X → LV∞ ∧ V∞ ∧ S(LV )+ ∧ Y ∧ Y

under the isomorphism given by Proposition 4.33

{X;S(LV )+ ∧Z2 (Y ∧ Y )}π ∼= {X;S(LV )+ ∧ Y ∧ Y }π×Z2 .

ut

Passing to the π-quotients gives
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ψV : [V∞∧X,V∞∧Y ]π → {X/π;S(LV )+∧Z2
(Y ∧πY )} ∼= {X;S(LV )+∧(Y ∧πY )}Z2

.

Definition 7.10. The π-equivariant ultraquadratic construction on a π-
equivariant map F : ΣX → ΣY is the quadratic construction for the special
case V = R

ψ̂(F ) = ψR(F ) : X/π 7→ S(LV )+ ∧Z2
(Y ∧π Y ) = Y ∧π Y ,

identifying S(LV ) = S0 = {1,−1} with Z2 acting by permutation. ut

Definition 7.11. The π-equivariant spectral Hopf invariant map of a π-
equivariant map F : X → V∞ ∧ Y is the π × Z2-equivariant map given by
the relative difference (1.5)

shV (F ) = δ
(
(G ∧G)δφV (V∞ ∧ Y )(1 ∧ F ), φV (C (F ))(1 ∧GF )

)
:

ΣS(LV )+ ∧X → C (F ) ∧ C (F )

with G : V∞ ∧ Y → C (F ) the inclusion in the mapping cone and

1 ∧GF : CS(LV )+ ∧X = S(LV )+ ∧ CX → S(LV )+ ∧ C (F )

the π-equivariant null-homotopy of 1∧GF : S(LV )+∧X → S(LV )+∧C (F )
determined by the inclusion GF : CX → C (F ) = (V∞ ∧ Y ) ∪F CX. ut

Here is the π-equivariant version of the Double Point Theorem 6.19.

Let e = (g, f) : V ×X ↪→ V × Y be an embedding of a map f : X → Y .

Given a regular cover p : Ỹ → Y with group of covering translations π let

X̃ = f∗Ỹ = {(x, ỹ) ∈ X × Ỹ | f(x) = p(ỹ) ∈ Y }

be the pullback cover of X, so that there are defined π-equivariant lifts of
f, e

f̃ : X̃ → Ỹ ; (x, ỹ) 7→ ỹ ,

ẽ = (g̃, f̃) : V × X̃ ↪→ V × Ỹ ; (v, (x, ỹ)) 7→ (g(v, x), ỹ)

and hence a π-equivariant Umkehr map

F̃ : V∞ ∧ Ỹ∞ → V∞ ∧ X̃∞ .

Proposition 7.12. The π-equivariant geometric Hopf invariant hV (F̃ ) is
given up to natural π × Z2-equivariant homotopy by the composite
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hV (F̃ )/π = ((1 ∧ Ã)hV (F̃ )Y )/π : ΣS(LV )+ ∧ V∞ ∧ Y∞

→ LV∞ ∧ V∞ ∧ (X ×Y X)∞ → LV∞ ∧ V∞ ∧ (X̃ ×π X̃)∞

with

hV (F̃ )Y = (1 ∧ i)F̃1 + (1 ∧∆X̃)δ(F̃2, F̃3) :

ΣS(LV )+ ∧ V∞ ∧ Ỹ∞ →

LV∞ ∧ V∞ ∧ (X̃ ×Ỹ X̃)∞ = LV∞ ∧ V∞ ∧ (D2(f̃)∞ ∨ X̃∞) ,

i = inclusion : D2(f̃)→ X̃ ×Ỹ X̃ ; (x1, x2) 7→ (x1, x2) ,

∆X̃ = diagonal : X̃ → X̃ ×Ỹ X̃ ; x 7→ (x, x) ,

A = assembly = ∆X̃ t i : X̃ ×Ỹ X̃ = X̃ tD2(f̃)→ X̃ × X̃ ,

F̃1, F̃2, F̃3 as in 6.18.

ut



Chapter 8

Surgery obstruction theory

In this final chapter we apply the geometric Hopf invariant to surgery ob-
struction theory.

§8.1 reviews geometric Poincaré complexes, the Spivak normal struc-
ture, normal maps and geometric Umkehr maps. An n-dimensional normal
map (f, b) : M → X determines a π1(X)-equivariant geometric Umkehr

map F : Σ∞X̃+ → Σ∞M̃+ inducing the algebraic Umkehr Z[π1(X)]-

module chain map f ! : C(X̃) → C(M̃), with X̃ the universal cover of

X and M̃ = f∗X̃ the pullback cover of M . In §8.2 (ignoring π1(X)) and
§8.4 we shall show that the π1(X)-equivariant geometric Hopf invariant

h(F ) = ψF : Hn(X) → Qn(C(M̃)) determines the surgery obstruction
σ∗(f, b) ∈ Ln(Z[π1(X)]), simplifying the indirect identification in [61, Prop.
7.1].

In §8.3 we use the geometric Hopf invariant to construct various quadratic
structures (such as the Seifert form) arising in codimension 2 surgery.

Finally, in §8.5 we apply the geometric Hopf invariant to the total surgery
obstruction s(X) ∈ Sn(X) of Ranicki [59, 62, 63, 64].

8.1 Geometric Poincaré complexes and Umkehr maps

By definition, an n-dimensional geometric Poincaré complex X in the sense
of Wall [84] is a finite CW complex with a fundamental class1 [X] ∈ Hn(X)

1 using twisted coefficients in the nonorientable case

307
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such that the Z[π1(X)]-module chain map

[X] ∩ − : C(X̃)n−∗ = HomZ[π1(X)](C(X̃),Z[π1(X)])n−∗ → C(X̃)

is a chain equivalence, with X̃ the universal cover of X. In particular, a com-
pact n-dimensional manifold is an n-dimensional geometric Poincaré complex,
as is any finite CW complex homotopy equivalent to a manifold2.

The Browder-Novikov-Sullivan-Wall surgery theory deals with the two fun-
damental questions:

(i) is an n-dimensional geometric Poincaré complex homotopy equivalent to
a manifold?

(ii) is a homotopy equivalence of n-dimensional manifolds homotopic to a
diffeomorphism?

Note that (ii) is the rel ∂ version of (i), since the mapping cylinder of a ho-
motopy equivalence of manifolds is a geometric Poincaré cobordism between
manifolds. The theory works best for n > 5, and there is also a version for
topological manifolds and homeomorphisms.

A finite CW complex X is an n-dimensional geometric Poincaré complex
if and only if for any regular neighbourhood W of an embedding X ⊂ Sn+k

(k large)
homotopy fibre(∂W ⊂W ) ' Sk−1

(Ranicki [61, Prop. 3.11]). The pair

(νX : X → BG(k), ρX : Sn+k → T (νX))

defines the Spivak normal structure of X, with νX the (k−1)-spherical fibra-
tion

νX : Sk−1 → ∂W →W ' X

and ρM the Pontryagin-Thom map

ρM : Sn+k → Sn+k/cl.(Sn+k\W ) = W/∂W = T (νX) ,

such that the composite of the Hurewicz map and the Thom isomorphism

πn+k(T (νX))→ H̃n+k(T (νX)) ∼= Hn(X)

2 a differentiable manifold is triangulable and is a CW complex, whereas a topological

manifold need not be triangulable and only has the homotopy type of a CW complex.
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sends ρM to the fundamental class [X] ∈ Hn(X) (using twisted coefficients
in the nonoriented case).

An n-dimensional normal map (f, b) : M → X is a degree 1 map
f : M → X from an n-dimensional manifold M to an n-dimensional geo-
metric Poincaré complex X, together with a bundle map b : νM → η over
f from the stable normal bundle νM of M to a stable bundle η over X in
the Spivak normal class. The surgery obstruction σ∗(f, b) ∈ Ln(Z[π1(X)]) of
Wall [85] is such that σ∗(f, b) = 0 if (and for n > 5 only if) (f, b) is normal
bordant to a homotopy equivalence. The original construction of σ∗(f, b) used
preliminary surgeries below the middle dimension to make (f, b) : M → X
such that f∗ : πm(M)→ πm(X) is an isomorphism for m < [(n− 1)/2], and
then read off the surgery obstruction form the middle dimensional data. The
surgery obstruction was expressed in Ranicki [60, 61] directly from (f, b), as
the cobordism class of an n-dimensional quadratic Poincaré complex (C,ψ)
over Z[π1(X)]. The homology of C is

H∗(C) = K∗(M) = ker(f̃∗ : H∗(M̃)→ H∗(X̃))

with X̃ = universal cover of X, M̃ = f∗X̃ the pullback cover of M . The
quadratic structure ψ ∈ Qn(C) was obtained using the ‘quadratic construc-

tion’ on a π1(X)-equivariant geometric Umkehr map F : Σ∞X̃+ → Σ∞M̃+.
However, the identification ([61, Prop. 7.1])

σ∗(f, b) = (C,ψ) ∈ Ln(Z[π1(X)])

was somewhat indirect. At the time, it was not obvious how to directly express
Wall’s self-intersection form µ(Sm # M2m) ∈ Q(−)m(Z[π1(M)]) in terms of
the quadratic construction. This will be remedied in §8.4 below

For any n-dimensional geometric Poincaré complex X with Spivak normal
structure (νX , ρX) the composite

σX = ∆ρX : Sn+k
ρX // T (νX)

∆ // X+ ∧ T (νX)

is the Atiyah-Spivak-Wall S-duality map. (See §3.4 above for a treatment of
S-duality). For any pointed space Z there are defined S-duality isomorphisms

σX : {T (νX);Z}
∼= // {Sn+k;X+ ∧ Z} ; F 7→ FσX ,

σX : {X+;Z}
∼= // {Sn+k;Z ∧ T (νX)} ; G 7→ GσX .

For any n-dimensional geometric Poincaré complexes M,X there is thus de-
fined an S-duality isomorphism
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{T (νM );T (νX)} ∼= {X+;M+} .

As in Ranicki [61] given a normal map (f, b) : M → X call any S-dual of
T (b) : T (νM )→ T (η) = T (νX) a geometric Umkehr map for (f, b)

F = T (b)∗ : Σ∞X+ → Σ∞M+

inducing the Umkehr chain map

f ! : C(X) ' C(X)n−∗
f∗ // C(M)n−∗ ' C(M) ,

such that
(1 ∧ f)F ' 1 : Σ∞X+ → Σ∞X+ ,

ff ! ' 1 : C(X)→ C(X) .

The homology and cohomology groups split as

H∗(M) = H∗(X)⊕K∗(M) ,

H∗(M) = H∗(X)⊕K∗(M)

with
Km(M) = ker(f∗ : Hm(M)→ Hm(X)) ,

Km(M) = ker(f ! : Hm(M)→ Hm(X)) .

The Poincaré duality isomorphisms H∗(M) ∼= Hn−∗(M) restrict to Poincaré
duality isomorphisms

K∗(M) ∼= Kn−∗(M) .

The intersection pairing

λ : Km(M)×Kn−m(M)→ Z

is such that

λ(x, y) = (−)m(n−m)λ(y, x) ∈ Z (x ∈ Km(M), y ∈ Km−n(M)) ,

λ([M ] ∩ a, [M ] ∩ b) = 〈a ∪ b, [M ]〉 ∈ Z (a ∈ Kn−m(M), b ∈ Km(M)) .

Remark 8.1. Ranicki [61, §3] developed a π-equivariant S-duality theory, such
that for a normal map (f, b) : M → X there is an isomorphism

{T (ν
M̃

);T (νX̃)}π ∼= {X̃+, M̃+}π

with π = π1(X). An n-dimensional normal map (f, b) : M → X induces a

π-equivariant map T (̃b) : T (ν
M̃

) → T (νX̃) with a π-equivariant S-dual geo-

metric Umkehr map F : Σ∞X̃+ → Σ∞M̃+. The algebraic theory of surgery
of Ranicki [61] (outlined in §5.1 above) obtained the surgery obstruction
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σ∗(f, b) ∈ Ln(Z[π1(X)]) directly from the chain level quadratic construction

of a π1(X)-equivariant geometric Umkehr map F : V∞ ∧ X̃+ → V∞ ∧ M̃+,

with X̃ the universal cover of X and M̃ = f∗X̃ the pullback cover of M .
We deal with the even-dimensional simply-connected case in section 8.2 and
the general non-simply-connected case in section 8.4. By Proposition 5.48 the
geometric Hopf invariant of F : V∞∧X̃+ → V∞∧M̃+ induces the quadratic
construction on the chain level of [61, 62]

hV (F ) = ψF : Hn(X)→ Qn(C(M̃)) = Hn(S(∞)×Z2
(M̃ ×π1(X) M̃)) ,

which determines a quadratic refinement µ for the intersection form λ, al-
lowing the quadratic Poincaré structure to be obtained directly from the
underlying homotopy theory. See §8.4 for details. ut

Remark 8.2. For a normal map (f, b) : M → X it is possible to construct

a geometric Umkehr map F : V∞ ∧ X̃+ → V∞ ∧ M̃+ geometrically, as
on Ranicki [62, p.37]. Replace X by an (n + k)-dimensional manifold with
boundary (W,∂W ) homotopy equivalent to (X × Dk, X × Sk−1), for k >
max(3, 5 − n, n + 1), applying the π-π Theorem of Wall [85, 3.3] 3 and the
Whitney embedding theorem. It is then possible to approximate (f, b) by
a framed embedding e : V ×M ↪→ W\∂W with V a k-dimensional inner
product space/ The adjunction Umkehr map of a lift to a π1(X)-equivariant

embedding ẽ : V × M̃ ↪→ W̃\∂̃W is a geometric Umkehr map for (f, b)

F : W̃/∂̃W ' V∞ ∧ X̃+ → W̃/cl.(W̃\ẽ(V × M̃)) = V∞ ∧ M̃+ .

ut

8.2 The geometric Hopf invariant and the
simply-connected surgery obstruction

The simply-connected surgery obstruction groups are

Ln(Z) =


Z if n ≡ 0(mod 4)

0 if n ≡ 1(mod 4)

Z2 if n ≡ 2(mod 4)

0 if n ≡ 3(mod 4)

3 which applies because the Spivak normal fibration of X has a vector bundle reduction
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so only the even-dimensional case n = 2m need be considered. The surgery
obstruction of a 2m-dimensional normal map (f, b) : M → X is

σ∗(f, b) =

{
signature(Km(M), λ, µ)/8

Arf(Km(M ;Z2), λ, µ)
∈ L2m(Z) =

{
Z if m ≡ 0(mod2)

Z2 if m ≡ 1(mod2)

with (λ, µ) the (intersection, self-intersection) quadratic form on the middle-
dimensional homology kernel{

Km(M) = ker(f∗ : Hm(M)→ Hm(X))

Km(M ;Z2) = ker(f∗ : Hm(M ;Z2)→ Hm(X;Z2))

(cf. Proposition 6.4 above). We construct (λ, µ) using the geometric Hopf
invariant.

Let M2m be a 2m-dimensional manifold with an embedding M ⊂ R2m+k,
and suppose given a map f : M → X to a space X with a k-plane bundle
η : X → BO(k), and a bundle map b : νM⊂R2m+k → η. The bundle map b
determines a bundle isomorphism

τM ⊕ η ∼= ε2m+k .

The normal bundle of an immersion e : Sm # M is an m-plane bundle
νe : Sm → BO(m) such that

νe ⊕ τSm = e∗τM : Sm → BO(2m) ,

so that
νe ⊕ τSm ⊕ (gf)∗η = f∗(τM ⊕ η) ∼= ε2m+k .

A null-homotopy fe ' ∗ : Sm → X thus determines a stable isomorphism

δνe : νe ⊕ εm+k ∼= ε2m+k ,

as classified by an element

(δνe, νe) ∈ πm(V2m+k,m+k) = Q(−1)m(Z) .

Proposition 8.3. Let (f, b) : M → X be a 2m-dimensional normal map,
with geometric Umkehr map F : ΣjX+ → ΣjM+.
(i) The geometric Hopf invariant map

hRj (F ) : X+ 7→ S(LRj)+ ∧Z2
(M+ ∧M+) = (S(LRj)×Z2

(M ×M))+

determines a quadratic refinement of the intersection pairing λ : Km(M) ×
Km(M)→ Z
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µ : Km(M)→ Q(−1)m(Z) = Z/{1 + (−1)m+1} ;

x 7→ −(x⊗ x)hRj (F )∗[M ] =

{
λ(x, x)/2 if m ≡ 0(mod 2)

〈Sqm+1
xF (ι), [X]〉 if m ≡ 1(mod 2)

such that

(a) λ(x, x) = (1 + (−1)m)µ(x) ∈ Z,

(b) µ(ax) = a2µ(x) ∈ Q(−1)m(Z) (a ∈ Z),

(c) µ(x+ y) = µ(x) + µ(y) + λ(x, y) ∈ Q(−1)m(Z),

(d) if x ∈ Km(M) is represented by an immersion e : Sm # M with a
null-homotopy fe ' ∗ : Sm → X then

λ(x, x) = (1 + (−1)m)µ(e) + χ(νe) ∈ Z ,

µ(x) = H(φ) = µ(e) + (νe, δνe) ∈ Q(−1)m(Z) with

H(φ) = hRk(φ)[M ] ∈ H̃2m((Sk−1)+ ∧Z2 (Sm ∧ Sm)) = Q(−1)m(Z)

the Hopf invariant of the stable map

φ : ΣkM+ E // ΣkT (νe)
T (δνe) // ΣkT (εm) // Sm+k

where E is the Umkehr stable map of e.

(ii) If f is m-connected then Km(M) = πm+1(f) and every element x ∈
Km(M) is represented by an immersion e : Sm # M with a null-homotopy
fe ' ∗ : Sm → X. There are two special cases:

(a) For all m it is possible to choose a representative with νe = εm and
(νe, δνe) = 0.

(b) If m > 3 and π1(M) = {1} it is possible to choose a representative with
e an embedding, so that µ(e) = 0.

(iii) If f is m-connected then µ(x) = 0 if (and for m > 3, π1(M) = {1} only
if) it is possible to kill x ∈ Km(M) by surgery on (f, b), i.e. to represent x by
a framed embedding e : Sm ↪→ M with a null-homotopy fe ' ∗ : Sm → X.
(iv) The simply-connected surgery obstruction of Kervaire and Milnor [40]
and Browder [7]
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σ∗(f, b) =

{
signature(Km(M), λ)/8

Arf(Km(M ;Z2), λ, µ)

∈ L2m(Z) =

{
Z if m ≡ 0(mod 2)

Z2 if m ≡ 1(mod 2)

is such that σ∗(f, b) = 0 if (and for π1(X) = {1}, m > 3 only if ) (f, b) is
normal bordant to a homotopy equivalence.

ut

Remark 8.4. The quadratic refinement µ was constructed by Browder [7] us-
ing functional Steenrod squares, by Wall [85] using immersions (assuming
(f, b) is m-connected), and by Ranicki [61] using the quadratic construction
ψG. ut

8.3 The geometric Hopf invariant and codimension 2
surgery

We shall now consider the geometric Hopf invariant for maps F : V∞ ∧
X → V∞ ∧ Y in the 1-dimensional case V = R, which has applications to
codimension 2 surgery, such as knots.

The homotopy exact sequence of the fibration

Sm → BO(m)→ BO(m+ 1)

is mapped by the J-homomorphism to the EHP sequence of Sm

πm+1(BO(m+ 1)) //

J

��

πm(Sm) //

∼=
��

πm(BO(m)) //

J

��

πm(BO(m+ 1))

J

��
π2m+1(Sm+1)

H // Z P // π2m−1(Sm)
E // π2m(Sm+1)

where
HJ = χ : πm+1(BO(m+ 1))→ Z

sends an (m + 1)-plane bundle over Sm+1 to its Euler number (only deter-
mined up to sign in general). The image of the Hopf invariant is
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im(H : π2m+1(Sm+1)→ Z) =


0 if m is even

Z if m = 1, 3, 7

2Z otherwise (Adams [1]) .

The morphism

πm+1(BO(m+ 1), BO(m)) = Z→ πm(BO(m)) ; 1 7→ τSm

is

{
injective

0
for

{
m 6= 1, 3, 7

m = 1, 3, 7
with the generator

(δτSm , τSm) = 1 ∈ πm+1(BO(m+ 1), BO(m)) = Z

represented by the

{
unique

exotic
stable trivialization δτSm : τSm ⊕ ε ∼= εm+1.

Definition 8.5. (Ranicki [62, p.818]) An n-dimensional normal map (f, b) :
M → X is ultranormal if it is obtained from an (n+ 1)-dimensional manifold
W and a Z[π1(X)]-homology equivalence h : W → X × S1 by codimension 1
transversality

(f, b) = h| : N = h−1(X × {∗})→ X . ut

Example 8.6. ([62, p.827]) Let k be a (2m − 1)-knot, i.e. a (locally flat) em-
bedding k : S2m−1 ↪→ S2m+1. The knot complement

W = cl.(S2m+1\(k(S2m−1)×D2))

is a (2m + 1)-dimensional manifold with boundary ∂W = S2m−1 × S1. Let
N2m ⊂ S2m+1 be a Seifert surface k, with ∂N = k(Sm). The inclusion
f : N ↪→ D2m+2 defines an ultranormal map

(f, b) = h| : (N, ∂N) = h−1((D2m+2, k(S2m−1))×{∗})→ (D2m+2, k(S2m−1))

for a homology equivalence

h : (W,∂W )→ (D2m+2, k(S2m−1))× S1

with both f and h identities on boundaries. ut

Remark 8.7. Every m-connected 2m-dimensional normal map can be realized
as an ultranormal map ([62, 7.8]). ut
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An ultranormal map (f, b) : M → X has an Umkehr stable map involving
only a single suspension

F : ΣX∞ = (X × R)∞
h−1

// W
∞ // ΣM+

with W = h∗(X × R) the infinite cyclic cover of W , and W
∞ → ΣM+ the

Pontryagin-Thom map of an embedding N × R ↪→ W . We shall now relate
the geometric Hopf map of F (5.58)

hR(F ) : X∞ 7→M+ ∧M+

in the case dim(M) = 2m to the Seifert form on

Km(M) = ker(f∗ : Hm(M)→ Hm(X))

which was originally defined using linking numbers. In the first instance, we
consider the (self-) intersection properties of (m, 2m, 1)-dimensional embedd-
ing-immersion pairs (d× e : Mm ↪→ R×N2m, e : M # N).

Definition 8.8. The degree of an m-plane bundle ξ : M → BO(m) and a
stable isomorphism δξ : ξ ⊕ ε ∼= εm+1 over an m-dimensional manifold M is

(ξ, δξ)Z = degree(γ : M → Sm) ∈ Z

with γ : M → Sm a classifying map for (ξ, δξ) (6.72). ut

Proposition 8.9. (i) The degree of (ξ, δξ) determines the Euler number of
ξ by

χ(ξ) = (1 + (−1)m)(ξ, δξ)Z ∈ Z .

(ii) For any m-dimensional manifold M the degree defines a morphism

[M,Sm]→ Z ; γ 7→ degree(γ : M → Sm) .

For connected M this an isomorphism (by the Hopf-Whitney theorem) and
the degree classifies pairs (ξ, δξ) as in 8.8.
(iii) The degree is the linking number of the submanifolds

i0 : M ↪→ E(εm+1) = M × Rm+1 ; x 7→ (x, 0) ,

i1 : M ↪→ E(εm+1) = M × Rm+1 ; x 7→ E(δξ)(x, 0, 1) ,

which is the degree of the composite

γ : M
i1 // (M×Rm+1)\i0(M) = M×(Rm+1\{0}) // Rm+1\{0} ' Sm ,
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or equivalently the algebraic number of elements in the 0-dimensional linking
manifold L(M, ξ, δξ) = γ−1(∗) (6.73). ut

Proposition 8.10. Let (d × e : Mm ↪→ R × N2m, e : M # N) be an
(m, 2m, 1)-dimensional embedding-immersion pair with d× e framed, so that
νe : M → BO(m) has a 1-stable trivialization

δνe : νe ⊕ ε ∼= εm+1 .

Let E : ΣN+ → ΣT (νe) be an Umkehr stable map for e, so that the homotopy
class of the Pontryagin-Thom map

φ : ΣN+ E // ΣT (νe)
T (δνe) // T (εm+1)→ Sm+1

is the framed cobordism class of

φ−1(∗) = M ⊂ R×N .

(i) The Hopf invariant map hR(φ) : Σ2N+ → S2m+2 is the Pontryagin-Thom
map for the framed 0-dimensional submanifold

hR(φ)−1(∗) = L(M,N) ∪ L(M,νe, δνe) ⊂ R× R×N ,

with degree

H(φ) = degree(hR(φ)) = µZ(e) + (δνe, νe)
Z ∈ Z .

(ii) If e : M # N is framed, and δνe is the stabilization of the framing
νe ∼= εm, then L(M,νe, δνe) = ∅ and

(νe, δνe)
Z = 0 , H(φ) = µZ(e) ∈ Z .

(iii) If e : M # N is an embedding then L(M,N) = ∅ and

µZ(e) = 0 , H(φ) = (νe, δνe)
Z ∈ Z .

Proof . (i) This is the special case n = 2m of 6.75.
(ii)+(iii) Immediate from (i). ut

Example 8.11. (i) For every immersion e : Sm # S2m there exists a map
d : Sm → R such that d × e : Sm → R × S2m is a framed embedding, with
the stable trivialization

δνe : νe ⊕ ε ∼= εm+1
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such that the Pontryagin-Thom map

φ : Σ(S2m)∞
E // ΣT (νe)

T (δνe) // T (εm+1) // Sm+1

is null-homotopic, or equivalently such that d× e : Sm ↪→ R×S2m is framed
null-cobordant (by Dm+1 ⊂ R × S2m for m > 2, and by a Seifert surface
N2 ⊂ R× S2 for m = 1). For this preferred choice of framing 8.10 (i) gives

H(φ) = µZ(e) + (δνe, νe)
Z = 0 ∈ Z .

(ii) The Whitney immersion f : Sm # S2m has

(δνe, νe)
Z = − (δτSm , τSm)Z = − 1 ∈ πm+1(BO(m+ 1), BO(m)) = Z

with
µZ(e) = 1 , H(φ) = µZ(e) + (δνe, νe)

Z = 0 ∈ Z .

In particular, f : S1 # S2 is just the figure 8 immersion.
(iii) The integral geometric self-intersection of a framed immersion f : Mm #
S2m is identified by 8.10 (ii) with the Hopf invariant of the Pontryagin-Thom
map φ : Σ(S2m)∞ → Sm+1

µZ(e) = H(φ) ∈ im(H : π2m+1(Sm+1)→ Z) =


0 if m is even

Z if m = 1, 3, 7

2Z otherwise .

Thus the number of self-intersections is even, except in the Hopf invariant 1
dimensions m = 1, 3, 7. ut

Let M2m ⊂ S2m+1 be a codimension 1 framed submanifold, and let i :
R×M ↪→ S2m+1 be the inclusion of a tubular neighbourhood. Use the disjoint
embeddings

i0 : M ↪→ S2m+1 ; x 7→ i(0, x) ,

i1 : M ↪→ S2m+1 ; x 7→ i(1, x)

to define a pairing

s : M ×M → S2m ; (x, y) 7→ i0(x)− i1(y)

‖i0(x)− i1(y)‖
.

The induced product in homology

σ : Hm(M)×Hm(M)→ H2m(S2m) = Z ; (x, y) 7→ s∗(x⊗ y)

is such that for any embeddings e, e′ : Sm ↪→M
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σ(e∗[S
m], e′∗[S

m]) = linking number
(
i0e t i1e′ : Sm t Sm ↪→ S2m+1

)
= degree(Sm

i0e // S2m+1\i1e′(Sm) ' Sm) ∈ Z .

For any embedding e : Sm ↪→ M (assumed unknotted in S2m+1 if m = 1)
the composite i0e : Sm ↪→ S2m+1 is isotopic to the standard embedding
Sm ↪→ S2m+1, so that the normal bundle νe : Sm → BO(m) is equipped with
a stable trivialization δνe : νe ⊕ ε ∼= εm+1. Define the disjoint embeddings

j0 : Sm ↪→ E(νe ⊕ ε) = E(νe)× R ; x 7→ (x, 0, 0) ,

j1 : Sm ↪→ E(νe ⊕ ε) = E(νe)× R ; x 7→ (x, 0, 1) .

It follows from the commutative diagram

Sm
j1 //

i1e

��

E(νe ⊕ ε)\j0(Sm) ∼= E(εm+1)\E(δνe)
−1j0(Sm)

��
S2m+1\M // S2m+1\i0e(Sm)

that

σ(e∗[S
m], e∗[S

m]) = linking number(i0e(S
m) ∪ i1e(Sm) ⊂ S2m+1)

= (δνe, νe)
Z ∈ πm+1(BO(m+ 1), BO(m)) = Z .

The above construction applies also to the embedding of a Seifert surface
M2m ↪→ S2m+1 for a (2m− 1)-knot k : S2m−1 ↪→ S2m+1, with

∂M = k(S2m−1) ↪→ S2m+1 .

If x1, x2, . . . , x` ∈ Hm(M) is a basis for the f.g. free Z-moduleHm(M)/torsion
then (σ(xi, xj)) is the Seifert matrix of k with respect to M .

Let M2m be a 2m-dimensional manifold with an embedding i : R×M ↪→
S2m+1, as before. Let

(d× e : Sm ↪→ R×M , e : Sm #M)

be an (m, 2m, 1)-dimensional embedding-immersion pair, with Umkehr stable
map E : ΣM+ → ΣT (νe) and integral self-intersection number

µZ(e) = ψR(E)∗[M ] ∈ Z .

The composite i(d× e) : Sm ↪→ S2m+1 is an embedding with normal bundle

νi(d×e) = νe ⊕ ε : Sm → BO(m+ 1) .
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An isotopy of i(d× e) to the standard embedding Sm ↪→ S2m+1 determines
a stable trivialization

δνe : νe ⊕ ε ∼= εm+1

which is classified by the Hopf invariant of the homotopy equivalence

T (δνe) : ΣT (νe) ' S2m+1 ∨ Sm+1 ,

that is

(δνe, νe)
Z = ψR(T (δνe))[T (νe)] ∈ πm+1(BO(m+ 1), BO(m)) = Z .

(For m 6= 1, 3, 7 this is independent of d : Sm → R, and is just the integer
c ∈ Z such that νe = cτSm ∈ ker(πm(BO(m)) → πm(BO(m + 1))) .) Let
F : S2m+1 → ΣM+ be the Pontryagin-Thom map for i : R ×M ↪→ S2m+1.
(If M is a Seifert surface of a knot k : S2m−1 ↪→ S2m+1 then F is the Umkehr
stable map for the ultranormal normal map

(f, b) = inclusion : (M,∂M)→ (D2m+2, k(S2m−1))

of 6.12). The composite

T (δνe)EF : S2m+1 F // ΣM+ E // ΣT (νe)
T (δνe)// S2m+1 ∨ Sm+1

is the Pontryagin-Thom map of the standard embedding Sm ↪→ S2m+1, so
that

T (δνe)EF ' inclusion : S2m+1 → S2m+1 ∨ Sm+1

and by the composition formula 5.49 (vi)

ψR(T (δνe)FG)[S2m]

= (F ⊗ F )∗ψR(F )∗[S
2m] + ψR(E)∗[M ] + ψR(T (δνe))[T (νe)]

= 0 ∈ Z .

The evaluation of the ultraquadratic construction on F (5.52)

ψR(F ) : S2m 7→M+ ∧M+

on [S2m] is a homology class

h′R(F )∗[S
2m] ∈ H̃2m(M+ ∧M+) = H2m(M ×M)

such that

σ : Hm(M)×Hm(M)→ Z ; (x, y) 7→ −〈x∗ × y∗, h′R(F )∗[S
2m]〉

with x∗, y∗ ∈ Hm(M) the Poincaré duals of x, y ∈ Hm(M). Thus
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σ(e∗[S
m], e∗[S

m]) = − (F ⊗ F )∗h
′
R(F )∗[S

2m]

= h′R(F )∗[M ] + h′R(T (δνe))[T (νe)]

= µZ(e) + (δνe, νe)
Z ∈ Z

In particular, if x = e∗[S
m] ∈ Hm(M) for an embedding e : Sm ↪→M then

µZ(e) = 0 , σ(x, x) = (δνe, νe)
Z ∈ Z .

On the other hand, if x = e∗[S
m] ∈ Hm(M) for a framed immersion e :

Sm #M then

(δνe, νe)
Z = 0 , σ(x, x) = µZ(e) ∈ Z .

Mow suppose that M is (m−1)-connected. Every x ∈ Hm(M) is represented
by a framed immersion e : Sm # M . If m > 3 then every x ∈ Hm(M) is
represented by an embedding e : Sm ↪→ M (which will not in general be
framed). An element x ∈ Hm(M) is such that σ(x, x) = 0 if (and for m > 3
only if) it can be represented by a framed embedding e : Sm ↪→M , in which
case x can be killed by ambient surgery to obtain an ambient cobordant
submanifold

(M ↪→ S2m+1) 7→ (M ′ ↪→ S2m+1)

with
M ′ = cl.(M\(e(Sm)×Dm)) ∪Dm+1 × Sm−1

Remark 8.12. See Levine [50] for the classification in the case m > 3 of (2m−
1)-knots k : S2m−1 ↪→ S2m+1 which are simple, i.e. which admit an (m −
1)-connected Seifert surface M2m ↪→ S2m+1. The isotopy classes of such
knots are in one-one correspondence with the S-equivalence classes of Seifert
matrices σ = (σij)16i,j6` with σij ∈ Z and (σij + (−1)mσji) invertible.
The knot k corresponding to σ has an (m − 1)-connected Seifert surface
M2m ↪→ S2m+1 with a handle presentation involving ` m-handles

M = D2m ∪
⋃
`

(Dm ×Dm) .

The attaching maps are embeddings φi : Sm−1 ×Dm ↪→ S2m−1 with

linking number(φi(S
m−1 × {0}) ∪ φj(Sm−1 × {0}) ⊂ S2m−1)

= σij + (−1)mσji ∈ Z (1 6 i, j 6 `, i 6= j) .

The basis elements

xi = (0, . . . , 0, 1, 0, . . . , 0) ∈ Hm(M) = Z` (1 6 i 6 `)

are represented by (m, 2m, 1)-dimensional embedding-immersion pairs
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(ei × fi : Sm ↪→ R×M2m , fi : Sm # N)

with ei × fi framed and fi an embedding, such that

(δνfi , νfi) = σii(δτSm , τSm) ∈ πm+1(BO(m+ 1), BO(m)) = Z .

ut

Proposition 8.13. Let Nn ⊂ Mn+1 be a framed codimension 1 submani-
fold with complement P , so that

M = N × I ∪i0,i1 P

and there is defined a cofibration sequence

P+ // M+ F // ΣN+ G // ΣP+

with

F = projection : M+ →M/P = N × I/∂(N × I) = ΣN+ ,

G = Σi0 −Σi1 : ΣN+ → ΣP+

where i0, i1 : N → P are the inclusions of the two boundary components. The
spectral Hopf invariant of F , the Hopf invariant of G and i0, i1 are related
by a stable homotopy commutative diagram

ΣM+
shR(F )

//

ΣF

��

ΣP+ ∧ΣP+

Σ2N+

−hR(G)

99

Σ2∆N // ΣN+ ∧ΣN+

G ∧Σi1

OO

Proof . By 5.63 we have the stable homotopy identity

shR(F ) + hR(G)ΣF = 0 : ΣM+ → ΣP+ ∧ΣP+ .

By the sum formula 5.33 (viii)

hR(G) = hR(Σi0)+hR(−Σi1)+(Σi0∧−Σi1)Σ2∆N : Σ2N+ → ΣP+∧ΣP+ .

By the suspension formula 5.33 (iii)

hR(Σi0) = 0 : Σ2N+ → ΣP+ ∧ΣP+ .
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By Example 5.37 the Hopf invariant map of

−1 : S1 → S1 ; t 7→ 1− t

is given by
hR(−1 : S1 → S1) = 1 : S2 → S2 .

By the product formula 5.33 (vi)

hR(−Σi1) = hR(−1 ∧ i1 : S1 ∧N+ → S1 ∧ P+)

= (Σi1 ∧Σi1)Σ2∆N : Σ2N+ → ΣP+ ∧ΣP+ .

Substitution in the expression for hR(G) gives

hR(G) = ((Σi0 −Σi1) ∧ −Σi1)Σ2∆N

= − (G ∧Σi1)Σ2M+ : Σ2N+ → ΣP+ ∧ΣP+ .

ut

Remark 8.14. Let k : Sn−1 ⊂ Sn+1 be an (n − 1)-knot, and let Mn ⊂ Sn+1

be a Seifert surface, so that ∂M = k(Sn−1). The knot complement is a
codimension 0 submanifold

X = cl.(Sn+1\(k(Sn−1)×D2)) ⊂ Sn+1

which can be cut along M ⊂ X to obtain a codimension 0 submanifold

P = cl.(X\(M × I)) ⊂ X

such that
∂P = M ∪∂M M , X = (M × I) ∪i0,i1 P ,

Sn+1 = (M × I ∪ ∂M ×D2) ∪i0,i1 P

with i0, i1 : M → P the two inclusions. As in 8.13 there is defined a homotopy
cofibration sequence

P+ // Sn+1 F // Σ(M/∂M)
G // ΣP+

such that up to homotopy

Σi0 −Σi1 : ΣM+ // Σ(M/∂M)
G // ΣP+ ,

and up to stable homotopy

shR(F ) = (G ∧Σi1)(Σ2∆N/∂N )(ΣF ) : Sn+2 → ΣP+ ∧ΣP+ .
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The expression of the spectral Hopf invariant shR(F ) of the unstable normal
invariant F of Mn ⊂ Sn+1 in terms of the homotopy-theoretic Seifert form
i1 is a generalization of Theorem 3.1 of Richter [67]. ut

8.4 The geometric Hopf invariant and the
non-simply-connected surgery obstruction

The surgery obstruction group Ln(A) was defined by Wall [86] for any ring
with involution A to be the Witt group of (−1)k-quadratic forms over A for
n = 2k, and the Witt group of automorphisms of (−1)k-quadratic forms for
n = 2k + 1. In the applications to non-simply-connected surgery obstruction
theory A = Z[π] is a group ring, with the involution

A→ A ;
∑
g∈π

ngg 7→
∑
g∈π

ngw(g)g−1 (ng ∈ Z)

for an orientation morphism w : π → Z2 = {±1} (w = 1 in the oriented
case). The surgery obstruction σ∗(f, b) ∈ Ln(Z[π1(X)]) of an n-dimensional
normal map (f, b) : M → X was constructed by first making (f, b) [n/2]-
connected by surgery below the middle dimension, and then using the middle-
dimensional quadratic π1(X)-valued self-intersection data on the kernel ho-
mology Z[π1(X)]-modules

Ki(M) = ker(f̃∗ : Hi(M̃)→ Hi(X̃))

with f̃ : M̃ → X̃ a π1(X)-equivariant lift of f to the universal cover X̃ of

X and the pullback cover M̃ = f∗X̃ of M . The algebraic L-group Ln(A)
was interpreted in Ranicki [61] as the cobordism group of n-dimensional
quadratic Poincaré complexes over A. The surgery obstruction σ∗(f, b) was
represented in [61] by the cobordism class of an n-dimensional quadratic
Poincaré complex (C,ψ) over Z[π1(X)], with H∗(C) = K∗(M) the kernel
Z[π1(X)]-modules, and ψ obtained from a π1(X)-equivariant stable Umkehr

map F : Σ∞X̃+ → Σ∞M̃+ S-dual to the induced map of π1(X)-equivariant

Thom spaces T (̃b) : T (ν
M̃

)→ T (νX̃) by a chain level quadratic construction
capturing the self-intersection data, namely the ‘π1(X)-equivariant quadratic
construction’ ψ. The chain level ψ generalized the functional Steenrod squares
used by Browder [7] in the homotopy-theoretic construction of the simply-
connected surgery obstruction. In [61] ψ was generalized to π1(X)-equivariant
spectral quadratic and ultraquadratic constructions. In particular:
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(a) The π1(X)-equivariant homotopy-theoretic expression for the double
points of an immersion f : Mm # N2m

µ(f) ∈ Z[π1(N)]/{x− (−)mx |x ∈ Z[π1(N)]}

of Wall [85, §5].

(b) The π1(X)-equivariant homotopy-theoretic expression for the quadratic
structure

ψb ∈ Qn(C (f !))

on the Z[π1(X)]-module chain complex kernel of an n-dimensional normal
map (f, b) : M → X of Ranicki [61].

However, the proofs in [61] were somewhat indirect: Proposition 5.48 gives
a direct proof in the simply-connected case, and Appendix A gives the non-
simply-connected case.

8.5 The geometric Hopf invariant and the total surgery
obstruction

The Browder-Novikov-Sullivan-Wall surgery obstruction theory studies the
‘n-dimensional smooth structure set’ SO(X) of a topological space X, and its
topological analogue STOP (X). By definition, SO(X) is the set of equivalence
classes of pairs

( smooth n-dimensional manifold M , homotopy equivalence h : M → X )

with

(M,h) ' (M ′, h′) if h′−1h : M →M ′ is homotopic to a diffeomorphism.

The structure set SO(X) is non-empty if and only if X is homotopy equivalent
to an n-dimensional smooth manifold. The original 1960’s surgery theory
provided a two-stage obstruction in the case n > 5 for deciding if SO(X) is
non-empty, and in this case obtained the ‘surgery exact sequence’ of pointed
sets

· · · → Ln+1(Z[π1(X)])→ SO(X)→ [X,G/O]→ Ln(Z[π1(X)])

with G/O the homotopy fibre of the forgetful map BO → BG. Let X be
an n-dimensional geometric Poincaré complex with Spivak normal structure
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(νX : X → BG(k), ρX : Sn+k → T (νX)) (k large). The primary obstruction
to SO(X) being non-empty is the homotopy class of the composite

X
νX // BG(k) // B(G/O) ,

which is zero if and only if νX admits a vector bundle reduction η : X →
BO(k) (k large). If this obstruction vanishes choose a reduction, and apply
Pontryagin-Thom transversality to ρX : Sn+k → T (η) = T (νX) to obtain a
normal map from a smooth n-dimensional manifold

(f, b) = ρX | : Mn = ρ−1
X (X)→ X

with a non-simply-connected surgery obstruction σ∗(f, b) ∈ Ln(Z[π1(X)]).
For n > 5 σ∗(f, b) = 0 if and only if (f, b) is normal bordant to a homotopy
equivalence. A different choice of reduction η will give a different surgery
obstruction: X is homotopy equivalent to a smooth manifold if and only if
there exists a reduction η with zero surgery obstruction. See Ranicki [65] for
a general introduction to smooth surgery theory.

The Browder-Novikov-Sullivan-Wall theory was originally developed for
smooth manifolds, but since the 1970 breakthrough of Kirby and Sieben-
mann [41] there is also a version for topological manifolds. Technically, a
topological manifold may not be a geometric Poincaré complex, because it
may not be a finite CW complex, but it is homotopy equivalent to one. The
topological structure set STOP (X) is defined by analogy with SO(X), but
using topological manifolds, which has better algebraic properties. Again, for
n > 5 there is a two-stage obstruction theory to the existence, with an exact
sequence of pointed sets

· · · → Ln+1(Z[π1(X)])→ STOP (X)→ [X,G/TOP ]→ Ln(Z[π1(X)])

with G/TOP the homotopy fibre of the forgetful map BTOP → BG, such
that

π∗(G/TOP ) = L∗(Z) .

However, there is an essential difference between the smooth and topological
theories. The ‘total surgery obstruction’ of Ranicki [59, 62, 63] unites the two
obstructions in the topological category, and if non-empty STOP (X) has the
structure of an abelian group4.

An n-dimensional geometric normal complex in the sense of Quinn [58]

(νX : X → BG(k), ρX : Sn+k → T (νX)) (k large)

4 There is no smooth analogue of the total surgery obstruction, and SO(X) does not have

the structure of an abelian group, by Crowley [17].
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is a space X together with a (k−1)-spherical fibration νX and a map ρX . (We
shall only be considering spaces X which are finite complexes, or at worst
have the homotopy type of a finite complex). The composite

πn+k(T (νX))
Hurewicz // H̃n+k(T (νX))

Thom
∼=

// Hn(X)

sends ρX to the fundamental class [X] ∈ Hn(X), using twisted coefficients in
the non-oriented case. An n-dimensional geometric Poincaré complex X in
the sense of Wall [84] is essentially the same as an n-dimensional geometric
normal complex (X, νX , ρX) such that the Z[π1(X)]-module chain map

[X] ∩ − : C(X̃)n−∗ = HomZ[π1(X)](C(X̃),Z[π1(X)])n−∗ → C(X̃)

is a chain equivalence, with X̃ the universal cover of X.

An n-dimensional topological manifold M is homotopy equivalent to an
n-dimensional geometric Poincaré complex (but may not actually be a CW
complex), with νM the sphere bundle of the topological normal block bundle

ν̃M : M → BT̃OP (k) of an embedding M ⊂ Sn+k, and ρM : Sn+k →
T (νM ) = T (ν̃M ) topologically transverse at the zero section M ⊂ T (ν̃M )
with

ρM | = id. : (ρM )−1(M) = M →M .

The primary obstruction is the homotopy class t(νX) ∈ [X,B(G/TOP )]
of νX , such that t(νX) = 0 if and only if νX admits a topological reduction
η : X → BTOP (k). If the primary obstruction is zero, use a choice of η to
make ρX : Sn+k → T (νX) = T (η) topologically transverse at the zero section
X ⊂ T (νX) = T (ν̃X) (by Kirby and Siebenmann [41]) obtaining a normal
map

(f, b) = ρX | : Mn = (ρX)−1(X)→ X

with M an n-dimensional topological manifold. The surgery obstruction
σ∗(f, b) ∈ Ln(Z[π1(X)]) is the secondary obstruction (which depends on the
choice of ν̃X) such that σ∗(f, b) = 0 if (and for n > 5 only if) (f, b) is normal
bordant to a homotopy equivalence.

The total surgery obstruction of an n-dimensional geometric Poincaré com-
plex X is the invariant s(X) ∈ Sn(X) introduced in Ranicki [59] such that
s(X) = 0 ∈ Sn(X) if (and for n > 5 only if) X is homotopy equivalent to an
n-dimensional topological manifold. The invariant takes value in the relative
group Sn(X) of the assembly map A from the generalized L•(Z)-homology
groups to the surgery obstruction groups

. . . // Hn(X;L•(Z))
A // Ln(Z[π1(X)]) // Sn(X)

∂ // Hn−1(X;L•(Z)) // . . .
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with L•(Z) the 1-connective quadratic L-spectrum of Z such that for n > 1

πn(L•(Z)) = Ln(Z) =


Z if n ≡ 0(mod 4)

0 if n ≡ 1(mod 4)

Z2 if n ≡ 2(mod 4)

0 if n ≡ 3(mod 4) .

The image
[s(X)] = t(X) ∈ Hn−1(X;L•(Z))

is such that t(X) = 0 if and only if νX admits a topological reduction η, i.e. it
is the primary obstruction to X being homotopy equivalent to a topological
manifold. If t(X) = 0 then choosing a reduction η topological transversality
gives a normal map (f, b) : M → X (as above) and the surgery obstruction
σ∗(f, b) ∈ Ln(Z[π1(X)]) has image

[σ∗(f, b)] = s(X)

∈ im(Ln(Z[π1(X)])→ Sn(X)) = ker(Sn(X)→ Hn−1(X;L•(Z))) .

If X is an n-dimensional topological manifold for n > 5 there is defined an
isomorphism of exact sequences

. . . // Ln+1(Z[π1(X)]) // STOP (X) //

∼=
��

[X,G/TOP ]

∼=
��

// Ln(Z[π1(X)]) // . . .

. . . // Ln+1(Z[π1(X)]) // Sn+1(X) // Hn(X;L•(Z))
A // Ln(Z[π1(X)]) // . . .

The mapping cylinder of a homotopy equivalence h : M → X of n-
dimensional topological manifolds is an (n+1)-dimensional geometric Poincaré
cobordism (W ;M,X) with manifold boundary. The rel ∂ total surgery ob-
struction s∂(W ) ∈ Sn+1(X) defines the isomorphism

STOP (X)→ Sn+1(X) ; (M,h) 7→ s∂(W ) .

The spectrum L•(R) of Kan ∆-sets was defined in Ranicki [59, p. 297]
using n-ads of quadratic Poincaré complexes over a ring with involution R
and the assembly map

A : X+ ∧ L•(Z)→ L•(Z[π1(X)])

was defined using bisimplicial methods, and the homotopy fibration sequence
of spectra

L•(Z)
1+T // L•(Z)

J // L̂•(Z)
∂ // ΣL•(Z)
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with L•(Z) the symmetric L-spectrum such that

πn(L•(Z)) = Ln(Z) =


Z if n ≡ 0(mod 4)

Z2 if n ≡ 1(mod 4)

0 if n ≡ 2(mod 4)

0 if n ≡ 3(mod 4)

and L̂•(Z) the hyperquadratic L-spectrum such that

πn(L̂•(Z)) = L̂n(Z) =



Z if n = 0

Z8 if n > 0 and n ≡ 0(mod 4)

Z2 if n ≡ 1(mod 4)

0 if n ≡ 2(mod 4)

Z2 if n ≡ 3(mod 4)

A (k − 1)-spherical fibration ν : X → BG(k) has a canonical L̂•(Z)-

cohomology Thom class Û(ν) ∈ Ḣk(T (ν); L̂•(Z)) (which lifts to a L•(Z)-
cohomology Thom class U(ν) ∈ Ḣk(T (ν);L•(Z)) if and only if ν has a topo-

logical block bundle reduction ν̃ : X → BT̃OP (k)). For an n-dimensional
geometric Poincaré complex X with Spivak normal structure (νX : X →
BG(k), ρX : Sn+k → T (νX)) the S-dual of Û(νX) is a fundamental L̂•(Z)-

homology class [X]L̂•(Z) ∈ Hn(X; L̂•(Z)). The total surgery obstruction

s(X) ∈ Sn(X) is the cobordism class of ∂[X]L̂•(Z) ∈ Hn−1(X; L̂•(Z)) with

assembly
A(∂[X]L̂•(Z)) = (C,ψ) = 0 ∈ Ln−1(Z[π1(X)])

with (= C([X] ∩ − : C(X̃)n−∗ → C(X̃))∗+1 a contractible Z[π1(X)]-module
chain complex. (Incidentally, the recent paper of Kühl, Macko and Mole [49]
has given a detailed exposition of the total surgery obstruction from the
point of view of [59].) A priori, it was not clear that C supports an (n− 1)-
dimensional quadratic Poincaré structure ψ, but this was remedied in Ranicki
[62, §7.3]: for any n-dimensional normal complex (X, νX : X → BG(k), ρX :
Sn+k → T (νX)) the π1(X)-equivariant S-dual of

Sn+k ρX // T (νX) = T (νX̃)/π1(X)
∆ // X̃+ ∧π1(X) T (νX̃)

is a semistable π1(X)-equivariant map F : T (νX̃)∗ → ΣkX̃+ inducing the
Z[π1(X)]-module chain map

f = [X] ∩ − : Ċ(T (νX̃)∗)∗+k = C(X̃)n−∗ → C(X̃) .

The π1(X)-equivariant spectral quadratic construction
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ψF : Ḣk(T (νX)) = Z→ Qn(C(f))

factors through the suspension S : Qn−1(C(f)∗+1) → Qn(C(f)) ([62, Prop.
7.4.1. (iv)]). The construction ψF is induced by the π1(X)-equivariant spec-
tral Hopf invariant ψF (§5.7, Definition 7.11).

Remark 8.15. See Ranicki [63, §17], [64, §9] for a combinatorial approach to
the total surgery obstruction s(X) ∈ Sn(X) of an n-dimensional geometric
Poincaré simplicial complex X using the X-local category of (Z, X)-modules
of Ranicki and Weiss [66]. ut



Appendix A

The homotopy Umkehr map

Given a normal map (f, b) : M → X we construct, using the method of
Crabb and James [14, p.261] and Crabb and Ranicki [16], a fibrewise stable
map

F : X tX X 7→M tX X

over X, where M is the path space of pairs (x, α), x ∈ M , α : [0, 1] → X,
with α(0) = f(x), fibred over X by (x, α) 7→ α(1).

A.1 Fibrewise homotopy theory

Let B be a reasonable space, such as a finite CW complex. A fibrewise space
over B is a space X together with a map pX : X → B. A fibrewise map
f : X → Y is a map such that the diagram

X
f //

pX   

Y

pY~~
B

commutes. For fibrewise pointed spaces X,Y let [X,Y ]B denote the set of
(fibrewise) homotopy classes of fibrewise maps f : X → Y .

The product of fibrewise spaces X,Y is the fibrewise space

331
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X ×B Y = {(x, y) ∈ X × Y | pX(x) = pY (y) ∈ B}
=

⋃
b∈B

(pX)−1(b)× (pY )−1(b)

= (pX × pY )−1(∆B) ⊂ X × Y

with ∆B ⊂ B ×B the diagonal subspace.

Let qB : B̃ → B be the projection of a regular cover with group of covering
translations π. For a fibrewise space X over B the pullback cover of X

X̃ = (pX)∗(B̃) = X ×B B̃

= {(x, b̃) ∈ X × B̃ | pX(x) = qB (̃b) ∈ B}

has projection

X̃ → X ; (x, b̃) 7→ x (pX(x) = qB (̃b) ∈ B)

with a π-equivariant lift of pX

p̃X : X̃ → B̃ ; (x, b̃) 7→ b̃ .

For a fibrewise product X ×B Y the pullback cover of X ×B Y → B

X̃ ×B Y = X̃ ×B̃ Ỹ

= {(x, y, b̃) ∈ X × Y × B̃ | pX(x) = pY (y) = qB (̃b) ∈ B}

can be regarded as the π-equivariant subspace X̃ ×B̃ Ỹ ⊂ X̃ × Ỹ consisting

of all the ((x, b̃), (y, c̃)) ∈ X̃ × Ỹ with b̃ = c̃ ∈ B̃. Passing to the quotients by
the π-actions we obtain the injective assembly map

A : X ×B Y → X̃ ×π Ỹ ; (x, y) 7→ [(x, b̃), (y, b̃)]

with b̃ ∈ q−1
B (pX(x)) = q−1

B (pY (y)) ⊆ B̃. In particular, for X = Y = B the
assembly is just the diagonal map

A = ∆ : B ×B B = B → B̃ ×π B̃ ; b 7→ [̃b, b̃] .

The coproduct of fibrewise spaces X,Y is the disjoint union

X tB Y = X t Y

with the topology characterized by the property that fibrewise maps XtY →
Z are in one-one correspondence with the fibrewise maps X → Z, Y → Z.
The quotient fibrewise space of a closed subspace A ⊆ X is

X/BA = (X tB B)/ ∼
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with ∼ the equivalence relation generated by x ∼ b for x ∈ A, b ∈ B with
pX(x) = b.

A fibrewise space X is pointed if the projection pX : X → B is equipped
with a section sX : B → X. The smash product of pointed fibrewise spaces
X,Y is the pointed fibrewise space

X ∧B Y = X ×B Y/B((X ×B sY (B)) ∪ (sX(B)×B Y )) .

In particular, for any spaces P,Q over B

(P tB B) ∧B (Q tB B) = (P ×B Q) tB B .

A fibrewise map f : X → Y over B induces a π-equivariant map

f̃ : X̃ → Ỹ ; (x, b̃)→ (f(x)), b̃) .

Given a covering projection qB : B̃ → B with group of covering projections
π and a pointed fibrewise space X over B define the pointed π-space X̃/B̃,
with the action of π free away from the base point. Define the assembly map
from the fibrewise homotopy set to the π-equivariant homotopy set

A : [X,Y ]B → [X̃/B̃, Ỹ /B̃]π ; f 7→ f̃ .

The suspension of X is the pointed fibrewise space

ΣBX = (B × S1) ∧B X .

The (disk, sphere)-bundle of a (finite-dimensional real) vector bundle ξ
over a space M over B is a pair of spaces (D(ξ), S(ξ)) over B. The fibrewise
Thom space of ξ is the fibrewise space over B is

TB(ξ) = D(ξ)/BS(ξ) .

(The fibrewise Thom space is denoted by Mξ in [14] and [16]). For each x ∈ B
there is a base point ∗x ∈ TB(ξ), so that B ⊂ TB(ξ), with

TB(ξ)/B = D(ξ)/S(ξ) = T (ξ)

the ordinary Thom space of ξ. The effect on the fibrewise Thom space of
adding the trivial line bundle ε to ξ is given by

TB(ξ ⊕ ε) = ΣBTB(ξ) .

In particular

TB(0) = M tB B , TB(εk) = Σk
B(M tB B) (k > 0) .
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If qB : B̃ → B is a covering projection with group of covering translations π
the pullback ξ̃ = q∗B(ξ) is a vector bundle over B̃ such that

TB(ξ̃) = T (ξ̃)/B̃

is a semifree π-space with quotient

TB(ξ̃)/π = TB(ξ) .

A fibrewise stable map F : X 7→ Y of pointed fibrewise spaces is an equiv-
alence class of fibrewise maps

F : Σk
BX → Σk

BY (k > 0) .

The abelian group of fibrewise stable maps X 7→ Y is written

ω0
B{X;Y } = lim

k→∞
[Σk
BX;Σk

BY ]B .

The fibrewise geometric Hopf map can be constructed by a routine exten-
sion of the method in section 5.3 as a function

ω0
B{X;Y } → ω0

B{X;S(∞)+ ∧Z2 (Y ∧B Y )} ; F 7→ h(F )

(See [14, pp. 168–169, 306–308] for details.)

A.2 The homotopy Pontryagin-Thom construction

Suppose given an embedding f : M ↪→ N\∂N of a closed m-dimensional
manifold M in the interior of an n-dimensional manifold N with boundary
∂N (which may be empty).

We write the path space fibration of the embedding f as

f ′ : M = {(x, α) ∈M ×N [0,1] |α(0) = f(x)} → N ; (x, α) 7→ α(1) .

The projection
π : M→M ; (x, α) 7→ x

is a homotopy equivalence such that fπ ' f ′.

Let νf : M → BO(n −m) be the normal bundle, and let D(νf ) ↪→ N be
a tubular neighbourhood. The standard Pontryagin-Thom construction gives
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a map

F : N/∂N → T (νf ) ; y 7→

{
y if y ∈ D(νf )

∗ if y ∈ N\D(νf )

which we shall now extend to a homotopy Pontryagin-Thom map over N

FN : N ∪∂N N → TN (π∗νf )

constructed as follows. For y ∈ D(νf ) in the fibre of D(νf ) over x ∈ M , let
α : [0, 1]→ N be the linear path from f(x) to y in the fibre D(νf (x)) (in N),
and let z ∈ TN (π∗νf ) be the point over y given by y in the fibre of π∗νf over
(x, α) ∈M. Define a map

N → TN (π∗νf ) ; y 7→

{
z if y ∈ D(νf )

∗ if y ∈ N\D(νf ) .

Note that α(1) = y, so that this is fibrewise over N . Extend this map on N
to N ∪∂N N by mapping the other (basepoint) copy of N to the basepoint
in each fibre of TN (π∗νf ), to obtain the homotopy Pontryagin-Thom map
FN : N ∪∂N N → TN (π∗νf ).

Passing to the quotient by N recovers the classical Pontryagin-Thom map

F : N/∂N = (N ∪∂N N)/N → TN (π∗νf )/N = T (π∗νf ) ' T (νf ) .

Given a regular cover qN : Ñ → N with group of covering translations Γ
(e.g. the universal cover for connected N , with Γ = π1(N)) it is possible to
lift f to a Γ -equivariant embedding

f̃ : M̃ = f∗Ñ = {(x, y) ∈M × Ñ |f(x) = qN (y) ∈ N} ↪→ Ñ ; (x, y) 7→ y

and the standard Pontryagin-Thom construction gives a Γ -equivariant Umkehr
map

F̃ : Ñ/∂̃N → T (νf̃ ) = T (q∗Mνf )

with qM the projection

qM : M̃ →M ; (x, y) 7→ x .

The assembly of the homotopy Pontryagin-Thom map FN determines this
Γ -equivariant Umkehr map F̃

A : [N ∪∂N N,TN (π∗νf )]N → [Ñ/∂̃N, T (q∗Mνf )]Γ ; FN 7→ F̃ .

More precisely, lift the fibrewise map FN : N ∪∂N N → TN (π∗νf ) from N to

Ñ to get a Γ -equivariant map over Ñ
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F̃ : Ñ ∪
∂̃N

Ñ → TÑ (π̃∗νf ) ,

where π̃ is obtained by lifting π :

π̃ : M̃ = {(x, α, y) ∈M ×N [0,1] × Ñ | α(0) = f(x), α(1) = qN (y)}
→M ; (x, α, y) 7→ x .

For (x, α, y) ∈ M̃, we have a unique path α̃ : [0, 1] → Ñ lifting α with

α̃(1) = y. Then α̃(0) ∈ Ñ projects to f(x) ∈ N . Hence (x, α̃(0)) ∈ M̃ . This
allows us to define a map

r : M̃→ M̃ ; (x, α, y) 7→ (x, α̃(0))

such that π̃ = qM ◦ r. We obtain the Γ -equivariant map g̃ by collapsing the
basepoints Ñ

g̃ : Ñ/∂̃N = (Ñ ∪
∂̃N

Ñ)/(Ñ ×{∗})→ TÑ (π̃∗νf )/(Ñ ×{∗}) = T (q∗Mνf ) .

In particular, if g = FN : N ∪∂N N → TN (π∗νf ) then g̃ = F̃ : Ñ/∂̃N →
T (q∗Mνf ). If f : M ↪→ N is a framed embedding, with νf = εn−m the trivial
(n−m)-plane bundle, the homotopy Pontryagin-Thom construction is a map

FN : N ∪∂N N → TN (π∗νf ) = Σn−m
N (M tN N)

and the Γ -equivariant Umkehr is a map

F̃ : Ñ/∂̃N → T (q∗Mνf ) = Σn−m(M̃+) .

A.3 The homotopy Umkehr map of an immersion

More generally, suppose given an immersion f : M # N\∂N of a closed
m-dimensional manifold in the interior of an n-dimensional manifold with
boundary, with normal bundle νf : M → BO(n−m).

We again write the path space fibration of the map f as the space

f ′ : M = {(x, α) ∈M ×N [0,1] |α(0) = f(x)} → N ; (x, α) 7→ α(1)

over N , with the homotopy equivalence π : M→M .

In this section we shall associate to f a fibrewise stable homotopy class
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FN ∈ ω0
N{N ∪∂N N ; TN (π∗νf )}

that we call the homotopy Umkehr of the immersion f .

For sufficiently large j > 0 there exists a map e : M → Rj such that

g = e× f : M → Rj ×N ; x 7→ (e(x), f(x))

is an embedding which is regular homotopic to the composite

M # N ↪→ Rj ×N

of f and the embedding

N ↪→ Rj ×N ; x 7→ (0, x)

with trivial normal bundle εj : N → BO(j). The normal bundle of g is

νg = νf ⊕ εj : M → BO(n−m+ j) .

The homotopy Pontryagin-Thom map of g is a map

GRj×N : Rj × (N ∪∂N N)→ TRj×N ((π′)∗(νe×f ))

with π′ : M′ →M over Rj ×N with the projection of

M′ = {(x, α) ∈M × (Rj ×N)[0,1] |α(0) = (e(x), f(x))} .

It is possible to regard GRj×N as a fibrewise stable map over N

FN = GRj×N : Σj
N (N ∪∂N N)→ Σj

NTN (π∗νf ) ,

representing an element

FN ∈ ω0
N{N ∪∂N N ;TN (π∗νf )} .

The stable homotopy class of the homotopy Umkehr map FN depends only
on the regular homotopy class of the immersion f .

For a regular cover qN : Ñ → N with group of covering translations Γ ,
g lifts to a Γ -equivariant embedding g̃ : M̃ ↪→ Rj × Ñ , and there is a Γ -
equivariant Umkehr map

F̃ : Σj(Ñ/∂̃N)→ T (νg̃) = ΣjT (νf̃ ) = ΣjT (q∗Mνf ) .

It is determined by FN :
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ω0
N{N ∪∂N N ;TN (π∗νf )} → {Ñ+;T (νf̃ )}Γ ; FN 7→ F̃ .

A.4 The homotopy Umkehr map of a normal map

Suppose given a Browder-Novikov-Sullivan-Wall normal map (f, b) : M → X
from an m-dimensional manifold M to an m-dimensional geometric Poincaré
complex X, with b : νM → η a map over f from a stable normal bundle νM
of M to a vector bundle η over X.

In this section, we write M→ X for the path fibration of the map f

f ′ : M = {(x, α) ∈M ×N [0,1] |α(0) = f(x)} → X ; (x, α) 7→ α(1),

with the homotopy equivalence π : M → M , (x, α) 7→ x. We shall construct
a fibrewise stable homotopy class over X,

FX : ω0
X{X tX X; M tX X},

that we call the homotopy Umkehr of the normal map.

As in §8, by the π-π theorem of Wall [85, Chapter 3], for sufficiently
large j > 0 (X × Dj , X × Sj−1) is homotopy equivalent to an (m + j)-
dimensional manifold with boundary (N, ∂N) and (f, b) can be approximated
by a framed embedding M ↪→ N\∂N . The homotopy Pontryagin-Thom map
of the embedding

N ∪∂N N → Σj
N (M tN N)

determines the homotopy Umkehr map

FX : Σj
X(X tX X)→ Σj

X(M tX X)

representing an element FX ∈ ω0
X{X tX X;M tX X}. We shall show below

that this class is independent of the choice of the manifold N .

Now the fibrewise Hopf invariant is a function

h(FX) ∈ ω0
X(X tX X; S(∞)+ ∧Z2

((M tX X) ∧X (M tX X))}
= ω0

X(X tX X; (S(∞)×Z2
(M×X M)) tX X)} .

Notice that the fibre product M ×X M can be described as the space
of triples (x, y, α), where x, y ∈ M and α : [−1, 1] → X is a path from
x = α(−1) to y = α(1), projecting to α(0) ∈ X.
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If X̃ is the universal cover of X and M̃ = f∗X̃ is the pullback cover of M
then FX induces the π1(X)-equivariant S-dual F̃ : Σj(X̃+) → Σj(M̃+) of
Ranicki [61], and the fibrewise Hopf invariant induces the π1(X)-equivariant
Hopf invariant (inducing the quadratic construction on the chain level)

h(F̃ ) ∈ {X+, (S(∞)×Z2
(M̃ ×π1(X) M̃))+} .

Finally, here is the proof that FX is well-defined, i.e. independent of the
choice of N . It is convenient to use the notation of Crabb and Ranicki [16],
which is reprinted in Appendix C and to which we now refer. In particular,
we need to consider manifolds without boundary that are not necessarily
compact and use fibrewise stable homotopy with compact supports.

Let M be a closed manifold and N a manifold with empty boundary.
Consider a map f : M → N . The classical Umkehr is a stable map

f ! : N+ →Mf∗τN−τM ,

from the one-point compactification of N . It is constructed by choosing a
smooth embedding e : M ↪→ V for some Euclidean space V and deforming f
to be a smooth map to get a smooth embedding (e, f) : M ↪→ V × N with
normal bundle ν. The Pontryagin-Thom construction gives a map

(V ×N)+ = V + ∧N+ →Mν ,

which represents f !.

The homotopy Umkehr is a fibrewise stable map over N with compact
supports in

cω
0
N{N × S0; Cπ

∗(f∗τN−τM)
N },

where C = {(x, y, α) | x ∈ M, y ∈ N, α : [0, 1] → N, α(0) = f(x), α(1) = y}
projecting (x, y, α) to y ∈ N , and π : C →M maps (x, y, α) to x.

There is a duality isomorphism

cω
0
N{N × S0; Cπ

∗(f∗τN−τM)
N } → ω0{S0; Cπ

∗(f∗τN−τM)−τN} .

(See Crabb [13, Prop 4.1].) Since π : C →M is a homotopy equivalence, this
group is just

ω0{S0; M−τM} = ω0{M+; S0} = ω0(M).

The fibrewise Umkehr corresponds to the element 1 ∈ ω0(M).

We can see this by rewriting the definition. Assume that M is embedded
as a submanifold of N . First we look at the inclusion of the open subspace



340 A The homotopy Umkehr map

i : Eν ↪→ N (the total space of ν). By construction, the homotopy Umkehr
lies in the image of

i! : cω
0
Eν{Eν × S0; Cπ

∗(f∗τN−τM)
Eν } → cω

0
N{N × S0; Cπ

∗(f∗τN−τM)
N }

given by null extension over the complement. This allows us to reduce to the
case in which N = Eν, which we now assume.

We have a fibrewise map Eν → CEν over Eν, given by straight lines:

y ∈ νx 7→ (x, y, α),

where α(t) = ty ∈ νx.

The homotopy Umkehr is the image under

cω
0
Eν{Eν × S0; (Eν)p

∗ν
Eν } → cω

0
Eν{Eν × S0; Cp

∗ν
Eν },

where p : Eν →M is the projection, of the class in

cω
0
Eν{Eν × S0; (Eν)p

∗ν
Eν } = cω

0
Eν{Eν × S0; D(p∗ν)/EνS(p∗ν)}

given by the projection Eνx → D(νx)/S(νx) (x ∈M). This gives the suspen-
sion of 1 ∈ ω0(M).

Now suppose that h : N → N ′ is a proper map and that a is a stable vector
bundle isomorphism from τN to h∗τN ′. We want to relate the homotopy
Umkehr of f and the homotopy Umkehr of f ′ = h ◦ f : M → N ′. There are
homomorphisms

cω
0
N{N × S0; Cπ

∗(f∗τN−τM)
N } → cω

0
N{N × S0; Dπ

∗(f∗τN−τM)
N },

and

(h, a)∗ : cω
0
N ′{N ′×S0; (C′)π

∗((f ′)∗τN ′−τM)
N ′ } → cω

0
N{N×S0; Dπ

∗(f∗τN−τM)
N },

where D is the pullback h∗C′, that is, D = {(x, y, α′) | x ∈ M, y ∈ N, α′ :
[0, 1] → N ′, α′(0) = h(f(x)), α′(1) = h(y)}, and C → D maps (x, y, α) to
(x, y, h ◦ α).

We claim that the homotopy Umkehr of f and f ′ have the same image in

cω
0
N{N × S0; Dπ

∗(f∗τN−τM)
N }.

Choose a smooth embedding e : M ↪→ V , with V 6= 0. Deform f to a
smooth map M → N . Then deform h by a homotopy constant outside a
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compact subspace of N to a map that is smooth in an open neighbourhood
of f(M). Since V is non-zero, a gives a vector bundle isomorphism V ⊕
τN → V ⊕ h∗τN ′, which we can arrange by deformation to be smooth in a
neighbourhood of (e× f)(M) ⊆ V ×N .

Let us now change notation, writing N instead of V ×N , f instead of e×f
and N ′ instead of V × N ′. So we have a smooth embedding f : M ↪→ N ,
h : N → N ′ is smooth on a neighbourhood of f(M), and f ′ = h◦f : M ↪→ N ′

is a smooth embedding. And we have a vector bundle isomorphism a : τN →
h∗τN ′ which is smooth in a neighbourhood of f(M).

Choose a riemannian metric on N ′ and pull it back using a to get a rie-
mannian metric on a neighbourhood of f(M) in N . The restriction of a to
f(M) also sets up an isomorphism between the normal bundle ν of f and the
normal bundle ν′ of f ′.

We can take small tubular neighbourhoods D(ν) ↪→ N and D(ν′) ↪→ N ′

of M . Then we can deform h through a homotopy that is constant outside
D(ν) to a map that restricts on the smaller disc bundle D1/2(ν) to the diffeo-
morphism D1/2(ν) → D1/2(ν′) given by a| : ν → ν′. This has arranged that
h is a diffeomorphism from a neighbourhood of f(M) to a neighbourhood of
f ′(M).

Now we can just compare the constructions, proving that FX is indeed
independent of N . For a normal map (f, b) : M → X we thus get a well-
defined homotopy Umkehr map

FX ∈ ω0
X{X × S0; M+X}.

A.5 A fibrewise spectral Hopf invariant

We continue to use the notation from Appendix C.

Suppose now that a closed manifold M is embedded as a submanifold of
a closed manifold N with normal bundle ν. Choose again a tubular neigh-
bourhood D(ν) ↪→ M of M and write P = N − B(ν) for the complement
of the open disc bundle B(ν). Thus P is a compact manifold with boundary
∂P = S(ν).

As in section A.2, we write M → N for the space of continuous paths
α : [0, 1] → N such that α(0) ∈ M , fibred over N by projection to the
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end-point α(1), and π : M → M for the homotopy equivalence taking α to
α(0). Let P → N be the space of paths α : [0, 1] → N such that α(0) ∈ P ,
mapping to α(1) ∈ N . We write π : P→ P also for the homotopy equivalence
α 7→ α(0).

There is the following explicit description of the fibrewise homotopy cofibre
of the homotopy Pontryagin-Thom map

N × S0 → Pπ∗ν
N

(due, essentially, to Klein and Williams [42]).

Proposition A.1. The homotopy Pontryagin-Thom map fits into a fibrewise
homotopy cofibration sequence

P+N → N × S0 →Mπ∗ν
N → ΣN (P+N )→ · · ·

over N . ut

A proof can be found in [13, Lemma 6.1].

Now let us specialize to the case in which the normal bundle ν is trivial,
say ν = M × V , so that the homotopy Pontryagin-Thom map has the form

N × S0 → (N × V +) ∧N M+N ,

to which we may apply fibrewise the construction of the spectral Hopf invari-
ant, Definition 5.61, to produce a fibrewise stable Z2-equivariant map over
N in the equivalent forms

N ×ΣS(LV )+ → (P×N P)R⊕LN ,

or
N × (LV )+ → (N × (R⊕ L)+) ∧N (S(LV )× (P×N P))+N ,

or
N × S0 → (S(LV )× (P×N P))R⊕L−LV+N .

This determines a non-equivariant fibrewise stable map as an element of

ω0
N{N × S0; (S(LV )×Z2 (P×N P))R⊕H−HVN },

where H is the Hopf line bundle S(LV )×Z2
L over the real projective space

S(LV )/Z2.
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Remark A.2. Suppose that V = R. Then this group reduces to

ω0
N{N × S0; ΣN (P×N P)+N} ,

which maps, by collapsing fibrewise basepoints, to

ω0{N+; Σ(P×N P)+} .

Composing with the map π × π : P ×N P → P × P (which is not, in
general, a homotopy equivalence), we obtain the stable map

N+ → Σ(P × P )+

that appears in Proposition 8.13.





Appendix B

Notes on Z2-bordism

B.1 Introduction

In this Appendix we give a brief account of Z2-equivariant bordism, express-
ing geometrically defined equivariant bordism groups as equivariant stable
homotopy groups of suitably defined spaces. As the material may be of inde-
pendent interest, the presentation is written so as to be self-contained.

Equivariant stable homotopy will be written as ωZ2
∗ (∗ ∈ Z). We shall use

the local coefficient notation ωZ2
∗ (X; ξ) for the reduced equivariant stable

homotopy group of the Thom space T (ξ,X) of a real Z2-vector bundle ξ
over X and, more generally, if η is another Z2-vector bundle over the same
base, ωZ2

∗ (X; ξ−η) for the stable homotopy of the Thom space of the virtual
vector bundle ξ−η. Corresponding notation is used for non-equivariant stable
homotopy groups.

The same symbol will often be used for a finite-dimensional Z2-module V
and the trivial G-vector bundle X × V → X over a Z2-space X. We write
V∞ for the one-point compactification of V with basepoint at∞ and X+ for
the pointed space obtained by adjoining a disjoint basepoint to X.

The standard non-trivial 1-dimensional representation R of Z2 with the
involution −1 is denoted by L.

345
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B.2 Framed bordism

Let X be a (metrisable) Z2-ANR (Absolute Neighbourhood Retract), and let
ξ and η be real Z2-vector bundles over X. We restrict the topology of X for
the sake of precision, but this is not really necessary as we are always dealing
with the system of maps from a compact Z2-ENR (Euclidean Neighbourhood
Retract) to X. The fibre dimensions of ξ and η are allowed to vary over the
components of X.

Up to homotopy we may assume that any finite-dimensional real Z2-vector
bundle is equipped with an equivariant positive-definite inner product. We
write OX(ξ, η) → X for the Stiefel bundle with fibre at x ∈ X the Stiefel
manifold O(ξx, ηx) of linear isometries ξx ↪→ ηx. Topologically, the space
OX(ξ, η) is a Z2-ANR.

The notion of a restricted stable isomorphism between two vector bundles
plays a crucial rôle in the theory.

Definition B.1. Let ζ0 and ζ1 be real Z2-vector bundles over a compact
Z2-ENR Y . We define a restricted stable isomorphism ζ0 ∼= ζ1 to be an equiv-
alence class of Z2-vector bundle isomorphisms ζ0 ⊕Ri ∼= ζ1 ⊕Ri, the equiva-
lence being generated by homotopy and stabilization with respect to i. It will
sometimes be convenient to think of a restricted stable isomorphism as given
by an isomorphism ζ0 ⊕ V0

∼= ζ1 ⊕ V0 for some finite-dimensional R-vector
space V0 on which Z2 acts trivially.

We recall that a stable isomorphism from ζ0 to ζ1 is an equivalence class
of vector bundle isomorphisms ζ0 ⊕ V ∼= ζ1 ⊕ V , where V is any finite di-
mensional real Z2-module. A restricted stable isomorphism thus determines a
stable isomorphism. The restricted stable automorphisms of a Z2-vector bun-
dle correspond to elements of KO−1(Y/Z2), while the stable automorphisms
correspond to elements of KO−1

Z2
(Y ). (The orbit space Y/Z2 is a compact

ENR.) In general, different restricted stable isomorphisms may give the same
stable isomorphism, but not if the action of Z2 on Y is free.

Lemma B.2. Suppose that Y is a compact free Z2-ENR. Then every stable
isomorphism ζ0 ∼= ζ1 arises from a unique restricted stable isomorphism.

Proof. For an isomorphism ζ0 ⊕ V ∼= ζ1 ⊕ V , where V is a Z2-module, cor-
responds to an isomorphism (ζ0 ⊕ V )/Z2

∼= (ζ1 ⊕ V )/Z2 over Y/Z2 and
(Y × V )/Z2 can be embedded as a direct summand in a trivial bundle. ut
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In setting up the basic definitions it is useful to allow a Z2-manifold M ,
with tangent bundle τM , to have components of (possibly) different dimen-
sions. This will allow us to refer to the fixed submanifold MZ2 without intro-
ducing supplementary notation for the components of each dimension.

We recall first the classical notion of non-equivariant framed bordism.

Definition B.3. For non-equivariant vector bundles ξ0 and η0 over an ANR
X0, we write Ω0(X0; ξ0, η0) for the bordism group of triples (M0, f, a) where
M0 is a closed manifold, f : M0 → X0 is a map and a : τM0 ⊕ f∗ξ0 ∼= f∗η0

is a stable isomorphism.

The non-equivariant bordism group depends only on the virtual bundle ξ0−η0

and the Pontryagin-Thom construction gives an isomorphism

Ω0(X0; ξ0, η0)
∼=−→ ω0(X0; ξ0 − η0).

The equivariant theory is more subtle.

Definition B.4. We define the restricted framed bordism groupΩZ2,res
0 (X; ξ, η)

to be the bordism group of triples (M,f, a) consisting of a closed Z2-manifold
M together with a Z2-map f : M → X and a restricted stable isomorphism
a : τM ⊕ f∗ξ ∼= f∗η, specified by a vector bundle isomorphism

τM ⊕ f∗ξ ⊕ V0
∼= f∗η ⊕ V0

for some vector space V0 with trivial Z2-action.

Bordisms are required to be restricted, too, that is, (M,f, a) is null-bordant
if there exists a Z2-manifoldW with boundary ∂W = M equipped with a map
g : W → X extending f and a restricted stable isomorphism b : τW ⊕ g∗ξ ∼=
R⊕ g∗η extending a.

The negative of the class (M,f, a) is given by (M,f, a′) where a′ : τM ⊕
f∗ξ ⊕ V0 ⊕ R ∼= f∗η ⊕ V0 ⊕ R is a⊕ (−1).

Here we do not use the notation ‘ξ − η’, because the restricted bordism
group ΩZ2,res

0 (X; ξ, η) (unlike the stable homotopy group ωZ2
0 (X; ξ−η)) does

not, in general, depend only on the virtual Z2-vector bundle.

The next construction is the key that allows us to relate equivariant bor-
dism to stable homotopy.
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Definition B.5. Let F res
X (ξ, η)→ X be the infinite Stiefel bundle

lim−→
k>0

lim−→
i>0

OX(ξ ⊕ Ri, η ⊕ Ri ⊕ Rk)

formed as the direct limit over the injective maps

OX(ξ ⊕ Ri, η ⊕ Ri ⊕ Rk)→ OX(ξ ⊕ Ri+1, η ⊕ Ri+1 ⊕ Rk)

given by the direct sum with the identity 1 : R → R in the decomposition
Ri+1 = Ri ⊕ R and the injective maps

OX(ξ ⊕ Ri, η ⊕ Ri ⊕ Rk)→ OX(ξ ⊕ Ri, η ⊕ Ri ⊕ Rk+1)

given by including Rk in Rk+1 = Rk ⊕ R.

The group Z2 acts on the space F res
X (ξ, η) in the obvious way.

To be precise, we topologize F res
X (ξ, η) as the union of the ANR subspaces

OX(ξ ⊕ Ri, η ⊕ Ri ⊕ Rk) with the weak topology. Any map from a compact
ENR to F res

X (ξ, η) factors through the inclusion of one of these subspaces, so
that in practice we can work with OX(ξ ⊕ Ri, η ⊕ Ri ⊕ Rk) for sufficiently
large i and k.

Lemma B.6. The projection F res
X (ξ, η)→ X is a non-equivariant homotopy

equivalence.

Proof. Indeed, the fibres are non-equivariantly contractible, because of the
limit over the inclusions Rk ↪→ Rk+1. ut

Lemma B.7. Suppose that h : X ′ → X is a Z2-map of Z2-ANRs. Let ξ′ and
η′ be the pullbacks of ξ and η to X ′. Then F res

X′ (ξ
′, η′) → X ′ is the pullback

of F res
X (ξ, η)→ X by h. ut

The connection between bordism and stable homotopy is made by the
Pontryagin-Thom construction.

Definition B.8. The framed Pontryagin-Thom homomorphism

ϕ : ΩZ2,res
0 (X; ξ, η)→ ωZ2

0 (F res
X (ξ, η); ξ − η).

is defined as follows. Consider a map f : M → X and a restricted stable
isomorphism a : τM ⊕ f∗ξ ∼= f∗η given by a vector bundle isomorphism
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τM ⊕ f∗ξ⊕Ri ∼= f∗η⊕Ri for some i, representing a restricted bordism class
(M,f, a). By including f∗ξ⊕Ri in τM ⊕ f∗ξ⊕Ri we get a lift of f to a map
f̃ : M → OX(ξ ⊕ Ri, η ⊕ Ri) → F res

X (ξ, η). The standard Pontryagin-Thom

construction applied to f̃ gives a class

ϕ(M,f, a) ∈ ωG0 (F res
X (ξ, η); ξ − η).

We must check that this class is 0 if (M,f, a) is the boundary of (W, g, b),
where g : W → X extends f on ∂W = M and b : τW ⊕ g∗ξ ∼= R ⊕ g∗η is a
restricted stable isomorphism extending a on M . From a bundle isomorphism
τW ⊕ g∗ξ ⊕ Ri ∼= R ⊕ g∗η ⊕ Ri we get a lift of g to a map g̃ : W →
OX(ξ ⊕ Ri,R ⊕ η ⊕ Ri) → F res

X (ξ, η). Hence the framed Pontryagin-Thom

construction on an associated lift f̃ of f gives 0.

This verification that the framed Pontryagin-Thom homomorphism is well-
defined explains the definition of the bundle F res

X (ξ, η).

The principal result of this section can now be stated as follows.

Theorem B.9. The framed Pontryagin-Thom homomorphism

ϕ : ΩZ2,res
0 (X; ξ, η)→ ωZ2

0 (F res
X (ξ, η); ξ − η)

is an isomorphism.

It will be proved by analysing separately the free and fixed-point groups
in bordism and stable homotopy.

Definition B.10. We define the free bordism group ΩZ2,free
0 (X; ξ, η) to be

the bordism group of closed free Z2-manifolds M with a Z2-map f : M → X
and a stable Z2-isomorphism a : τM ⊕ f∗ξ ∼= f∗η. (Bounding manifolds W
are also required to have a free action of G.)

Definition B.11. There is a free Pontryagin-Thom homomorphism

ϕfree : ΩZ2,free
0 (X; ξ, η)→ ωZ2

0 (EZ2 ×X; ξ − η)

given by the classical construction using the product M → EZ2 ×X of the
classifying map M → EZ2 of the free action with f .

Proposition B.12. Write X̄ = EZ2 ×Z2 X and let ξ̄ and η̄ be the induced
bundles over X̄. Then we have isomorphisms
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Ω0(X̄; ξ̄, η̄) ∼= ΩZ2,free
0 (X; ξ, η)

∼= ↓ ↓ ϕfree

ω0(X̄; ξ̄ − η̄) ∼= ωZ2
0 (EZ2 ×X; ξ − η)

through which ϕfree corresponds to the classical Pontryagin-Thom homomor-
phism.

Proof. This reduces, by naturality with respect to inclusions, to showing
that, for a free Z2-manifold M , the equivariant fundamental class [M ] ∈
ωZ2

0 (M ; −τM) corresponds to the non-equivariant fundamental class [M̄ ] ∈
ω0(M̄ ; −τM̄) of M̄ = M/Z2 under the isomorphism:

ω0(M̄ ; −τM̄) ∼= ωZ2
0 (M ; −τM) ∼= ωZ2

0 (EZ2 ×M ; −τM).

But the isomorphism is given by the equivariant Umkehr map

π! : ωZ2
0 (M̄ ; −τM̄)→ ωZ2

0 (M ; −τM)

for the projection π : M → M̄ , and this takes the fundamental class of M̄
with the trivial involution to the fundamental class of M . ut

Now we can apply the classical theory of framed bordism to deduce that ϕfree

is an isomorphism.

Corollary B.13. The free Pontryagin-Thom homomorphism

ϕfree : ΩZ2,free
0 (X; ξ, η)→ ωZ2

0 (EZ2 ×X; ξ − η)

is an isomorphism. ut

Definition B.14. Using the fact, recorded in Lemma B.2, that stable iso-
morphisms over free Z2-spaces correspond to restricted stable isomorphisms
we get a homomorphism

γ : ΩZ2,free
0 (X; ξ, η)→ ΩZ2,res

0 (X; ξ, η).

Lemma B.15. We have a commutative diagram

ΩZ2,free
0 (X; ξ, η)

γ−→ ΩZ2,res
0 (X; ξ, η)

∼= ↓ ϕfree ↓ ϕ
ωZ2

0 (EZ2 × F res
X (ξ, η); ξ − η) −→ ωZ2

0 (F res
X (ξ, η); ξ − η) .
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Proof. We use the non-equivariant homotopy equivalence F res
X (ξ, η) → X,

Lemma B.6, to get an isomorphism

ωZ2
0 (EZ2 × F res

X (ξ, η); ξ − η)→ ωZ2
0 (EZ2 ×X; ξ − η).

The assertion is then clear from the definition of the Pontryagin-Thom maps.
ut

Lemma B.16. Let ξZ2 and ηZ2 be, respectively, the orthogonal complements
of ξZ2 in ξ|XZ2 and of ηZ2 in η|XZ2 .

The fixed subspace F res
X (ξ, η)Z2 is homotopy equivalent to the bundle of

Z2-monomorphisms.

OZ2

XZ2 (ξZ2
, ηZ2

) = OXZ2 (ξZ2
, ηZ2

)

over XZ2 .

Proof. We observe that the group Z2 acts on ξZ2 and ηZ2 as the involution
−1. The fixed subspace is, by definition,(

lim−→
k

lim−→
i

OXZ2 (ξZ2 ⊕ Ri, ηZ2 ⊕ Ri ⊕ Rk)

)
×XZ2 OZ2

XZ2 (ξZ2 , ηZ2).

The result follows from Lemma B.6. ut

We recall the fundamental localization exact sequence in Z2-equivariant stable
homotopy for the Z2-space F res

X (ξ, η). See, for example, Crabb [12, Lemma
(A.1)].

Proposition B.17. There is a long exact sequence

· · · ∂−→ ωZ2
0 (EZ2 × F res

X (ξ, η); ξ − η)
γ−→ ωZ2

0 (F res
X (ξ, η); ξ − η)

ρ−→ ω0(F res
X (ξ, η)Z2 ; ξZ2 − ηZ2)

∂−→ · · ·

Proof. The homomorphism γ is induced by the projection EZ2 → ∗.

The fixed-point map ρ sends a stable Z2-map to its restriction to the
subspaces fixed by Z2.

The boundary homomorphism ∂ is the composition



352 B Notes on Z2-bordism

ω0(F res
X (ξ, η)Z2 ; ξZ2 − ηZ2)→ ωZ2

0 (D(ηZ2
)×XZ2 F

res
X (ξ, η)Z2 ; ξZ2 − ηZ2)

∂−→ ωZ2
−1(S(ηZ2

)×XZ2 F
res
X (ξ, η)Z2 ; ξZ2 − (ηZ2 ⊕ ηZ2

))

→ ωZ2
−1(EZ2 × F res

X (ξ, η); ξ − η)

of the map induced by the group homomorphism Z2 → 0 to the trivial
group, the boundary homomorphism ∂ in the exact sequence of the pair
(D(ηZ2

), S(ηZ2
)) and the map induced by the product of the classifying map

S(ηZ2
) → EZ2 of the free action on the sphere bundle and the inclusion of

F res
X (ξ, η)Z2 in F res

X (ξ, η). ut

The main theorem will be established by comparing the localization sequence
in stable homotopy with the geometrically defined Conner-Floyd exact se-
quence in equivariant bordism that we now construct.

Definition B.18. The fixed point homomorphism

ρ : ΩZ2,res
0 (X; ξ, η)→ Ω0(F res

X (ξ, η)Z2 ; ξZ2 , ηZ2)

is defined as follows.

Given a Z2-manifold M , a map f : M → X and a restricted stable iso-
morphism a : τM ⊕ f∗ξ ∼= f∗η, we form the fixed subspace MZ2 . We obtain,
by restricting f and a, a map fH : MH → XH and a stable isomorphism
τMH ⊕ (fH)∗ξH ∼= (fH)∗ηH .

The classifying map M → F res
X (ξ, η) restricts on fixed points to a map

MZ2 → F res
X (ξ, η)Z2 .

More precisely, we see that the orthogonal complements ξZ2
and ηZ2

of ξZ2

and ηZ2 , determine the normal bundle ν of MZ2 ↪→ M by an isomorphism
ν ⊕ (fZ2)∗ξZ2

∼= (fZ2)∗ηZ2 . This gives us a map MZ2 → OXZ2 (ξZ2 , ηZ2), that
is, a map MZ2 → OZ2

XZ2 (ξZ2
, ηZ2

).

The manifold MZ2 with the extra data described above represents the
image of (M,f, a) under ρ.

Lemma B.19. There is a commutative diagram

ΩZ2,res
0 (X; ξ, η)

ρ //

ϕ

��

Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2)

∼=
��

ωZ2
0 (F res

X (ξ, η); ξ − η)
ρ // ω0(F res

X (ξ, η)Z2 ; ξZ2 − ηZ2)
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Proof. The right-hand map is the classical Pontryagin-Thom homomorphism,
so an isomorphism. Commutativity follows directly from the construction of
the Pontryagin-Thom maps. ut

We need to extend our definition of bordism groups to a theory indexed by
the integers. Notice, first, that there is a natural identification

ΩZ2,res
0 (X; ξ, η) = ΩZ2,res

0 (X; R⊕ ξ,R⊕ η)

and, indeed,

ΩZ2,res
0 (X; ξ, η) = ΩZ2,res

0 (X; V0 ⊕ ξ, V0 ⊕ η)

for any vector space V0 on which Z2 acts trivially.

Definition B.20. We introduce groups ΩZ2,res
∗ (X; ξ, η) for ∗ ∈ Z so that

ΩZ2,res
0 (X; Rm ⊕ ξ,Rn ⊕ η) = ΩZ2,res

n−m (X; ξ, η)

for m, n > 0. (To be precise, the definition is made so as to be compatible
with the identification

ΩZ2,res
0 (X; Rm+1 ⊕ ξ,Rm+1 ⊕ η) = ΩZ2,res

0 (X; R⊕ (Rm ⊕ ξ),R⊕ (Rn ⊕ η))

in the order Rm+1 = R⊕ Rm, Rn+1 = R⊕ Rn.)

In particular,
ΩZ2,res
−1 (X; ξ, η) = ΩZ2,res

0 (X; R⊕ ξ, η),

Definition B.21. The boundary homomorphism

∂ : Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2)→ ΩZ2,free

−1 (X; ξ, η)

is constructed as follows.

Consider a closed manifold N with a map g : N → XZ2 , a stable isomor-
phism τN⊕g∗ξZ2 ∼= g∗ηZ2 , given by a bundle isomorphism τN⊕g∗ξZ2⊕V0

∼=
g∗ηZ2⊕V0, and a bundle Z2-monomorphism g∗ξZ2

↪→ g∗ηZ2
with complemen-

tary bundle ν supplied by a lift of g to a map

N → F res
X (ξ, η)Z2 → OZ2

XZ2 (ξZ2
, ηZ2

).
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Now form the free Z2-manifold S(ν). It is equipped with a Z2-map h :
S(ν) → N → XZ2 → X. We have a Z2-isomorphism R ⊕ τS(ν) ∼= τN ⊕ ν.
Taking the direct sum with the isomorphism τN ⊕g∗ξZ2 ⊕V0

∼= g∗ηHZ2⊕V0

and ν ⊕ g∗ξZ2
∼= g∗ηZ2

we get a Z2-isomorphism

R⊕ τS(ν)⊕ h∗ξ ⊕ V0
∼= h∗η ⊕ V0.

The manifold S(ν) and the associated data represents the required bound-

ary class in ΩZ2,free
−1 (X; ξ, η).

Lemma B.22. We have a commutative diagram

Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2)

∼=
��

∂ // ΩZ2,free
−1 (X; ξ, η)

ϕfree

��
ω0(F res

X (ξ, η)Z2 ; ξZ2 − ηZ2)
∂ // ωZ2

−1(EZ2 × F res
X (ξ, η); ξ − η)

Proof. We look at an element of Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2) represented by a

manifold N with a map g : N → XH , a stable isomorphism τN ⊕ g∗ξZ2 ∼=
g∗ηZ2 , given by a bundle isomorphism τN ⊕ g∗ξZ2 ⊕ V0

∼= g∗ηZ2 ⊕ V0, and
a bundle Z2-monomorphism g∗ξZ2

↪→ g∗ηZ2
with complementary bundle ν,

as in the definition of ∂ (Definition B.21). By the obvious naturality under
inclusions we may assume that X = N = XZ2 , g is the identity map, ξ = 0
and η = τN ⊕ ν, so that ηZ2 = τN and ηZ2

= ν.

The image of the element in ω0(XZ2 ; ξZ2 − ηZ2) = ω0(N ; −τN) is the
fundamental class [N ] of N .

Its image in ΩZ2,free
−1 (X; ξ, η) = ΩZ2,free

−1 (N ; 0, τN ⊕ ν) is represented by
the sphere bundle S(ν) → N with R ⊕ τS(ν) = τN ⊕ ν. This maps by
the Pontryagin-Thom construction to the Z2-fundamental class [S(ν)] ∈
ωZ2

0 (S(ν); −τS(ν)) = ωZ2
−1(S(ν); −τN − ν) and then by the classifying map

S(ν)→ EZ2 ×N to the group ωZ2
−1(EZ2 ×N ; −τN − ν).

From the construction of the localization exact sequence we have a com-
mutative square

ωZ2
0 (N ; −τN)

∂−→ ωZ2
−1(S(ν); −τN − ν)

ρ ↓ ↓

Ω0(N ; −τN)
∂−→ ωZ2

−1(EZ2 ×N ; −τN − ν)
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The assertion now follows from the fact that the equivariant fundamental
class [N ] in the top line is mapped by ∂ to the fundamental class [S(ν)],
because ∂ in the exact sequence of the pair (D(ν), S(ν)) is the Umkehr ho-
momorphism of the projection S(ν)→ N . ut

Proposition B.23. The Conner-Floyd sequence:

· · · ∂−→ ΩZ2,free
0 (X; ξ, η)

γ−→ ΩZ2,res
0 (X; ξ, η)

ρ−→

Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2)

∂−→ ΩZ2,free
−1 (X; ξ, η)

γ−→ · · ·

is exact.

Proof. (Outline) We use the standard surgery arguments; compare the proof
in Crabb, Mishchenko, Morales Meléndez and Popelensky [15, Theorem 4.2].

It is clear that ρ ◦ γ = 0. We show that ker ρ ⊆ im γ. Suppose that a class
represented by f : M → X and a : τM ⊕ f∗ξ ∼= f∗η lies in the kernel of ρ.
We have a manifold W with ∂W = XZ2 , a map g : W → XZ2 and a stable
isomorphism b : τW ⊕ g∗ξZ2 ∼= R ⊕ g∗ηZ2 extending a. Further, we have a
vector bundle ν̂ over W extending the normal bundle ν over MZ2 and an
isomorphism ν̂ ⊕ g∗ξZ2

∼= g∗ηZ2
.

Take an equivariant tubular neighbourhood D(ν) ↪→ M of MZ2 in M .
We construct a free Z2-manifold M ′ = (M − B(ν)) ∪S(ν) S(ν̂) cobordant
to M . From f and g we get a map f ′ : M ′ → X. From a and b we get
a restricted stable isomorphism a′ : τM ′ ⊕ (f ′)∗ξ ∼= (f ′)∗η. Notice that
R⊕ τS(ν̂) = τW ⊕ ν̂, so that R⊕ τS(ν̂)⊕ g∗ξZ2 ⊕ g∗ξZ2

∼= τW ⊕ ν̂⊕ g∗ξZ2 ⊕
g∗ξZ2

∼= R ⊕ g∗ηZ2 ⊕ g∗ηZ2 . This gives a lift to ΩZ2,free
0 (X; ξ, η) and shows

that ker ρ ⊆ im γ.

The composition γ ◦ ∂ is zero, because S(ν) is the boundary of D(ν).
To see that ker γ ⊆ im ∂, suppose that a manifold S represents a class in
ΩZ2,free
−1 (X; ξ, η) that is the boundary of a manifold M . Then the fixed-point

construction applied to M produces an element of Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2)

mapping to S under ∂. (Notice that there are no fixed points on the boundary
S of M .)

This same construction with S = ∅ shows that ∂ ◦ ρ = 0. We must check
finally that ker ∂ ⊆ im ρ. Given N representing a class in ker ∂, so that S(ν)
is the boundary of a manifold M0, we form the closed manifold M = M0 ∪
D(ν) by gluing along ∂M0 = S(ν) = ∂D(ν). Then M (with the associated

structure) gives an element of ΩZ2,res
0 (X; ξ, η) lifting the class of N . (In more

detail, we have g : N → XZ2 , τN ⊕ g∗ξZ2 ⊕ V0
∼= g∗ηZ2 ⊕ V0 and ν ⊕ g∗ξZ2

∼=
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g∗ηZ2
. We have h0 : M0 → X and τM0 ⊕ h∗0ξ ⊕ V0

∼= h∗0η ⊕ V0, for V0 of
sufficiently high dimension. We get a map f : M → X from h on S(ν) and
h0 on M0 and a bundle isomorphism τM ⊕ f∗ξ ⊕ V0

∼= f∗η ⊕ V0.) ut

Proof. (of Theorem B.9) The theorem now follows by applying the five-lemma
to the diagram

∂ ↓ ∂ ↓

ΩZ2,free
0 (X; ξ, η)

∼=−→ ωZ2
0 (EZ2 × F res

X (ξ, η); ξ − η)

γ ↓ γ ↓
ΩZ2,res

0 (X; ξ, η)
ϕ−→ ωZ2

0 (F res
X (ξ, η); ξ − η)

ρ ↓ ρ ↓

Ω0(F res
X (ξ, η)Z2 ; ξZ2 , ηZ2)

∼=−→ ω0(F res
X (ξ, η)Z2 ; ξZ2 − ηZ2)

∂ ↓ ∂ ↓

ΩZ2,free
−1 (X; ξ, η)

∼=−→ ωZ2
−1(EZ2 × F res

X (ξ, η); ξ − η)

γ ↓ γ ↓

relating the Conner-Floyd and localization exact sequences. using Lemmas
B.19, B.22 and B.15 to check commutativity of the various squares. ut

B.3 Some deductions

We begin by considering some cases in which the Pontryagin-Thom homo-
morphism

ΩZ2,res
0 (X; ξ, η)→ ωZ2

0 (X; ξ − η)

is an isomorphism.

Our first result is a special case of a theorem of Hauschild [26, Satz IV.2].

Proposition B.24. Suppose that ξ is isomorphic to a subbundle of X × Rn
for some n > 0. Then

ΩZ2,res
0 (X; ξ, η) ∼= ωZ2

0 (X; ξ − η) .

Proof. It is easy to see directly from the definition of F res
X (ξ, η) as a direct

limit that the projection
F res
X (ξ, η)→ X
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is a Z2-homotopy equivalence with inverse given by a section of OZ2

X (ξ,Rn).

(One can also see that the restriction to the fixed subspaces

F res
X (ξ, η)Z2 ' OZ2

XZ2 (ξZ2
, ηZ2

)→ XH

is a non-equivariant homotopy equivalence, because ξZ2
= 0.) ut

If the action of Z2 on η is (essentially) trivial, we may apply the classical
splitting of equivariant stable homotopy (as described, for example, in tom
Dieck [81, Chapter II, Theorem (7.7)]).

Proposition B.25. Suppose that η is isomorphic to a subbundle of X × Rn
for some n > 0. Let XZ2

0 be the union of those components of XZ2 on which
ξZ2 is zero.

Then the bordism and stable homotopy groups split as direct sums

ΩZ2,res
0 (X; ξ, η) = ω0(EZ2 ×Z2 X; ξ# − η#)⊕ ω0(XZ2

0 ; ξZ2 − ηZ2)

and

ωZ2
0 (X; ξ − η) = ω0(EZ2 ×Z2

X; ξ# − η#)⊕ ω0(XZ2 ; ξZ2 − ηZ2),

where ξ# and η# are the vector bundles over EZ2 ×Z2
X associated with the

Z2-equivariant bundles ξ and η over X.

Proof. We have ηZ2
= 0, so that OZ2

XZ2
(ξZ2

, ηZ2
) is empty over the complement

of XZ2
0 and equal to XZ2

0 over XZ2
0 . ut

Example B.26. Suppose that X = ∗ is a point, ξ = 0 and η = Rm. The
general theory has established that

ΩZ2,res
m (∗; 0, 0) = ΩZ2,res

0 (∗; 0,Rm) = ωm(BZ2)⊕ ωm(∗).

It is easy to see this directly. For suppose that M is an m-dimensional closed
Z2-manifold equipped with a restricted stable isomorphism τM ∼= M × Rm.
The fixed submanifold MZ2 must also have dimension m: τMZ2 ∼= MZ2×Rm.
Thus, MZ2 is a union of components of M .

The manifold M decomposes as a disjoint union

M = Mfree tMZ2 ,
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where Mfree is the subspace of points with trivial isotropy group. The free
Z2-manifold Mfree represents an element of ωm(BZ2) and the fixed manifold
MZ2 represents an element of ωm(∗).

More generally, for any space X there is a geometric description of the
splitting

ΩZ2,res
m (X; 0, 0) = ωm(EZ2 ×Z2

X)⊕ ωm(XZ2).

We can also specify a range of dimensions in which the Pontryagin-Thom
map gives an isomorphism between restricted bordism and stable homotopy.

Proposition B.27. Suppose that, for each point x ∈ XZ2 such that (ξZ2)x 6=
0,

dim ηZ2
x − dim ξZ2

x + 1 < dim(ηZ2
)x − dim(ξZ2

)x .

Then the Pontryagin-Thom map

ΩZ2,res
0 (X; ξ, η)→ ωZ2

0 (X; ξ − η)

is an isomorphism.

Proof. We consider the commutative diagram of exact sequences

ω1(F res
X (ξ, η)Z2 ; ξZ2 − ηZ2)

π∗−→ ω1(XZ2 ; ξZ2 − ηZ2)

∂ ↓ ∂ ↓
ωZ2

0 (EZ2 × F res
X (ξ, η); ξ − η)

π∗−→∼= ωZ2
0 (EZ2 ×X; ξ − η)

γ ↓ γ ↓
ωZ2

0 (F res
X (ξ, η); ξ − η)

π∗−→ ωZ2
0 (X; ξ − η)

ρ ↓ ρ ↓
ω0(F res

X (ξ, η)Z2 ; ξZ2 − ηZ2)
π∗−→ ω0(XZ2 ; ξZ2 − ηZ2)

∂ ↓ ∂ ↓
ωZ2
−1(EZ2 × F res

X (ξ, η); ξ − η)
π∗−→∼= ωZ2

−1(EZ2 ×X; ξ − η)

in which the horizontal maps are induced by the projection π : F res
X (ξ, η)→

X.

We can identify F res
X (ξ, η)Z2 → XZ2 with the Stiefel bundle

OXZ2 (ξZ2
, ηZ2

)→ XZ2 .
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The fibre at x is a single point if (ξZ2
)x = 0, empty if dim(ξZ2

)x > dim(ηZ2
)x,

and satisfies πi(O((ξZ2
)x, (ηZ2

)x)) = 0 for i < dim(ηZ2
)x − dim(ξZ2

)x if
dim(ξZ2

)x ≤ dim(ηZ2
)x.

The proof is completed by the five lemma. (Notice that, if dim(ξZ2)x >
dim(ηZ2

)x, we have dim ηZ2
x −dim ξZ2

x + 1 < 0, so that all the relevant groups
are zero.) ut

The stable homotopy group ωZ2
0 (X; ξ − η) can always be represented as a

direct limit of restricted bordism groups.

Suppose that ζ is a real Z2-vector bundle over X. We define a homomor-
phism

Σζ : ΩZ2,res
0 (X; ξ, η)→ ΩZ2,res

0 (S(R⊕ ζ); ξ, η ⊕ ζ)

by sending the class of a manifold M , f : M → X and a restricted stable
isomorphism a : τM ⊕ f∗ξ → f∗η to the manifold S = S(R ⊕ f∗ζ) (with
a choice of smooth structure on f∗ζ – different choices will give isomorphic
smooth vector bundles) with the map S → M → X given by the projection
composed with f and the restricted stable isomorphism

τS ⊕ R⊕ f∗ξ ∼= τM ⊕ f∗ζ ⊕ R ∼= f∗η ⊕ f∗ζ ⊕ R.

Lemma B.28. There is a commutative diagram

ΩZ2,res
0 (X; ξ, η)

Σζ−−→ ΩZ2,res
0 (S(R⊕ ζ); ξ, η ⊕ ζ)

↓ ↓
ωZ2

0 (X; ξ − η) −→
σζ

ωZ2
0 (X; ξ − η)⊕ ωZ2

0 (X; ξ − η − ζ),

in which the vertical maps are Pontryagin-Thom homomorphisms and σζ is
the inclusion of the first factor.

Proof. The homomorphism σζ is the boundary ∂ in the exact sequence of the

pair (D(R⊕ ζ), S(R⊕ ζ)). The group ωZ2
0 (S(R⊕ ζ); ξ− η− ζ) is split by the

section (−1, 0) of X → S(R⊕ ζ). ut

Proposition B.29. If j is sufficiently large, there is a natural isomorphism

ΩZ2,res
0 (X × S(R⊕ Lj); ξ, η ⊕ Lj) ∼= ωZ2

0 (X; ξ − η)⊕ΩZ2,res
0 (X; ξ, η ⊕ Lj) .
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Proof. We take ζ to be the trivial bundle Lj and use the stability criterion
Proposition B.27.

The point is that dim ηZ2
x = dim ξZ2

x + 1 < dim(ηZ2
)x + j − dim(ξZ2

)x for
k sufficiently large. ut

Remark B.30. By introducing relative bordism groups we could represent the
equivariant stable homotopy group ωZ2

0 (X; ξ − η) exactly as the restricted
bordism group of the pair X × (S(R⊕ Lj), ∗) with coefficients (ξ, η ⊕ Lj).

Definition B.31. We define the (unrestricted) framed bordism groupΩZ2
0 (X; ξ, η)

to be the bordism group of closed Z2-manifolds M with a Z2-map f : M → X
and a stable isomorphism a : τM ⊕ f∗ξ ∼= f∗η, specified by a vector bundle
isomorphism τM ⊕ f∗ξ ⊕ V ∼= f∗η ⊕ V for some Z2-module V .

Thus
ΩZ2

0 (X; ξ, η) = lim−→
V :V Z2=0

ΩZ2,res
0 (X; V ⊕ ξ, V ⊕ η).

Definition B.32. Let FZ2

X (ξ, η) be the Z2-bundle

lim−→
V :V Z2=0

F res
X (V ⊕ ξ, V ⊕ η),

or. more concretely,
lim−→
j>0

F res
X (Lj ⊕ ξ, Lj ⊕ η) .

We have an equivalence between FZ2

X (ξ, η) and FZ2

X (V ⊕ ξ, V ⊕ η) for any

Z2-module V . Thus FZ2

X (ξ, η) depends only on the virtual Z2-vector bundle
ξ − η.

Our results on the restricted bordism groups now describe ΩZ2
0 (X; ξ, η) as a

stable homotopy group. We extend the framed Pontryagin-Thom homomor-
phism algebraically to the direct limits.

Theorem B.33. The framed Pontryagin-Thom homomorphism

ϕ : ΩZ2
0 (X; ξ, η)→ ωZ2

0 (FZ2

X (ξ, η); ξ − η)

is an isomorphism. ut
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Lemma B.34. The fixed subspace FZ2

X (ξ, η)Z2 is homotopy equivalent to the
bundle

lim−→
j>0

OZ2

XZ2 (Lj ⊕ ξZ2
, Lj ⊕ ηZ2

) = lim−→
j>0

OXZ2 (Lj ⊕ ξZ2
, Lj ⊕ ηZ2

).

It depends only on the virtual bundle ξZ2 − ηZ2 over XZ2 . ut

Example B.35. We look again at the special case X = ∗, ξ = 0, η = Rm.

Using Proposition B.25 we can write

ΩZ2
m (∗; 0, 0) = ωm(BZ2)⊕ lim−→

j

ωm(OZ2(Lj , Lj)) = ωm(BZ2)⊕ ωm(O(∞)).

Example B.36. It is instructive to look in detail at the 0-dimensional case.
A closed 0-dimensional manifold is just a finite set, and a 0-dimensional Z2-
manifold M is a finite Z2-set with tangent bundle τM = M × 0.

A Z2-manifold M consisting of a single point has two restricted stable
framings given by the isomorphisms ±1 : τM ⊕ R → τM ⊕ R. The class
[M, 1] generates the summand ω0(∗) = Z in

ΩZ2,res
0 (∗; 0, 0) = ω0(BZ2)⊕ ω0(∗) = Z⊕ Z ,

and [M,−1] = −[M, 1]. The manifold has two further stable framings repre-
sented by the isomorphism −1 : τM⊕L→ τM⊕L, which we shall call t and
−1 : τM ⊕R⊕ L→ τM ⊕R⊕ L, which we call −t. Then [M,−t] = −[M, t]
generates the second Z summand in ω0(O(∞)) = Z⊕ Z = Z[M, 1]⊕ Z[M, t]
in the framed bordism group

ΩZ2
0 (∗; 0, 0) = ω0(BZ2)⊕ ω0(O(∞)) = Z⊕ (Z⊕ Z) .

A free Z2-manifold N with two points has two Z2-equivariant stable fram-
ings given by ±1 : τN ⊕ R → τN ⊕ R and [N, 1] = −[N,−1] generates the

summand ω0(BZ2) = Z in ΩZ2,res
0 (∗; 0, 0) and ΩZ2

0 (∗; 0, 0).

(Of course, N can also be framed as the boundary of D(L) by an isomor-

phism τN ⊕ R→ τN ⊕ L to represent 0 in ΩZ2,res
0 (∗; R, L).)

Any 0-dimensional Z2-manifold with a restricted (0, 0) framing is equiva-
lent to a disjoint union of copies of (M, 1), (M,−1), (N, 1) and (N,−1). And
any (0, 0) framed Z2-manifold of dimension 0 is equivalent to a disjoint union
of copies of these four manifolds, (M, t) and (M,−t).
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We conclude this section by relating the description of ΩZ2
0 (X; ξ, η) using the

stable structure of the tangent bundle to the classical description involving
normal maps.

Definition B.37. Suppose that η = X × U is trivial. A normal map is pre-
scribed by a map f : M → X, an equivariant embedding j : M ↪→ U ⊕V , for
some Z2-module V , and an equivariant vector bundle isomorphism a : νM →
f∗ξ ⊕ V .

Such a normal map determines a vector bundle isomorphism

τM ⊕ f∗ξ ⊕ V → U ⊕ V

and so a bordism class in ΩZ2
0 (X; ξ, U). Its image in ωZ2

0 (FZ2

X (ξ, U); ξ−U) un-
der ϕ can be described directly in terms of the normal map. The Pontryagin-
Thom construction applied to a tubular neighbourhood composed with the
classifying map of the vector bundle isomorphism a gives a map

(U ⊕ V )∞ → T (νM ,M)→ T (ξ ⊕ V, FZ2

X (ξ, U))
= ↑ = ↓

U∞ ∧ V∞ T (ξ, FZ2

X (ξ, U)) ∧ V∞ ,

which represents the stable class. (Recall that V∞ is the one-point compacti-
fication of the vector space V and T (νM ,M) is the Thom space of the vector
bundle νM over M .)

Proposition B.38. Two normal maps

fi : M → X, ji : M ↪→ U ⊕ Vi, ai : ν(ji)→ f∗i ξ ⊕ Vi, (i = 0, 1),

determine the same cobordism class in ΩZ2
0 (X; ξ, U) if and only if they are

cobordant in the sense that there is a Z2-manifold W with boundary ∂W =
M0 t M1, a Z2-map g : W → X restricting to fi on Mi, an embedding
W ↪→ U ⊕ (V0 ⊕ V1 ⊕ V ), for some Z2-module V , and an equivariant vector
bundle isomorphism νW → g∗ξ⊕(V0⊕V1⊕V ) extending, in the obvious way,
the embedding ji and isomorphism ai on Mi. ut
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B.4 Unoriented bordism

In this section we shall explain how Z2-equivariant bordism and related the-
ories can be described first as restricted framed bordism groups and then as
Z2-stable homotopy groups. Throughout this section Y is a Z2-ANR.

We write the infinite Grassmannian of m-dimensional real subspaces of⋃
i, j>0 Ri ⊕ Lj as

Gm(∞⊕∞L) = lim−→
i,j>0

Gm(Ri ⊕ Lj),

and let ηm denote the canonical m-dimensional vector bundle. The Grass-
mannian is a Z2-space with fixed subspace

Gm(∞⊕∞L)Z2 =

m⊔
r=0

Gr(∞)×Gm−r(∞L),

and ηm restricts on the r-component to the direct sum of ηZ2
m = ηr and

(ηm)Z2
= ηm−r. Here

Gr(∞) = lim−→
i>0

Gr(Ri) = BO(r)

and
Gm−r(∞L) = lim−→

j>0

Gm−r(Rj ⊗ L) .

Definition B.39. We have inclusion maps

ιm : Gm(∞⊕∞L)→ Gm+1(∞⊕∞L)

mapping an m-dimensional subspace E ⊆ Ri ⊕ (L ⊗ Rj) to the (m + 1)-
dimensional subspace R⊕ E of Ri+1 ⊕ (L⊗ Rj). So ι∗m(ηm+1) = R⊕ ηm.

The infinite GrassmannianGm(∞⊕∞L) is a classifying space for Z2-vector
bundles of dimension m. To be precise, given an m-dimensional Z2-bundle ζ
over a compact Z2-ENR K, there is a map

g : K → Gm(∞⊕∞L)

and a bundle isomorphism a : ζ → f∗ηm; and any two such (g, a) are homo-
topic. (A pair (g, a) will be given by a bundle monomorphism ζ ↪→ K × V
for some Z2-module V .)
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Definition B.40. We define the unoriented m-dimensional bordism group of
Y , N Z2

m (Y ), to be the bordism group of closed Z2-manifolds M of dimension
m equipped with a Z2-map f : M → Y .

Definition B.41. We construct a homomorphism

n : N Z2
m (Y )→ lim−→

n>m

ΩZ2,res
0 (Y ×Gn(∞⊕∞L); Rn−m, ηn),

the direct limit being formed with respect to the maps ιn.

Consider a Z2-map f : M → Y . We have a Z2-map

g : M → Gm(∞⊕∞L)

and a bundle isomorphism a : τM → g∗ηm classifying the tangent bundle.
The pair (f × g, a) defines an element of ΩZ2,res

0 (Y × Gm(∞⊕∞L); 0, ηm)
which depends only on f : M → Y .

Indeed, a homotopy from (g, a) to (g′, a′) gives a cobordism h : W =
M×[0, 1]→ Gm(∞⊕∞L) and an isomorphism b : τW ∼= R⊕h∗ηm restricting
on ∂W to (g, a) t (g′, a′).

The homomorphism n is easily seen to be an isomorphism.

Lemma B.42. The transformation

n : N Z2
m (Y )→ lim−→

n>m

ΩZ2,res
0 (Y ×Gn(∞⊕∞L); Rn−m, ηn)

is an isomorphism.

Proof. A class in the restricted bordism group is specified by an m-manifold
M , a map f : M → Y , a map gn : M → Gn(∞⊕∞L) and a restricted stable
isomorphism τM ⊕Rn−m ∼= g∗nηn. The restricted stable isomorphism can be
represented by a bundle isomorphism τM ⊕Rn−m⊕Ri ∼= g∗nηn⊕Ri for some
i > 0. Mapping from Gn(∞⊕∞L) to Gn+i(∞⊕∞L) we get a map gn+i :
M → Gn+i(∞ ⊕∞L) and a bundle isomorphism an+i : τM ⊕ Rn−m+i ∼=
g∗n+iηn+i. This will be homotopic to the stabilization of any classifying pair
(g, a) for M . ut

Thus we have obtained a homotopy-theoretic description of NG
∗ .
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Theorem B.43. There is a natural isomorphism

N Z2
m (Y ) ∼= lim−→

n>m

ωZ2
m (Y ×Gn(∞⊕∞L); Rn − ηn).

Proof. The assertion now follows at once from Proposition B.24. But it is
useful to spell out the details.

The group ωZ2
m (Y × Gn(∞ ⊕ ∞L); Rn − ηn) in the statement is to be

understood as the direct limit

lim−→
V

ωZ2
m (Y ×Gn(V ); Rn − ηn)

over Z2-modules V and

ωZ2
m (Y ×Gn(V ); Rn − ηn) = ωZ2

m (Y ×Gn(V ); Rn ⊕ η⊥n − V ),

where η⊥n is the orthogonal complement of ηn in the trivial bundle V over
Gn(V ).

If we take V to include a trivial summand Rn. V = Rn ⊕ V ′, we have

ωZ2
m (Y ×Gn(Rn ⊕ V ′); Rn − ηn) = ωZ2

m (Y ×Gn(Rn ⊕ V ′); η⊥n − V ′).

For n > m, the Pontryagin-Thom homomorphism

ΩZ2,res
m (Y ×Gn(Rn ⊕ V ′); Rn, ηn)→ ωZ2

m (Y ×Gn(Rn ⊕ V ′); Rn − ηn)

is an isomorphism. ut

The classical non-equivariant unoriented bordism group Nm(Y0) of an
ANR Y0 can be described similarly as a framed bordism group and so as
a stable homotopy group.

Proposition B.44. There are natural isomorphisms

Nm(Y0)
∼=−→ lim−→

n>m

Ω0(Y ×Gn(∞); Rn−m, ηn)
∼=−→ lim−→

n>m

ωm(Y0×Gn(∞); Rn−ηn)

for any ANR Y0. ut

Definition B.45. Write N Z2,free
m (Y ) for the bordism group of maps f : M →

Y from a free Z2-manifold M . (So (M,f) is a boundary if there is a free
manifold W with boundary ∂W = M and a Z2-map g : W → Y extending
f .)



366 B Notes on Z2-bordism

The free bordism group is described classically as a non-equivariant bordism
group.

Lemma B.46. There are natural equivalences

N Z2,free
m (Y )

∼=−→ N Z2
m (EZ2 × Y )

∼=−→ Nm(EZ2 ×Z2 Y )

for any Z2-ANR Y . ut

We can now recognize the Conner-Floyd exact sequence in unoriented Z2-
bordism as a translation of the localization exact sequence in Z2-equivariant
stable homotopy.

Proposition B.47. The classical Conner-Floyd [8] sequence

· · · → N Z2,free
m (Y )→ N Z2

m (Y )→
m⊕
s=0

Nm−s(Y Z2 ×Gs(∞)))→ · · ·

corresponds to the direct limit of the stable homotopy localization sequences

· · · → ωZ2
m (EZ2 × Y ×Gn(∞⊕∞L)); Rn − ηn)

γ−→

ωZ2
m (Y×Gn(∞⊕∞L)); Rn−ηn)

ρ−→ ωm(Y Z2×Gn(∞⊕∞L)Z2); Rn−ηZ2
n )→ · · · .

Proof. The identification on fixed points is made by the isomorphism

lim−→n
ωm(Y Z2 ×Gn(∞⊕∞L)Z2 ; Rn − ηZ2

n )

= lim−→n

⊕
0≤s≤n ωm−s(Y

Z2 ×Gn−s(∞)×Gs(∞L);Rn−s − ηn−s)

=
⊕m

s=0Nm−s(Y Z2 ×Gs(∞L)).

We can identify the free term

ωZ2
m (EZ2×Y ×Gn(∞); Rn− ηn)

∼=−→ ωZ2
m (EZ2×Y ×Gn(∞⊕∞L); Rn− ηn)

with
ωm((EZ2 ×Z2 Y )×Gn(∞); Rn − ηn)

and so with Nm(EZ2 ×Z2 Y ). ut

The geometric equivariant bordism group N Z2
m (Y ) has been expressed as

the direct limit

lim−→
n

lim−→
V ′

ωZ2
m (Y ×Gn(Rn ⊕ V ′); Rn − ηn),
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where V ′ is a Z2-module and Gn(Rn ⊕ V ′) is included in Gn(Rn ⊕ U ′ ⊕ V ′)
through the inclusion Rn⊕ V ′ ↪→ Rn⊕U ′⊕ V ′ and Gn(Rn⊕ V ′) is included
in Gn+1(Rn+1 ⊕ V ′) by the direct sum with R ⊆ R⊕ Rn = Rn+1.

Definition B.48. The homotopical equivariant bordism group NZ2
m (Y ) is de-

fined as the direct limit

NZ2
m (Y ) = lim−→

V,V ′
ωZ2
m (Y ×Gn(V ⊕ V ′); V − ηn),

where V and V ′ are Z2-modules of dimension n and n′ respectively and
Gn(V ⊕ V ′) is included in Gk+n(U ⊕ V ⊕ U ′ ⊕ V ′), for Z2-modules U and
U ′ of dimension k and k′, by the direct sum with U . There is a natural
transformation from the geometric to the homotopical theory:

N Z2
m (Y )→ NZ2

m (Y ) .

In the non-equivariant theory we have, for an ANR Y0,

Nm(Y0) = lim−→
V,V ′

ωm(Y0 ×Gn(V0 ⊕ V ′0); V0 − ηn),

where limit runs over vector spaces V0 and V ′0 of dimension n and n′; it,
therefore, makes sense to write

Nm(Y0) = Nm(Y0) .

Proposition B.49. For the homotopical theory NZ2
∗ there is a Conner-Floyd

long exact sequence

· · · → Nm(EZ2 ×Z2
Y )→ NZ2

m (Y )→
m⊕

s=−∞
Nm−s(Y

Z2 ×BO(∞))→ · · ·

Proof. This is the direct limit of the ωZ2
∗ localization sequences for the spaces

Y ×Gn′(V ⊕ V ′) with coefficients ηn′ − V ′. The limit over all Z2-modules V
produces the summands in all dimensions m− s > 0.

For further discussion of the sequence we refer to Sinha [73]. ut

Remark B.50. We have defined Nm(Y0) as the direct limit

lim−→
V0,V ′0

ωm(Y0 ×Gn(V0 ⊕ V ′0); V0 − ηn)
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over finite dimensional R-vector spaces V0 and V ′0 of dimension n and n′

respectively. In the direct system the Grassmannian Gn(V0 ⊕ V ′0) is included
in Gk+n(U0⊕V0⊕U ′0⊕V ′0), where U0 and U ′0 are vector spaces of dimension k
and k′, by taking the direct sum of an n-dimensional subspace of V0⊕V ′0 with
U0 to get a (k+n)-dimensional subspace of U0⊕V0⊕V ′0 ⊆ U0⊕V0⊕U ′0⊕V ′0 .

In the bordism interpretation, this description classifies the stable tangent
bundle. For the more conventional interpretation involving the stable normal
bundle and the eponymous Thom spectrum, we can identify these groups
with

lim−→
V0,V ′

ωm(Y0 ×Gn′(V0 ⊕ V ′0); ηn′ − V ′0).

The orthogonal complement identifies Gn(V0 ⊕ V ′0) with Gn′(V0 ⊕ V ′0) and
then ηn ⊕ ηn′ = V0 ⊕ V ′0 . The corresponding inclusion of Gn′(V0 ⊕ V ′0) as a
subspace of Gk′+n′(U0 ⊕ V0 ⊕ U ′0 ⊕ V ′0) is given by the direct sum with U ′0.

There is a similar complementary interpretation of the equivariant groups
NZ2
m (Y ) in the notation of Definition B.48.

Proposition B.51. The homotopical bordism group NZ2
m (Y ) can be expressed

as the direct limit

NZ2
m (Y ) = lim−→

V,V ′
ωZ2
m (Y ×Gn′(V ⊕ V ′); ηn′ − V ′),

over pairs of Z2-modules V and V ′ of dimension n and n′, where the inclusion
of Gn′(V ⊕ V ′) into Gk′+n′(U ⊕ V ⊕ U ′ ⊕ V ′) for Z2-modules U and U ′ of
dimension k and k′ is given by the direct sum with U ′. ut

Remark B.52. The standard definition of Nm(Y0) in terms of Thom spectra
is as the direct limit

lim−→
V0,V ′0

[(Rm ⊕ V ′0)∞; (Y0)+ ∧ T (ηn′ , Gn′(V0 ⊕ V ′0))]

over vector spaces V0 and V ′0 . But stabilization

[(Rm⊕V ′0)∞; (Y0)+∧T (ηn′ , Gn′(V0⊕V ′0))]→ ωm(Y0×Gn′(V0⊕V ′0); ηn′−V ′0)

is an isomorphism if n′ > m+ 1.

One has a similar description of the Z2-equivariant theory, for what are rather
formal reasons.
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Proposition B.53. There is an isomorphism

α : lim−→
V,V ′

[(Rm ⊕ V ′)∞; Y + ∧ T (ηn′ , Gn′(V ⊕ V ′))]Z2 → NZ2
m (Y ).

Proof. Using Proposition B.51 and the definition of an equivariant stable
map, we can write

NZ2
m (Y ) = lim−→

U ′,V,V ′
[(Rm ⊕ U ′ ⊕ V ′)∞; Y + ∧ T (U ′ ⊕ ηn′ , Gn′(V ⊕ V ′))]Z2

as a direct limit over Z2-modules U ′, V and V ′. The stabilization map α is
defined by including the U ′ = 0 terms. In the opposite direction, we get a
map

β : NZ2
m (Y )→ lim−→

U,V,V ′
[(Rm⊕U ′⊕V ′)∞; Y +∧T (ηk′+n′ , Gk′+n′(V ⊕U ′⊕V ′))]Z2 ,

where k′ = dimU ′ and Gn′(V ⊕ V ′) is embedded into Gk′+n′(V ⊕ U ′ ⊕ V ′)
by taking the direct sum with U ′ so that ηk′+n′ restricts to U ′ ⊕ ηn′ .

The composition β ◦ α is clearly the identity. To understand α ◦ β, we
observe that the map

[(Rm ⊕ U ′ ⊕ V ′)∞; Y + ∧ T (U ′ ⊕ ηn′ , Gn′(V ⊕ V ′))]Z2

↓
[(Rm ⊕ U ′ ⊕ V ′)∞; Y + ∧ T (ηk′+n′ , Gk′+n′(V ⊕ U ′ ⊕ V ′))]Z2

at the finite level lifts the homomorphism

ωZ2
m (Y ×Gn′(V ⊕ V ′); ηn′ − V ′)

↓
ωZ2
m (Y ×Gk′+n′(V ⊕ (U ′ ⊕ V ′)); ηk′+n′ − (U ′ ⊕ V ′))

in the direct system describing NZ2
m (Y ). Hence α ◦ β is the identity. ut

A refinement of the bordism groups in which restrictions are placed on the
fixed-point sets was considered by Kosniowski [48] and Waner [87]. Suppose
that A ⊆ RO(Z2) is a finite set of virtual representations of dimension 0.
Thus A is a finite set of multiples of [L]− [R].

Definition B.54. We define N Z2,A
m (Y ) to be the set of bordism classes of

Z2-maps f : M → Y from an m-dimensional Z2-manifold M such that, for
each x ∈MZ2 , [τxM ]−m ∈ RO(Z2) lies in A.



370 B Notes on Z2-bordism

Definition B.55. For a Z2-module V and integer n > 1, let GAn (V ) be the
subset of Gn(V ) consisting of those n-dimensional subspaces E ⊆ V such
that either (i) E /∈ Gn(V )Z2 or (ii) E ∈ Gn(V )Z2 and [E]−n ∈ A ⊆ RO(Z2).

Lemma B.56. The subset GAn (V ) is an open Z2-subspace of Gn(V ) and so
is a Z2-ENR. ut

Lemma B.57. Suppose that M is a closed Z2-manifold such that, for each
x ∈ MZ2 , [τxM ] − m ∈ RO(Z2) lies in A. Then there is a Z2-module V
and a Z2-monomorphism τM ↪→ M × V such that for each x ∈ M the
m-dimensional subspace τxM ⊆ V lies in GAm(V ).

Proof. For each x ∈ MZ2 , let Vx = τxM and let ix : τxM → Vx be the
identity map; for a point x in the complement of MZ2 , let Vx = τxM ⊕ τyM ,
where {x, y} is the Z2-orbit of x and let ix : τxM ↪→ Vx be the inclusion.
Each inclusion ix extends to a Z2-map τM → M × Vx, which will be a
monomorphism on some neighbourhood of the orbit of x and give a map of
some smaller neighbourhood Ux to GAm(Vx) by the openness of GAm(Vx) in
Gn(Vx). Choose a finite subset Q ⊆ X so that the open sets Ux, x ∈ Q, cover
M , and take the sum of the linear maps τM →M ×Vx, x ∈ Q, to get a map
τM ↪→M × V , where V =

⊕
x∈Q Vx. ut

Proposition B.58. There is a natural isomorphism

n : N Z2,A
m (Y )→ lim−→

n>m

ΩZ2,res
0 (Y ×GAn (∞⊕∞L); Rn−m, ηn).

Proof. Consider a representative f : M → Y of a class in N Z2,A
m (Y ). Choose

a Z2-monomorphism τM ↪→M × V as in Lemma B.57 above. Its classifying
map determines an element of the group ΩZ2,res

0 (Y ×GAm(V ); 0, ηm) and so of

ΩZ2,res
0 (Y ×GAm(∞⊕∞L); 0, ηm). This construction produces a well-defined

homomorphism

N Z2,A
m (Y )→ ΩZ2,res

0 (Y ×GAn (∞⊕∞L); 0, ηm)

and so to the direct limit.

Conversely, given a representative of consisting of maps f : M → Y and
g : M → GAn (V ) and a bundle isomorphism τM ⊕Rn−m⊕Ri ∼= g∗ηn⊕Ri, of

a class in ΩZ2,res
0 (Y × GAn (V ); Rn−m, ηm), the component f : M → Y gives

an element of N Z2,A
m (Y ). ut
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Corollary B.59. There is a natural isomorphism

N Z2,A
m (Y ) ∼= lim−→

n>m

ωZ2
m (Y ×GAn (∞⊕∞L);Rn − ηn).

Proof. This follows at once from Proposition B.24. ut

The naive version of oriented G-bordism, which is appropriate for many
geometric applications, can be treated in the same way. (More sophisticated
versions may be found in Costenoble and Waner [11].)

Definition B.60. An orientation of an m-dimensional Z2-manifold M is a
Z2-equivariant trivialization S(ΛmτM)→M×S(R) of the orientation bundle
of M . In other words, it is an orientation in the non-equivariant sense that
is fixed under the action of the group Z2.

Definition B.61. We define the oriented m-dimensional bordism group of
Y , OZ2

m (Y ), to be the bordism group of oriented closed Z2-manifolds M of
dimension m equipped with a Z2-map f : M → Y .

For a Z2-module V , we write Gor
m(V ) for the Grassmann manifold of oriented

m-dimensional subspaces of V . The double cover Gor
m(V ) → Gm(V ) is the

sphere bundle S(Λmηm) over Gm(V ).

Proposition B.62. There are natural equivalences

OZ2
m (Y )

∼=−→
n

lim−→
n>m

ΩZ2,res
0 (Y ×Gor

n (∞⊕∞L); Rn−m, ηn)

∼=−→ lim−→
n>m

ωZ2
m (Y ×Gor

n (∞⊕∞L); Rn − ηn),

for any Z2-ANR Y . ut





Appendix C

The geometric Hopf invariant and
double points (2010)

This, with a few small differences, including the correction of a misprint in
Proposition 3.1, is the text of our joint paper The geometric Hopf invariant
and double points, Journal of Fixed Point Theory and Applications 7, 325–350
(2010). It is included here by kind permission of Springer Verlag.
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Abstract

The geometric Hopf invariant of a stable map F is a stable Z/2-equivariant
map h(F ) such that the stable Z/2-equivariant homotopy class of h(F ) is
the primary obstruction to F being homotopic to an unstable map. In this
paper we express the geometric Hopf invariant of the Umkehr map F of an
immersion f : Mm # Nn in terms of the double point set of f . We interpret
the Smale-Hirsch-Haefliger regular homotopy classification of immersions f
in the metastable dimension range 3m < 2n − 1 (when a generic f has no
triple points) in terms of the geometric Hopf invariant.

Introduction

The original Hopf invariant H(F ) ∈ Z of a map F : S3 → S2 was inter-
preted by Steenrod as the evaluation of the cup product in the mapping cone
C(F ). The mod 2 Hopf invariant H2(F ) ∈ Z/2 of a map F : Sj → Sk was
then defined using the functional Steenrod squares of f . The geometric Hopf
invariant of a stable map F : Σ∞X → Σ∞Y is the stable Z/2-equivariant
map

h(F ) = (F ∧ F )∆X −∆Y F : Σ∞X → Σ∞(Y ∧ Y )

measuring the failure of F to preserve the diagonal maps of X and Y , with
Z/2 acting by the transposition T : (y1, y2) 7→ (y2, y1) on Y ∧ Y . Thus h(F )
is a homotopy-theoretic generalization of the functional Steenrod squares.
The stable homotopy class of h(F ) is the primary obstruction to F being
homotopic to an unstable map.

Given an immersion f : Mm # Nn with normal bundle ν(f) we ex-
press the geometric Hopf invariant h(F ) of the Umkehr map F : Σ∞N+ →
Σ∞Mν(f) in terms of the double point set of f . There are many antecedents
for this expression! The stable homotopy class of h(F ) depends only on the
regular homotopy class of f . If f is regular homotopic to an embedding then
h(F ) is stably null-homotopic. We interpret the Smale-Hirsch-Haefliger reg-
ular homotopy classification of immersions f in the metastable dimension
range 3m < 2n − 1 (when a generic f has no triple points) in terms of the
geometric Hopf invariant.

In “The Geometric Hopf invariant and surgery theory”1 we provide a con-
siderably more detailed exposition of the geometric Hopf invariant h(F ) and

1 this volume!
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its applications to manifolds. This will include the π1(N)-equivariant geo-

metric Hopf invariant h̃(F ) needed for a homotopy-theoretic treatment of
the double point invariant µ(f) of Wall [85, §5] for a generic immersion
f : Mm # N2m which plays such an important rôle in non-simply-connected
surgery theory, with M = Sm. When both M and N are connected and ori-
ented and f induces the trivial map π1(M) → π1(N), µ(f) is an element of
the group

Z[π1(N)]/〈g − (−)mg−1 | g ∈ π1(N)〉

and µ(f) = 0 if (and, for m > 2, only if) f is regular homotopic to an

embedding, by the Whitney trick for removing double points. h̃(F ) induces
the quadratic construction ψF of [61] on the chain level.

The present paper is set out as follows. Section 1 describes briefly the
construction of the geometric Hopf invariant and its fibrewise generalization.
The double point theorem is stated and proved in Section 2. In Section 3,
building on work of Dax [18], Hatcher and Quinn [25], Salomonsen [68] and
Li, Liu and Zhang [51], we relate the geometric Hopf invariant in a stable
range to Haefliger’s obstruction to the existence of a regular homotopy from
an immersion to an embedding. The papers of Boardman and Steer [5] and
Koschorke and Sanderson [46] are also relevant. The variation of the geometric
Hopf invariant of an immersion under a (not necessarily regular) homotopy is
computed in Section 4 in terms of the Smale-Hirsch-Haefliger classification.
In Section 5 we use Whitney’s figure-of-eight immersion [91] to construct,
in a metastable range, immersions close to a given embedding. Prerequisites
for that section, on the differential-topological classification of vector bundle
monomorphisms, are given in an Appendix.

We shall write the one-point compactification of a locally compact Haus-
dorff topological space X as X+. A subscript ‘+’ will be used for the ad-
junction of a disjoint basepoint to a space. If X is compact X+ = X+. For
a Euclidean vector bundle ξ over a general space X, we write D(ξ) for the
closed unit disc bundle, S(ξ) for the sphere bundle and B(ξ) for open unit
disc bundle. The Thom space of ξ is written as Xξ. To simplify notation,
we shall sometimes write Y ξ, rather than Y p

∗ξ, for the Thom space of the
pullback p∗ξ by a map p : Y → X, if the map p is clear from the context.
Similarly, we sometimes write V , instead of X × V , for the trivial vector
bundle over X with fibre the vector space V .

Methods of fibrewise homotopy theory will be used extensively. Fibrewise
constructions, such as the one-point compactification, the Thom space, or the
smash product, over a base B will be indicated by attaching a subscript ‘B’ to
the relevant symbol. We follow the notation for (fibrewise) stable homotopy
adopted in [13]. Consider fibrewise pointed spaces X → B and Y → B over
an ENR base B. If B is compact and A is a closed sub-ENR, we write
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ω0
B{X; Y } and ω0

(B,A){X; Y },

respectively, for the abelian group of stable fibrewise maps X → Y over B
and the relative group defined in terms of homotopy classes of maps that
are zero over the subspace A. (See, for example, [14, Part II, Section 3].) We
also need to consider fibrewise maps with compact supports. When B is not
necessarily compact we write

cω
0
B{X; Y }

for the group of fibrewise stable maps that are zero outside a compact sub-
space of B. The ω0-theories are extended, using the fibrewise suspension ΣB
over B, to ωi-cohomology theories indexed by i ∈ Z. When Y → B is a trivial
bundle B × Si → B, there are natural identifications of the fibrewise groups
with the reduced stable cohomotopy of an appropriate pointed space:

ω0
B{X; B × Si} = ω̃i(X/B), and ω0

(B,A){X; B × Si} = ω̃i(X/(XA ∪B)),

where XA → A denotes the restriction of X → B.

We shall also need Z/2-equivariant stable homotopy theory, which we in-
dicate by a prefix as Z/2ω∗. So, for example, the equivariant stable coho-
motopy of a point, Z/2ω0(∗), is the direct limit over all finite-dimensional
R-vector spaces V and W of the homotopy classes of pointed Z/2-maps
(V ⊕ LW )+ → (V ⊕ LW )+. Here, and throughout the paper, we write L
for the non-trivial 1-dimensional representation R of Z/2 with the involution
−1, and, for a finite-dimensional real vector space W , abbreviate the tensor
product L⊗W to LW .

We thank Mark Grant for pointing out the relevance of Hatcher and Quinn
[25].

C.1 A review of the geometric Hopf invariant

Let X and Y be pointed topological spaces, and let V be a finite dimensional
Euclidean space. It is convenient to assume that X is a compact ENR and
that Y is an ANR.

Let the generator T ∈ Z/2 act on X ∧X by transposition

T : X ∧X → X ∧X ; (x, y) 7→ (y, x) .
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The diagonal map

∆X : X → X ∧X ; x 7→ (x, x)

is Z/2-equivariant. The diagonal map ∆V + extends to a Z/2-equivariant
homeomorphism

κV : LV + ∧ V + → V + ∧ V + ; (u, v) 7→ (u+ v,−u+ v) .

The Z/2-action u 7→ −u on LV has fixed point {0}; the Z/2-action on the
unit sphere

S(LV ) = {u ∈ V | ‖u‖ = 1}

is free, with ‖ ‖ any inner product on V .

The geometric Hopf invariant of a map F : V + ∧X → V + ∧ Y measures
the difference (F ∧ F )∆X − ∆Y F , given that (F ∧ F )∆V +∧X = ∆V +∧Y F .
The diagram of Z/2-equivariant maps

LV + ∧ V + ∧X
1 ∧∆X //

1 ∧ F

��

LV + ∧ V + ∧X ∧X

G

��
LV + ∧ V + ∧ Y

1 ∧∆Y // LV + ∧ V + ∧ Y ∧ Y

does not commute in general, with

G = (κ−1
V ∧ 1)(F ∧ F )(κV ∧ 1) :

LV + ∧ V + ∧X ∧X → LV + ∧ V + ∧ Y ∧ Y ;

(u, v, x1, x2) 7→ ((w1 − w2)/2, (w1 + w2)/2, y1, y2)

(F (u+ v, x1) = (w1, y1), F (−u+ v, x2) = (w2, y2)) .

However, the Z/2-equivariant maps defined by

p = G(1 ∧∆X) : LV + ∧ V + ∧X → LV + ∧ V + ∧ Y ∧ Y ;

(u, v, x) 7→ ((w1 − w2)/2, (w1 + w2)/2, y1, y2)

(F (u+ v, x) = (w1, y1), F (−u+ v, x) = (w2, y2)) ,

q = (1 ∧∆Y )(1 ∧ F ) : LV + ∧ V + ∧X → LV + ∧ V + ∧ Y ∧ Y ;

(u, v, x) 7→ (u,w, y, y) (F (v, x) = (w, y))

agree on 0+ ∧ V + ∧X = V + ∧X ⊆ LV + ∧ V + ∧X, with
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p| = q| = (κ−1
V ∧ 1)∆V +∧Y F = (κ−1

V ∧ 1)(F ∧ F )(κV ∧ 1)∆V +∧X :

V + ∧X → LV + ∧ V + ∧ Y ∧ Y .

We adopt the following terminology: for t ∈ [0, 1], u ∈ S(V ) let

[t, u] =
tu

1− t
∈ V + .

Definition C.1.1 ([14, pp. 306–308]) The geometric Hopf invariant of a
pointed map F : V + ∧X → V + ∧Y is the Z/2-equivariant map given by the
relative difference of the Z/2-equivariant maps p, q

hV (F ) = δ(p, q) : ΣS(LV )+ ∧ V + ∧X → LV + ∧ V + ∧ Y ∧ Y ;

(t, u, v, x) 7→

{
q([1− 2t, u], v, x) if 0 6 t 6 1/2

p([2t− 1, u], v, x) if 1/2 6 t 6 1

(t ∈ [0, 1], u ∈ S(LV ), v ∈ V, x ∈ X) .

ut

We are primarily interested in the stable Z/2-equivariant class of hV (F ),
which we write simply as

hV (F ) ∈ Z/2ω0{ΣS(LV )+ ∧X; LV + ∧ (Y ∧ Y )} .

Using duality, we can rewrite this stable homotopy group in different ways
and thus obtain two other versions of the geometric Hopf invariant as follows.
Smashing hV (F ) with the identity on the sphere S(LV )+ and composing with
the duality map

LV + → ΣS(LV )+ → S(LV )+ ∧ΣS(LV )+

we get a map

V + ∧ LV + ∧X → V + ∧ LV + ∧ S(LV )+ ∧ (Y ∧ Y )

and a second version of the geometric Hopf invariant as an element

h′V (F ) ∈ Z/2ω0{X; S(LV )+ ∧ (Y ∧ Y )} .

Remark C.1.2 The Z/2-equivariant cofibration sequence
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S(LV )+ → S0 = {0}+ → LV +

induces an exact sequence of stable Z/2-equivariant homotopy groups

Z/2ω0{X; S(LV )+∧(Y ∧Y )} → Z/2ω0{X; Y ∧Y } → Z/2ω0{X; LV +∧Y ∧Y } .

The stable class h′V (F ) has image (F ∧ F )∆X −∆Y F in Z/2ω0{X; Y ∧ Y }.

We may also use the Adams isomorphism [3, Theorem 5.3]

Z/2ω0{X; S(LV )+ ∧ (Y ∧ Y )} ∼= ω0{X; S(LV )+ ∧Z/2 (Y ∧ Y )}

to regard h′V (F ) as a non-equivariant class

h′′V (F ) ∈ ω0{X; S(LV )+ ∧Z/2 (Y ∧ Y )} .

ut

Remark C.1.3 Instead of applying the Adams isomorphism, we can use
fibrewise techniques. The unstable map hV (F ) lifts to an equivariant fibrewise
pointed map over S(LV ):

S(LV )× (ΣV + ∧X)→ S(LV )× (V + ∧ LV + ∧ (Y ∧ Y )) ,

and we may divide by the free Z/2-action to get a fibrewise pointed map over
the real projective space P (V ) = S(LV )/Z/2:

P (V )× (ΣV + ∧X)→ (V ⊕ (H ⊗ V ))+
P (V ) ∧P (V ) (S(LV )×Z/2 (Y ∧ Y )) ,

where H = S(LV ) ×Z/2 L is the Hopf line bundle over P (V ) and {−}+P (V )

denotes fibrewise one-point compactification over P (V ). This fibrewise map
represents a stable class in the group

ω−1
P (V ){P (V )×X; (H ⊗ V )+

P (V ) ∧P (V ) (S(LV )×Z/2 (Y ∧ Y ))} ,

which may be identified by fibrewise Poincaré-Atiyah duality (since R ⊕
τP (V ) = H ⊗ V ) with

ω0{X; S(LV )+ ∧Z/2 (Y ∧ Y )} .

(For the duality theorem, see, for example, [14, Part II, Section 12].) ut

Remark C.1.4 By [12, pp. 60–61] the limit over all finite-dimensional V of
the exact sequences in Remark C.1.2 is a split exact sequence

ω0{X; (EZ/2)+ ∧Z/2 (Y ∧ Y )} δ−→ Z/2ω0{X; Y ∧ Y } ρ−→ ω0{X;Y }
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with the fixed point map ρ split by

ω0{X;Y } → Z/2ω0{X; Y ∧ Y } ; F 7→ ∆Y F .

The stable Z/2-equivariant homotopy class

h(F ) = (F ∧ F )∆X −∆Y F ∈ Z/2ω0{X; Y ∧ Y }

is the image under δ of

h′(F ) = lim−→
V

h′V (F ) ∈ ω0{X; (EZ/2)+ ∧Z/2 (Y ∧ Y )} .

ut

We shall need some fundamental properties of the geometric Hopf invari-
ant. First, it is an obstruction to desuspension. The Hopf invariant of a sus-
pension is zero, but there is a more precise result for the geometric Hopf
invariant.

Lemma C.1.5 Suppose that F is the suspension 1V + ∧ F0 of a map F0 :
X → Y . Then hV (F ) = 1V + ∧nV ∧ (∆Y ◦F0), where nV : ΣS(LV )+ → LV +

is an explicit Z/2-equivariantly null-homotopic map. ut

The second property, giving a formula for the Hopf invariant of a composition,
is suggested by the stable form described in Remark C.1.2.

Proposition C.1.6 (Composition formula). Let X, Y and Z be pointed
spaces, and suppose that F : V + ∧X → V + ∧ Y and G : V + ∧ Y → V + ∧ Z
are pointed maps. Then

hV (G◦F ) = hV (G)[F ]+[G∧G]hV (F ) ∈ Z/2ω0{ΣS(LV )+∧X; LV +∧(Z∧Z)},

where

[F ] ∈ Z/2ω0{X; Y } and [G ∧G] ∈ Z/2ω0{Y ∧ Y ; Z ∧ Z}

are the stable classes determined by F (with the trivial action of Z/2) and
G ∧G. ut

Lastly, the Hopf invariant satisfies the following sum formula.

Proposition C.1.7 (Sum formula). Let F+, F− be maps V +∧X → V +∧Y .
Suppose that v ∈ S(V ). Choose a tubular neighbourhood of {v, −v} in V and
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let ∇ : V + → V + ∧ V + be the associated Pontryagin-Thom map. Then the
Hopf invariant of the sum F = (F+ ∧ F−) ◦ (∇∧ 1X) is given by

hV (F ) = hV (F+) + hV (F−) + ι[(F+ ∧ F−) ◦∆X ]

where the induction homomorphism ι is the composition of the isomorphism

ω0{X; Y ∧ Y } ∼= Z/2ω0{ΣS(Lv)+ ∧X; (Lv)+ ∧ (Y ∧ Y )}

and the map

Z/2ω0{ΣS(Lv)+∧X; (Lv)+∧(Y ∧Y )} → Z/2ω0{ΣS(LV )+∧X; LV +∧(Y ∧Y )}

induced by the inclusion of the 1-dimensional subspace Rv ↪→ V . ut

The explicit construction of the geometric Hopf invariant is readily extended
to the fibrewise theory. Suppose now that X → B and Y → B are fibrewise
pointed spaces over an ENR B. (We shall assume that both are locally fibre
homotopy trivial and that the fibres have the homotopy type of CW com-
plexes, finite complexes in the case of X.) Consider a fibrewise pointed map
F : (B × V +) ∧B X → (B × V +) ∧B Y . If B is compact, we have a fibrewise
geometric Hopf invariant

hV (F ) ∈ Z/2ω0
B{(B ×ΣS(LV )+) ∧B X; (B × LV +) ∧B (Y ∧B Y )} ,

and corresponding variants h′V (F ) and h′′V (F ). See, for example, [14, Part
II, Section 14]. This fibrewise Hopf invariant is an obstruction to fibrewise
desuspension. Indeed, suppose that the restriction of F to a closed sub-ENR
A ⊆ B is the fibrewise suspension of a map XA → YA over A. Then Lemma
C.1.5 shows how to define a relative fibrewise Hopf invariant in

Z/2ω0
(B,A){(B ×ΣS(LV )+) ∧B X; (B × LV +) ∧B (Y ∧B Y )} ,

which lifts hV (F ). (One uses the fact that the inclusion of A in B is a cofibra-
tion.) When B is not (necessarily) compact and F is a fibrewise suspension
outside some compact subspace of B, the same method gives a fibrewise Hopf
invariant with compact supports:

hV (F ) ∈ Z/2
cω

0
B{(B ×ΣS(LV )+) ∧B X; (B × LV +) ∧B (Y ∧B Y )} .
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C.2 The double point theorem

Let f : M # N be a (smooth) immersion of a closed manifold M in a con-
nected manifold N (without boundary) of dimension n, with normal bundle
ν(f), usually abbreviated to ν. We do not require M to be connected, nor
that all the components should have the same dimension; the maximum di-
mension of a component is denoted by m. Let e : M → V be a smooth map
to a finite-dimensional Euclidean space V such that e(x) 6= e(y) whenever
f(x) = f(y) for x 6= y. This gives a (smooth) embedding (e, f) : M ↪→ V ×N
with normal bundle V ⊕ ν. (To be precise, there is a short exact sequence
0→ V → ν(e, f)→ ν → 0 which is split by a choice of metrics.)

We have an associated Pontryagin-Thom map (defined up to homotopy)

F : V + ∧N+ → V + ∧Mν .

Its geometric Hopf invariant is a stable Z/2-homotopy class

hV (F ) ∈ Z/2ω0{ΣS(LV )+ ∧N+; LV + ∧ (Mν ∧Mν)} ,

where Z/2 interchanges the factors of Mν ∧Mν .

Suppose that the immersion f is self-transverse and that there are no k-
tuple points for k > 2. (This is the case for a generic immersion if 3m < 2n.)
The double point set

D(f) = {(x, y) ∈M ×M −∆(M) | f(x) = f(y)}

is then a smooth Z/2-submanifold of M ×M (of constant dimension 2m− n
if M is connected), on which Z/2 acts freely, and its normal bundle may be
identified with the pullback j∗τN of the tangent bundle of N by the map
j : D(f) → N mapping (x, y) to f(x) = f(y) ∈ N . We also have a Z/2-map
d : D(f)→ LV − {0} given by d(x, y) = e(x)− e(y), and thus an embedding

(d, j) : D(f) ↪→ (LV − {0})×N ,

with normal bundle LV ⊕k∗(ν×ν), where k : D(f)→M×M is the inclusion.
The Pontryagin-Thom construction gives a Z/2-map

(LV − {0})+ ∧N+ → LV + ∧D(f)k
∗(ν×ν).

Composing with the map induced by k, we get a Z/2-homotopy class

φ : ΣS(LV )+ ∧N+ → LV + ∧ (Mν ∧Mν) .
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Theorem C.2.1 (The double point theorem). The geometric Hopf invariant
hV (F ) of the Pontryagin-Thom map F is equal to the Z/2-equivariant stable
homotopy class of the map φ determined, as described above, by the double
point manifold D(f). ut

We may also consider the second version of the Hopf invariant

h′V (F ) ∈ Z/2ω0{N+; S(LV )+ ∧ (Mν ∧Mν)} .

This, too, may be described directly in terms of the double points. The em-
bedding D(f) ↪→ LV × N with normal bundle LV ⊕ k∗(ν × ν) provides a
Pontryagin-Thom map

LV + ∧N+ → LV + ∧D(f)k
∗(ν×ν)

which we compose with the map D(f)→ S(LV )× (M ×M) given by e and
the inclusion k to get

φ′ : LV + ∧N+ → LV + ∧ S(LV )+ ∧ (Mν ∧Mν) .

Corollary C.2.2 The second version h′V (F ) of the geometric Hopf invariant
is represented by the Z/2-map φ′ defined in the text. ut

We also have the non-equivariant stable Hopf invariant

h′′V (F ) ∈ ω0{N+; (S(LV )×Z/2 (M ×M))ν×ν} .

The free Z/2-manifold D(f) is a double cover of the set D(f) ⊆ N of double
points of the immersion f . We have an induced map

D(f) = D(f)/Z/2→ S(LV )×Z/2 (M ×M)

and an embedding of D(f) in N with normal bundle the pullback of ν × ν.
The Pontryagin-Thom construction gives a map

φ′′ : N+ → D(f)ν×ν → (S(LV )×Z/2 (M ×M))ν×ν .

Corollary C.2.3 The stable geometric Hopf invariant h′′V (F ) is equal to the
stabilization [φ′′] of the class determined by the double point manifold D(f) ⊆
N . ut
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These results will be obtained as consequences of a more precise fibrewise
theorem, which we describe next.

Let C → N be the space of pairs (x, α) where x ∈M and α : [0, 1]→ N is
a continuous path such that α(0) = f(x), fibred over N by projection to the
other endpoint α(1). We have a homotopy equivalence π : C → M given by
π(x, α) = x.

The homotopy Pontryagin-Thom map defined by the embedding (e, f) :
M ↪→ V ×N as described in [13, Section 6] (and in [14]) is a pointed map

F̃ : N × V + → (N × V +) ∧N Cπ
∗ν

N

with compact supports over N . (To be exact, the space C in [13] is the space of
pairs (x, β), where x ∈M and β : [0, 1]→ V ×N is a path starting at β(0) =
(e(x), f(x)). We omit here the redundant component in the contractible space
V .) We may then form the fibrewise geometric Hopf invariant

hV (F̃ ) ∈ Z/2
cω

0
N{N ×ΣS(LV )+; (N × LV +) ∧N (Cπ

∗ν
N ∧N Cπ

∗ν
N )} ,

again as a stable Z/2-equivariant map with compact supports over N .

Now the fibre product C×N C of pairs ((x, α), (y, β)) such that α(1) = β(1)

may be identified, by splicing α to the reversed path β, with the space h-D̂(f)
of triples (x, y, γ) with x, y ∈M and γ : [−1, 1]→ N a continuous path from
γ(−1) = f(x) to γ(1) = f(y) projecting to γ(0) ∈ N . (Thus γ(t) is α(1 + t)
if −1 6 t 6 0, β(1 − t) if 0 6 t 6 1.) It has an action of Z/2 in which the
involution interchanges x and y and reverses the path γ. The double point
set D(f) is included in h-D̂(f) as the space of constant paths.

Let D be the space of pairs ((x, y), α), where (x, y) ∈ D(f) and α : [0, 1]→
N is a path such that α(0) = f(x) = f(y). This corresponds to the subspace

of points (x, y, γ) ∈ h-D̂(f) with γ(−t) = γ(t). The fibrewise Pontryagin-
Thom construction on D(f) ↪→ (LV − {0})×N gives a fibrewise map

N ×ΣS(LV )+ → (N × LV +) ∧N Dν×νN ,

which we compose with the inclusion

Dν×νN ↪→ h-D̂(f)
ν×ν
N ,

to get an equivariant fibrewise map

φ̃ : N ×ΣS(LV )+ → (N × LV +) ∧N h-D̂(f)
ν×ν
N .
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Theorem C.2.4 (Homotopy double point theorem). The fibrewise geomet-
ric Hopf invariant

hV (F̃ ) ∈ Z/2
cω

0
N{N ×ΣS(LV )+; (N × LV +) ∧N h-D̂(f)

ν×ν
N }

of the homotopy Pontryagin-Thom map F̃ is equal to the fibrewise stable class
of the map φ̃ determined by the double points of f . ut

The dual version is a class

h′V (F̃ ) ∈ Z/2
cω

0
N{N × S0; (N × S(LV )+) ∧N h-D̂(f)

ν×ν
N } .

There is also a non-equivariant form. The stable Hopf invariant h′′V (F̃ ) lies in

cω
0
N{N × S0; (S(LV )×Z/2 h-D̂(f))ν×νN } ,

and this group can be identified with

ω̃0((S(LV )×Z/2 h-D̂(f))ν×ν−τN )

by fibrewise Poincaré-Atiyah duality. (For a general treatment of fibrewise
duality see, for example, [14, Part II, Section 12]. The duality theorem re-
quired here is stated in [13] as Proposition 4.1.)

The Pontryagin-Thom construction applied to the double point manifold
D(f) = D(f)/(Z/2) equipped with the map D(f) → S(LV ) ×Z/2 h-D̂(f)

given by the inclusion D(f)→ h-D̂(f) and the map D(f)→ S(LV ) given by
e (via d) produces a stable homotopy class

φ̃′′ : S0 → (S(LV )×Z/2 h-D̂(f))ν×ν−τN .

Corollary C.2.5 We have

h′′V (F̃ ) = φ̃′′ ∈ ω̃0((S(LV )×Z/2 h-D̂(f))ν×ν−τN ) .

ut

Before turning to the proof of Theorem C.2.4, we explain how the fibrewise
Hopf invariant hV (F̃ ) determines the simpler invariant hV (F ).

Lemma C.2.6 The Hopf invariant hV (F ) is the image of hV (F̃ ) under the
composition:
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Z/2
cω

0{N ×ΣS(LV )+; (N × LV +) ∧N h-D̂(f)
ν×ν
N }

→ Z/2ω0{N+ ∧ΣS(LV )+; LV + ∧ h-D̂(f)
ν×ν
}

→ Z/2ω0{N+ ∧ΣS(LV )+; LV + ∧ (Mν ∧Mν)}

of the homomorphism defined by collapsing the basepoint sections over N to a
point and that induced by the projection π×π : h-D̂(f) = C ×N C →M ×M .

Proof. This is easily seen from the explicit construction of the geometric Hopf
invariant. ut

In a similar manner, h′V (F ) and h′′V (F ) are the images of the refined in-
variants h′V (F̃ ) and h′′V (F̃ ) under homomorphisms defined by collapsing base-

point sections over N and projecting from h-D̂(f) to M ×M .

Remark C.2.7 This construction also provides the π-equivariant Hopf in-
variant considered, in greater detail, in this volume. Suppose that Γ is a
discrete group and that q : Ñ → N is a principal Γ -bundle (for exam-
ple, a universal covering space with Γ the fundamental group of N). We let

M̃ = f∗Ñ be the induced bundle over M : thus

M̃ = {(x, z) ∈M × Ñ | f(x) = q(z)} .

We may define a map h-D̂(f) → (M̃ × M̃)/Γ as follows. Given (x, y, γ) ∈
h-D̂(f) (so x, y ∈ M , γ : [−1, 1] → N , γ(−1) = f(x), γ(1) = f(y)), lift γ

to a path γ̃ in Ñ , determined up to multiplication by an element of Γ . The
Γ -orbit of ((x, γ̃(−1)), (y, γ̃(1))) ∈ M̃ ×M̃ is independent of the choice of the
lift. The Hopf invariant h′′V (F̃ ) thus gives us an element of

ω0{N+; (S(LV )×Z/2 ((M̃ × M̃)/Γ ))ν×ν} ,

where ν × ν is lifted from M ×M to (M̃ × M̃)/Γ by the obvious projection.
ut

In view of the relations between the various Hopf invariants, it will suffice
to prove Theorem C.2.4 in order to establish Theorem C.2.1 and their sundry
corollaries.

Proof of Theorem C.2.4. Writing ν̄ for the normal bundle of D(f) inN , choose
a tubular neighbourhood D(ν̄) ↪→ N of D(f). For (x, y) ∈ D(f), the fibre of
ν̄ at f(x) = f(y) is νx ⊕ νy. We identify f−1(D(f)) with D(f) by projecting
to the first factor. Then the inverse image of the tubular neighbourhood D(ν̄)



C.2 The double point theorem 387

is a tubular neighbourhood D(ν′) of D(f) in M , where ν′x = νy. The normal
bundle ν restricted to D(ν′) is then identified with the restriction of ν to
D(f).

We may assume that e vanishes outside the tubular neighbourhood D(ν′).
The homotopy Pontryagin-Thom map is then a V -fold suspension outside
D(ν̄). By Proposition C.1.5, the fibrewise Hopf invariant is canonically null-
homotopic outside D(ν̄). The Hopf invariant hV (F̃ ) is thus represented by a
fibrewise map which is zero outside the tubular neighbourhood. In this way
we localize hV (F̃ ) to an element of

Z/2ω0
(D(ν̄),S(ν̄)){N ×ΣS(LV )+; (N × LV +) ∧N h-D̂(f)

ν×ν
N }

constructed from the immersion data in a neighbourhood of the double points.

The local data consists simply of the double cover D(f) → D(f) and the
vector bundle ν over D(f). The bundle ν′ is the pullback of ν under the
covering involution and ν̄ over D(f) is the push-forward of ν. The ‘local M ’
is the total space of ν′ over D(f), and the ‘local N ’ is the total space of ν̄
over D(f). The immersion f is given by the projection D(f) → D(f). We
also need the map e and, without loss of generality, we may assume that it
is determined by a Z/2-map D(f) → S(LV ) (extended radially on D(ν′) to
taper to zero).

In the fibre over {x, y} ∈ D(f), the manifold M is the disjoint union

({0} × νy) t (νx × {0}) # νx ⊕ νy

immersed in the fibre ofN by projection, with the double point at (0, 0). Write
e(x) = v, e(y) = −v. The Hopf invariant is calculated by the sum formula
of Proposition C.1.7. In the notation used there, we take X = ν+

x × ν+
y ,

Y = ν+
x ∨ ν+

y , and the maps F+ and F− are suspensions of the compositions
of the projection to ν+

x or ν+
y , respectively, and the inclusion of the wedge

summand. The Hopf invariants of the suspensions F+ and F− vanish and the
Hopf invariant of the sum is determined by the product X → Y × Y , so by
the projection ν+

x × ν+
y → ν+

x ∧ ν+
y .

The same computation performed fibrewise over D(f) gives the localized
fibrewise Hopf invariant as the image of the element in

ω0
(D(ν̄),S(ν̄)){D(ν̄)× S0; ν̄+

D(ν̄)}

given by the inclusion of D(ν̄) in ν̄. Unravelling the definitions, one sees that
this produces [φ]. ut
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In the remainder of the paper we shall be concerned with the behaviour
of the geometric Hopf invariant hV (F̃ ) as one deforms the map f : M →
N . Suppose, to begin, that we have smooth homotopies ft : M → N and
et : M → V such that each ft is an immersion and such that (et, ft) :
M → V × N is an embedding for each t ∈ [0, 1]. We write f = f0, f ′ =
f1, and e = e0, e′ = e1. Then we have, up to homotopy, an isomorphism
ν′ = ν(f1) → ν(f0) = ν between the normal bundles of the immersions and

a fibre homotopy equivalence h-D̂(f ′) → h-D̂(f) over N . In the standard
terminology, the homotopy ft is a regular homotopy from f to f ′ and the
homotopy (et, ft) is an isotopy from (e, f) to (e′, f ′). Let F ′ be the map
obtained from the homotopy Pontryagin-Thom construction on (e′, f ′).

Proposition C.2.8 (Regular homotopy/isotopy invariance). The fibrewise
Hopf invariants hV (F̃ ′) and hV (F̃ ) correspond under the induced isomor-
phism:

Z/2
cω

0
N{N ×ΣS(LV )+; (N × LV +) ∧N h-D̂(f ′)

ν′×ν′

N }

→ Z/2
cω

0
N{N ×ΣS(LV )+; (N × LV +) ∧N h-D̂(f)

ν×ν
N } .

Proof. This follows from the homotopy invariance of the geometric Hopf in-
variant, which in turn follows easily from the explicit construction described
in the Introduction. ut

C.3 Immersions and embeddings

The vanishing of the stable Hopf invariant hV (F̃ ) is a necessary condition for
the existence of a regular homotopy ft and isotopy (et, ft) such that f ′ = f1

is an embedding. In the opposite direction, we record first:

Proposition C.3.1 Suppose that 3m < 2(n− 1) and that hV (F̃ ) = 0. Then
F̃ is homotopic (through maps with compact support over N) to the V -fold
suspension of a map determined by a section N → Cπ∗νN .

Proof. This is a consequence of the fibrewise EHP-sequence (see [14, Part II,
Proposition 14.39]), applicable because 0 6 3(n−m− 1)− (n+ 0). ut

To proceed further, we shall assume that the dimension of V is large: dim V >
2m. This guarantees that M can be embedded in V , and we may take the
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map e : M → V to be an embedding. In a metastable range, the fibrewise
Hopf invariant of F̃ is the precise obstruction to the existence of a regular
homotopy from the immersion f : M # N to an embedding.

Theorem C.3.2 (Haefliger [22], Hatcher-Quinn [25]). Suppose that 3m <
2(n− 1) and dimV > 2m. Then

h′′V (F̃ ) ∈ ω̃0((S(LV )×Z/2h-D̂(f))ν×ν−τN ) = ω̃0((EZ/2×Z/2h-D̂(f))ν×ν−τN )

vanishes if and only if f is homotopic through immersions to an embedding
of M into N . ut

We define h-D(f) to be the subspace of h-D̂(f) consisting of the triples
(x, y, γ) such that x 6= y and call h-D(f) the space of homotopy double points
of the immersion f . The Hopf bundle EZ/2×Z/2L over BZ/2 will be denoted
by H.

Lemma C.3.3 Let L(f) be the complement of h-D(f) in h-D̂(f). Then one
has a homotopy cofibration sequence:

(EZ/2×Z/2 h-D(f))ν×ν−τN → (EZ/2×Z/2 h-D̂(f))ν×ν−τN

→ (EZ/2×Z/2 L(f))H⊗τM+ν×ν−τN ,

in which the first map is given by the inclusion of h-D(f) in h-D̂(f) and
the second by the homotopy Pontryagin-Thom construction on the diagonal
submanifold M in M ×M .

As a space over M , L(f) is the pullback by f : M → N of the free loop
space of N , map(S1, N)→ N , fibred over N by evaluation at 1 ∈ S1 (⊆ C).

Proof. The vector bundle L⊗ τM , corresponding to H ⊗ τM over BZ/2, is
the normal bundle of the diagonal inclusion of M in M ×M . Choose a Z/2-
equivariant tubular neighbourhood D(L ⊗ τM) ↪→ M ×M of the diagonal
in M ×M . The inclusion of the subspace of h-D(f) consisting of the triples
(x, y, γ) such that (x, y) /∈ B(L⊗τM) into h-D(f) is a homotopy equivalence.

The argument used in the proof of Lemma 6.1 in [13] then shows that we
have a homotopy cofibre sequence. ut

Corollary C.3.4 The inclusion induces an isomorphism

ω̃0((EZ/2×Z/2 h-D(f))ν×ν−τN )→ ω̃0((EZ/2×Z/2 h-D̂(f))ν×ν−τN )



390 C The geometric Hopf invariant and double points (2010)

provided that m < n− 1.

Proof. This follows at once from the long exact sequence of the cofibration.
ut

The involution on h-D(f) is free, and hence, writing h-D(f) for the quo-
tient h-D(f)/(Z/2), we have an isomorphism

ω̃0((EZ/2×Z/2 h-D(f))ν×ν−τN )→ ω̃0(h-D(f)
ν×ν−τN

) .

Until now, we have thought of h-D̂(f), which arose as the fibre product
C ×N C, as a space over N . It also fibres over M × M and the fibrewise
space h-D̂(f) → M ×M is Z/2-equivariantly locally fibre homotopy trivial.
(Compare [13, Definition 2.3].) In the same way, h-D(f) is fibred over the
complement M×M−∆(M) and h-D(f) is fibred over (M×M−∆(M))/Z/2.

Proof of Theorem C.3.2. We shall use results and terminology from [13, Sec-
tion 7], which derive from work of Koschorke [45] and Klein and Williams
[42].

Suppose, first, that M is connected. Put B̃ = M×M−B(L⊗τM)); it is a
manifold with a free Z/2-action. Let B be the manifold B̃/Z/2 with boundary
∂B the projective bundle P (τM). Let E be the bundle (B̃ × (N ×N))/Z/2
over B and Z ⊆ E the diagonal sub-bundle B × N = (B̃ × N)/Z/2. The
fibrewise normal bundle of the inclusion Z ↪→ E is H ⊗ τN , where H is
the line bundle over B associated to the double cover. The Z/2-equivariant
square f × f : B̃ → N × N defines a section s of E → B, which, if the
tubular neighbourhood is chosen to be sufficiently small, has the property that
s(x) /∈ Zx for x ∈ ∂B. Together, the fibre bundle E → B, the sub-bundle
Z → B and the section s constitute what is called in [13] an intersection
problem. In the language used there, s is nowhere null on the boundary
∂B and the homotopy null-set h-Null(s), fibred over B, is easily identified
with the restriction of h-D(f) → (M × M − ∆(M))/Z/2. The inclusion
h-Null(s) ↪→ h-D(f) is, as we have already noted in the proof of Lemma
C.3.3, a homotopy equivalence.

If f is an embedding, then the section s is nowhere null. Now the homotopy
Euler index ([13, Definition 7.3])

h-γ(s; ∂B) ∈ ω̃0(h-Null(s)H⊗τN−τB))

is an obstruction to deforming s, through a homotopy constant on ∂B, to
a section that is nowhere null. By Proposition 7.4 of [13] it is the precise
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obstruction if dimB < 2(dimN−1). We conclude that if h-γ(s; ∂B) = 0 and
m < n− 1, then

f × f : M ×M −B(L⊗ τM)→ N ×N

is Z/2-equivariantly homotopic, by a homotopy that is constant on the bound-
ary S(L ⊗ τM), to a map into N × N −∆(N). According to Haefliger [22,
Théorème 2], if further 3m < 2(n− 1), then this is a sufficient condition for
f : M # N to be homotopic through immersions to an embedding of M into
N .

Thus far, the argument is taken from [42, Theorem A.4 and Corollary A.5].
We now relate the index h-γ(s; ∂B) to the geometric Hopf invariant.

Lemma C.3.5 The homotopy Euler index

h-γ(s; ∂B) ∈ ω̃0(h-Null(s)ν×ν−τN )

corresponds to the fibrewise Hopf invariant

h′′V (F̃ ) ∈ ω̃0((EZ/2⊗Z/2 h-D̂(f))ν×ν−τN ) .

Proof. The correspondence is made via the homotopy equivalence h-Null(s) ↪→
h-D(f) and the isomorphism from Corollary C.3.4.

We can assume that f satisfies the conditions for the homotopy double
point theorem. Then h′′V (F̃ ) is represented by the double point manifold
D(f). By Proposition 7.8 of [13], the homotopy Euler index is represented by
the null-set Null(s), which is exactly D(f). ut

Hence the vanishing of h′′V (F̃ ) implies, in the metastable range, that f is
regularly homotopic to an embedding.

This has dealt with the case in which M is connected. Now suppose that
M is a disjoint union M (1) tM (2) and write f (i) for the restriction of f to
M (i). Then h-D̂(f) splits equivariantly over

M ×M = (M (1) ×M (1)) t (M (2) ×M (2)) t (M (1) ×M (2) tM (2) ×M (1))

as a disjoint union

h-D̂(f (1)) t h-D̂(f (2)) t (Z/2× h-I(f (1), f (2))) ,

where h-I(f (1), f (2)) is the space of triples (x, y, γ) with (x, y) ∈ M (1) ×
M (2) and γ(−1) = f (1)(x), γ(1) = f (2)(y). The fibrewise Hopf invariant



392 C The geometric Hopf invariant and double points (2010)

decomposes, according to Proposition C.1.7, as a sum of three terms. The
first two are the fibrewise Hopf invariants of f (1) and f (2); the third, (12)-
component, is a more elementary product obstruction.

Arguing by induction, we may suppose that both f (1) and f (2) are embed-
dings, intersecting transversely, and that M (2) is connected. We consider a
new intersection problem with B = M (2), E = B×N and Z = B× f(M (1)).
Let s : B → E be the section s(x) = (x, f (2)(x)). This time h-Null(s) is
h-I(f (1), f (2)), and we may identify the homotopy Euler index h-γ(s) in the
same way with the (12)-component of the fibrewise Hopf invariant, both be-
ing represented by the manifold f(M (1))∩f(M (2)). By Proposition 7.4 of [13]
again, the vanishing of the homotopy Euler index implies that f (2) is homo-
topic to a map into N − f(M (1)), because dimM (2) < 2(n− dimM (1) − 1).
Finally, we may apply [25, Theorem 1.1] to deduce that f (2) is isotopic to an
embedding of M (2) into the complement of f(M (1)). This inductive step is
enough to conclude the proof of Theorem C.3.2. ut

Remark C.3.6 Suppose that M (as well as N) is connected. Choose base-
points ∗ ∈ M and ∗ = f(∗) ∈ N . Then we can include the loop-space ΩN

in h-D̂(f) by mapping a loop γ : [−1, 1] → N , with γ(−1) = ∗ = γ(1), to

(∗, ∗, γ) ∈ h-D̂(f), and the set of path components of h-D̂(f) is in this way
identified with the set of double cosets

f∗π1(M)\π1(N)/f∗π1(M) = π0(h-D̂(f))

with the Z/2-action given by the group-theoretic inverse. Thus we may iden-

tify the set of path components of S(LV ) ×Z/2 h-D̂(f), if dimV > 1, with
the orbit space of the involution. ut

Example C.3.7 Suppose that n = 2m. Then ω̃0((EZ/2×Z/2h-D̂(f))ν×ν−τN )

is a direct sum of groups indexed by π0(h-D̂(f))/Z/2, each component being
isomorphic to Z or Z/2Z. When M is connected we may label the summands
as in Remark C.3.6 by equivalence classes of group elements g ∈ π1(N). Let
wM : π1(M)→ {±1} and wN : π1(N)→ {±1} be the orientation maps (cor-
responding to w1M and w1N). The g-summand is isomorphic to Z if and only
if for all a, b ∈ π1(M): (o) if f∗(a)g = gf∗(b), then wM (ab) = wN (f∗(a)) (=
wN (f∗(b))), and (i) if f∗(a)g = g−1f∗(b), then (−1)mwM (ab) = wN (f∗(a)g).
In particular, if M is orientable, N is oriented and f∗π1(M) is trivial, then
the obstruction group is Z[π1(N)]/〈g− (−1)mg−1 | g ∈ π1(N)〉 and the Hopf
invariant h′′V (F̃ ) is Wall’s invariant µ(f) in the form mentioned in the Intro-
duction. ut
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C.4 Homotopic immersions

We next investigate immersions homotopic, as maps, to the given immersion
f . Consider smooth homotopies ft : M → N and et : M → V such that f0

and f1 are immersions and each map (et, ft) : M → V × N , for 0 6 t 6 1,
is an embedding with normal bundle µt. We again write f = f0, f ′ = f1,
and ν = ν(f), ν′ = ν(f ′). The homotopies determine, up to a homotopy, a
bundle isomorphism a : V ⊕ ν′ = µ1 → µ0 = V ⊕ ν and a Z/2-equivariant

fibre homotopy equivalence h-D̂(f ′)→ h-D̂(f) over M ×M .

There is an associated class

θ(et, ft) ∈ ω̃0((P (V )×M)H⊗ν−τM )

which vanishes if each ft is an immersion. It is constructed as follows. Let
v0 : V → V ⊕ ν be the inclusion and let v1 : V → V ⊕ ν′ = µ1 → µ0 = V ⊕ ν
be the composition of the inclusion with the isomorphism a. Now we have a
stable cohomotopy difference class

δ(v0, v1) ∈ ω̃−1((M × P (V ))−H⊗(V⊕ν)) ,

which is the metastable obstruction to deforming v0 to v1 through vector
bundle monomorphisms; see Section 6 for details. We define θ(et, ft) to be
the dual class in stable homotopy. (Recall that τP (V )⊕ R = H ⊗ V .)

Using the inclusion M ↪→ h-D̂(f) : x 7→ (x, x, γ), where γ is the constant
loop at f(x), we get a map

i : ω̃0((P (V )×M)H⊗ν−τM )→ ω̃0((S(LV )×Z/2 h-D̂(f))ν×ν−τN ) .

Remark C.4.1 The map M → h-D̂(f) picks out (under the assumption

that M is connected) a component h-D̂(f)0 of h-D̂(f), which is preserved by
Z/2. Hence i maps into the summand

ω̃0((S(LV )×Z/2 h-D̂(f)0)ν×ν−τN ) .

ut

The link between the difference class θ and the Hopf invariant is forged
by a generalization of the classical description of the Hopf invariant on the
image of the J-homomorphism.
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Proposition C.4.2 Let a : V ⊕ ν′ → V ⊕ ν be a vector bundle isomorphism
over M . The fibrewise one-point compactification of a is a map of sphere
bundles

A : (M × V +) ∧M (ν′)+
M → (M × V )+ ∧ ν+

M

over M . Then the fibrewise Hopf invariant

hV (A) ∈ Z/2ω0
M{(M ×ΣS(LV )+) ∧M (ν′)+

M ; (M × LV +) ∧M (ν+
M ∧M ν+

M )}

of A coincides up to sign, under the identifications described below, with the
difference class

δ(v0, v1) ∈ ω̃−1((M × P (V ))−H⊗(V⊕ν)))

of the monomorphisms v0, v1 : V → V ⊕ν given, respectively, by the inclusion
of the first factor and the composition of the inclusion V → V ⊕ ν′ with a.

Proof. The fibrewise smash product ν+
M ∧M ν+

M = (ν ⊕ ν)+
M with the action

of Z/2 which interchanges the factors is equivariantly homeomorphic (by the
construction κV in Section 1) to (ν⊕Lν)+

M = ν+
M ∧ (Lν)+

M . The isomorphism
a : V ⊕ ν′ → V ⊕ ν gives a stable fibre homotopy equivalence (ν′)+

M → ν+
M .

Taken together, these equivalences allow us to think of hV (A) as an element
of the group

Z/2ω0
M{M ×ΣS(LV )+; (LV ⊕ Lν)+

M} ,

which is then identified with

Z/2ω̃−1((M × S(LV ))−(LV⊕Lν)) = ω̃−1((M × P (V ))−H⊗(V⊕ν)) .

Both hV (A) and δ(v0, v1) are defined by difference constructions. The proof
that they coincide follows from a direct comparison of the definitions. ut

Theorem C.4.3 (Homotopy/isotopy variation). The Hopf invariant

h′′V (F̃ ′) ∈ ω̃0((S(LV )×Z/2 h-D̂(f ′))ν
′×ν′−τN )

corresponds to

h′′V (F̃ ) + iθ(et, ft) ∈ ω̃0((S(LV )×Z/2 h-D̂(f))ν×ν−τN ) .

Proof. Recollect that F̃ is a fibrewise map with compact supports over N :

N × V + → (N × V +) ∧N Cπ
∗ν

N .

Up to homotopy, the map F̃ ′ associated with (e′, f ′) is the composition of F̃
with the map
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(N × V +) ∧N Cπ
∗ν

N = Cπ
∗(V⊕ν)

N → Cπ
∗(V⊕ν′)

N = (N × V +) ∧N Cπ
∗ν′

N

obtained by lifting the bundle isomorphism a−1 : V ⊕ ν → V ⊕ ν′ over M via
π : C →M . In the notation of Proposition C.4.2 we have F̃ ' π∗A ◦ F̃ ′.

The fibrewise version of the composition formula (Proposition C.1.6) ex-
presses the difference α = hV (F̃ )− hV (F̃ ′) in terms of A. Using Proposition
C.4.2 and the explicit form of the geometric Hopf invariant one sees that α
lies in the image of the diagonal map

∆∗ :
Z/2
cω

0
N{N ×ΣS(LV )+; (N × LV +) ∧N Cπ

∗(ν⊕Lν)
N }

→ Z/2
cω

0
N{N ×ΣS(LV )+; (N × LV +) ∧N (Cπ∗νN ∧N Cπ

∗ν)
N )} .

This may be rewritten in dual form as:

ω̃0((P (V )× C)π
∗(ν⊕H⊗ν−τN))→ ω̃0((S(LV )×Z/2 h-D̂(f))ν×ν−τN ) .

But π : C → M is a homotopy equivalence. Hence ∆∗ is just another mani-
festation of the map i in the statement of the theorem.

Now the tubular neighbourhood of M in V ×N gives a proper map B(ν)→
N . To calculate α, which is concentrated on the diagonal, we can thus lift from
N to B(ν). Here we have a fibrewise problem over M , and the identification
of α is achieved by Proposition C.4.2. ut

Remark C.4.4 In the stable range dimV > 2m, where the maps et are
redundant, we can use the methods of the previous section to give an alter-
native proof of Theorem C.4.3. ut

Theorem C.4.5 (Hirsch [29]). Suppose that 3m < 2n− 1 and dimV > 2m.
Then two immersions f and f ′ are homotopic through immersions if and
only if the associated difference class θ in ω̃0((P (V )×M)H⊗ν−τM ) is zero.

Proof. The derivative of the immersion f gives a vector bundle monomor-
phism df : τM → f∗τN over M . According to Hirsch [29], for m < n
immersions f ′ : M → N together with a homotopy ft from f = f0 to
f ′ = f1 are classified by homotopy classes of vector bundle monomorphisms
τM → f∗τN . In the metastable range m+1 < 2(n−m), that is, 3m < 2n−1,
immersions with a homotopy to f are thus classified by

ω̃−1(P (τM)−H⊗f
∗τN ) = ω̃0(P (τM)H⊗(f∗τN−τM)−τM ) = ω̃0(P (τM)H⊗ν−τM ) .

Assuming that dimV > 2m we may fix an embedding e : M ↪→ V . The
derivative of e includes τM in the trivial bundle M ×V and gives an isomor-
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phism
ω̃0(P (τM)H⊗ν−τM )→ ω̃0((M × P (V ))H⊗ν−τM ) .

ut

C.5 Immersions close to an embedding

Consider the special case of a closed manifold M of (constant) dimension
m and a real vector bundle ν of dimension n −m over M . Working in the
metastable range 3m < 2n − 1, we take N to be the total space of ν and
f : M → N to be the embedding given by the zero section of the vector
bundle. As e : M → V we may take the constant map 0.

Let v0 : V ↪→ V ⊕ ν be the inclusion of the first factor. Suppose that
v1 : V ↪→ V ⊕ ν is another inclusion, which we may assume to be isometric.
Thus v0 and v1 give sections of the bundle O(V, V ⊕ν) whose fibre at x ∈M is
the Stiefel manifold of orthogonal linear maps v : V → V ⊕ νx. Let X1(V, ν)
be the sub-bundle with fibre consisting of those linear maps v such that
v + ix has kernel of dimension 1, where ix : V → V ⊕ νx is the inclusion
of the first factor. In the range of dimensions that we are considering, for
a generic smooth section v1 of O(V, V ⊕ ν) → M the kernel of (v1)x + ix
is nowhere of dimension > 1, v1 is transverse to the sub-bundle X1(V, ν)
and v−1

1 (X1(V, ν)) is a submanifold Z of M of dimension 2m− n, equipped
with a map Z → P (V ) classifying the 1-dimensional kernel. The normal
bundle of Z in M is identified with H ⊗ ν and Z represents the element
δ ∈ ω̃0((M × P (V ))H⊗ν−τM ) dual to δ(v0, v1). More details are provided in
an appendix (Section 6).

We want to construct an immersion f ′ close to the zero section f with
double point set Z. More precisely, we shall construct homotopies ft and et,
with f0 = f , f1 = f ′ and each (et, ft) an embedding, such that D(f ′) = Z
and θ(et, ft) = δ.

Choose an open tubular neighbourhood Ω = H ⊗ ν ↪→ M of Z. Since
dim ν = n − m > 2m − n = dimZ, we can split off a trivial line from the
restriction of ν to Z as: ν|Z = R⊕ ζ.

Whitney gave in [91], for a Euclidean space U , an explicit ‘punctured
figure-of-eight’ immersion:

w : R⊕ U → (R⊕ U)× (R⊕ U)
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with double points at (±1, 0). In slightly modified form it may be written as

w(s, y) = ((1− λ(s, y))s, y,−λ(s, y), λ(s, y)sy) ,

where λ(s, y) = ψ(s2 + ‖y‖2) and ψ : [0,∞)→ R is a smooth, non-negative,
monotonic decreasing function, with ψ(1) = 1, ψ′(1) = −1/2 and ψ(r) = 0
for r > 2. (In [91], ψ(r) = 2/(1 + r).) The derivative at the double point
(±1, 0) is

∂w

∂s
= (1, 0,±1, 0),

∂w

∂y
= (0, 1, 0,±1).

Writing w(s, y) in the form (s, y, 0, 0) + λ(s, y)(−s, 0,−1, sy), we see that
w(s, y) = (s, y, 0, 0) for ‖(s, y)‖ large. The immersion w has Z/2-symmetry
as an equivariant map

w : L⊕ LU → (L⊕ LU)× (R⊕ U) .

The two double points are distinguished by the Z/2-map

c : L⊕ LU → L

given by c(s, y) = λ(s, y)s.

Now Whitney’s construction, applied on the fibres of ζ, gives an immersion

f ′ : Ω = H ⊗ ν = H ⊕ (H ⊗ ζ)
→ (H ⊕ (H ⊗ ζ))× (R⊕ ζ) = (H ⊗ ν)× ν = ν |Ω ⊆ N

of the open subset Ω of M into the total space of the restriction of ν to Ω.
We extend f ′ to the whole of M to coincide with the zero section f outside
a compact subspace of Ω. Its double point set D(f ′) is the double-cover
S(H|Z) of Z in Ω. The map c composed with the inclusion of H into the
trivial bundle Ω × V and the projection to V gives a map

e′ : Ω = H ⊕ (H ⊗ ζ)→ V ,

which is zero outside a compact subset of Ω and can be extended by 0 to a
map e′ : M → V which distinguishes the double point pairs. The required
homotopies et and ft, t ∈ [0, 1], joining e to e′ and f to f ′ are defined by
replacing λ in the definition of e′ and f ′ by tλ. One checks that (et, ft) is an
embedding for all t, but that ft fails to be an immersion when t = 1/ψ(0).

Theorem C.5.1 Suppose that 3m < 2n − 1. Then Whitney’s construction
described above produces, for any given element δ ∈ ω̃0((M×P (V ))H⊗ν−τM ),
a homotopy (et, ft) with θ(et, ft) = δ.
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Proof. By construction, the double point manifold D(f ′) = S(H|Z) repre-
sents δ. The assertion thus follows from the Double Point Theorem C.2.4 for
(e′, f ′) in conjunction with the Homotopy Variation Theorem C.4.3. ut

Remark C.5.2 The same construction may be used to modify a general
immersion f : M # N , and map e : M → V , in the complement of D(f).
We can insert Z in the complement, because 2(2m− n) < m. ut

Example C.5.3 Whitney’s construction gives the classical immersions of
the sphere Sm # S2m close to the equatorial inclusion and Sm # Sm × Sm
close to the diagonal. ut

The early work of Smale [74, 75] has been followed by a vast literature on
the homotopy-theoretic properties of immersions, including [18], [23], [25],
[29], [43], [51] and [68].

C.6 Appendix: Monomorphisms of vector bundles

Let ξ and η be smooth real vector bundles, of dimension n and r respectively,
over a closed m-manifold M . We shall describe the differential-topological
classification of homotopy classes of vector bundle monomorphisms η → ξ in
the metastable range m+ 1 < 2(n− r).

Suppose that v0, v1 : η ↪→ ξ are two vector bundle monomorphisms. Doing
homotopy theory, we may assume that ξ and η have positive-definite inner
products and that the monomorphisms are isometric embeddings. Then v0

and v1 are sections of the bundle O(η, ξ) whose fibre at x ∈M is the Stiefel
manifold of orthogonal linear maps v : ηx → ξx. Topological obstruction
theory gives a difference class

δ(v0, v1) ∈ ω̃−1(P (η)−H⊗ξ) ,

where P (η) is the projective bundle of η and H is the Hopf line bundle. This
arises as follows. A section of O(η, ξ) determines a nowhere zero section of
H ⊗ ξ over P (η): over ` ∈ P (ηx) (where ` ⊆ ηx is a line) a monomorphism
v : ηx → ξx gives an embedding of ` in ξx and so a non-zero vector in `∗⊗ ξx,
which is the fibre of H ⊗ ξ. Then δ(v0, v1) is defined as the difference class
δ(s0, s1) of the two nowhere zero sections s0 and s1 of the vector bundle ξ
over P (η) constructed in this way from v0 and v1. We may assume that s0

and s1 are sections of the sphere bundle S(H ⊗ ξ). Write st = (1− t)s0 + ts1
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for 0 6 t 6 1. Then δ(s0, s1) is represented explicitly by the map, over P (η),

s̄ : ([0, 1], ∂[0, 1])× P (η)→ (D(H ⊗ ξ), S(H ⊗ ξ))

given by the homotopy st. In the metastable range, the vector bundle
monomorphisms v0 and v1 are homotopic if and only if δ(v0, v1) = 0. (See,
for example, [12, 14, 13].)

Thus far, the theory is topological. We now use Poincaré duality for the
manifold P (η) to identify ω̃−1(P (η)−H⊗ξ) with ω̃0(P (η)H⊗(ξ−η)−τM ). (Up to
homotopy, the stable tangent bundle is given by an isomorphism R⊕τP (η) ∼=
(H⊗η)⊕ τM .) Assuming that the monomorphisms v0 and v1 are smooth we
shall represent the dual obstruction class by a submanifold Z of M together
with a map Z → P (η) and appropriate normal bundle information. The
monomorphism v0 will play a special rôle in the description; to emphasize
this, we write i = v0 for the preferred embedding i : η ↪→ ξ and write ν
for the orthogonal complement of i(η) in ξ. Let Xk(η, ν), for k > 1, be the
sub-bundle of O(η, ξ) = O(η, η⊕ν) with fibre consisting of those linear maps
v such that ix + v has kernel of dimension k. By Lemma C.6.3 below, we
may assume, if m+ 1 < 2(n− r), that v1 never meets Xk(η, ν) for k > 1 and
is transverse to the sub-bundle X1(η, ν). The inverse image v−1

1 (X1(η, ν)) is,
therefore, a submanifold Z of M of dimension m + r − n, equipped with a
section Z → P (η) classifying the 1-dimensional kernel. The normal bundle of
Z in M is identified, by Lemma C.6.3, with H ⊗ ν.

Proposition C.6.1 The submanifold Z described above, with the line bun-
dle H classified by the section of P (η) over Z and the isomorphism be-
tween the normal bundle and H ⊗ ν, represents the dual of δ(v0, v1) in
ω̃0(P (η)H⊗ν−τM ).

Proof. Consider the sections s0 and s1 of S(H⊗ξ) over P (η) associated with
v0 and v1 as in the definition of δ(v0, v1). The section s̄ of D(H ⊗ ξ) over
[0, 1] × P (η) given by the homotopy st = (1 − t)s0 + ts1 is transverse to
the zero section and its zero-set is precisely { 1

2} × Z. The normal bundle is
R⊕ τMP (η)⊕ (H ⊗ ν), where τMP (η) is the tangent bundle along the fibres
of P (η)→M , and this is identified with (H ⊗ η)⊕ (H ⊗ ν) = H ⊗ ξ. Hence,
Z with the normal bundle data represents the stable homotopy class dual to
δ(s0, s1) = δ(v0, v1). (This is the classical representation of the dual Euler
class of a vector bundle by the zero-set of a generic smooth section.) ut

Remark C.6.2 A more symmetric treatment may be given by looking at
sections of the fibre product O(η, ξ) ×M O(η, ξ) and the sub-bundles with
fibre consisting of the pairs (u, v) such that dim ker(u+ v) = k.
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The properties of v1 required in the proof of Proposition C.6.1 follow from
the next lemma, in which the Lie algebra of the orthogonal group O(V ) of a
Euclidean vector space V is written as o(V ).

Lemma C.6.3 Let V and W be finite-dimensional orthogonal vector spaces.
For 0 6 k 6 dimV , let Xk(V,W ) be the subspace of the Stiefel manifold
O(V, V ⊕W ) consisting of the maps v such that i+v, where i is the inclusion
of the first summand V ↪→ V ⊕W , has kernel of dimension k. Then Xk(V,W )
is a submanifold diffeomorphic to the total space of the vector bundle o(ζ⊥)⊕
Hom(ζ⊥,W ) over the Grassmann manifold Gk(V ) of k-planes in V , where
ζ⊥ is the orthogonal complement in V of the canonical k-dimensional vector
bundle ζ over Gk(V ). Its normal bundle is naturally identified with o(ζ) ⊕
Hom(ζ,W ).

Proof. This can be established by using the (generalized) Cayley transform,
which is written down explicitly in [14, Part II, Lemma 13.13]. The restriction
of the normal bundle of the embedded submanifold to the subspace Gk(V )
is naturally identified with o(ζ) ⊕ Hom(ζ,W ). The normal bundle itself is
naturally identified with the pullback by parallel translation. ut

In particular, the submanifold Xk(η, ν) considered above has codimension
(n− r)k+ k(k− 1)/2 in O(η, η⊕ ν). So, if k > 2, the codimension is at least
2(n− r) + 1. The condition m < 2(n− r) + 1 ensures that a generic section
of O(η, η ⊕ ν) is transverse to X1(η, ν) and disjoint from Xk(η, ν) for k > 1.

Remark C.6.4 In [44] Koschorke gave an intermediate representation of the
dual of δ(v0, v1) by a submanifold of (0, 1) ×M . Consider the section v̄ of
Hom(η, ξ) over [0, 1] ×M given by the homotopy vt = (1 − t)v0 + tv1 Let
Yk(η, ξ) be the sub-bundle of Hom(η, ξ) with fibre consisting of the linear
maps with kernel of dimension k; it has codimension (n− r)k + k2, which is
> 2(n − r) + 4 > m + 1. Suppose that v̄ can be deformed, by a homotopy
through maps coinciding with v0 and v1 at the endpoints, to a smooth section
v̄′, that never meets Yk(η, ξ) for k > 1 and meets Y1(η, ξ) transversely. This
is always possible if m < 2(n − r) + 3. The inverse image of Y1(η, ξ) is then
a submanifold Z of (0, 1)×M of dimension m+ r − n equipped with a map
Z → P (η) given by the 1-dimensional kernel. This data, too, represents the
dual of δ(v0, v1). ut
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